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Preface

Herbert Amann studied at the universities of Freiburg, Basel, and Miinchen in
the early 1960s. In 1965 he received his doctoral degree under the supervision of
Joachim Nitsche from the University of Freiburg. At that time, Herbert Amann’s
research revolved around the use of Monte Carlo simulations in connection with
the resolution of elliptic problems [1]. His research interests then shifted toward the
area of nonlinear integral equations, with a particular focus on the Hammerstein
equation [2, 3]. In 1970 Herbert Amann moved from Freiburg to Bloomington,
Indiana, and, the following year, to Lexington, Kentucky, where he held visiting
professor positions. During the years spent in the US, his interests evolved toward
nonlinear elliptic problems and the use of topological methods for their analysis.
He was appointed full professor at the Ruhr-Universitdt Bochum in 1972 where he
continued these investigations. Of this time are some of his most frequently cited
and influential research papers about the topological degree [4, 5], the sub- and
supersolution method [6, 7, 8], and multiplicity of solutions for nonlinear elliptic
problems [9, 10]. Of outstanding importance is his consistently highly cited review
article [11] on fixed point theory in ordered Banach spaces.

Herbert Amann moved to the Christian-Albrechts-Universitdt zu Kiel in
1978, and then to the Universitiat Ziirich in 1979. During his tenure in Ziirich, he
continued his studies on qualitative features of nonlinear elliptic boundary value
problems [12, 13], and then immersed himself in the study of nonlinear para-
bolic problems. A deep and careful understanding of the fundamental properties
of general evolution systems together with the development of the interpolation-
extrapolation framework were an important breakthrough in the study of nonlin-
ear parabolic problems [14, 15, 16]. The full strength of this abstract approach is
apparent in the dynamic theory for general quasilinear systems of parabolic type
[17, 18, 19, 20]. A successful implementation in applications, like, e.g., coagulation-
fragmentation processes [21], requires a thorough insight into the theory of function
spaces and multiplier results, particularly also in the Banach space valued setting.
Among the most important contributions in this context are [20, 22, 23, 24, 25, 35].
In recent years, Herbert Amann also contributed to the development of the theory
of maximal regularity. His comprehensive view on complex structures allowed him
to derive far-reaching results on Navier-Stokes equations, non-Newtonian fluids,
image processing, and evolution equations with memory [26, 27, 28, 29]. Besides
more than 100 research papers, Herbert Amann also has written important mono-
graphs [30, 31] and successful text books [32, 33, 34].
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Herbert Amann has been a steady source of new ideas, and he has influenced
many researchers. His unwavering dedication to research and teaching has been
an example to all of his colleagues and students, in particular to his 24 doctoral
students. In 2001 he became foreign corresponding member of the Real Academia
de Ciencias Exactas, Fisicas y Naturales, Madrid, and, one year later, received a
Doctor Honoris Causa from the Universidad Complutense, Madrid. As of 2004,
Herbert Amann is Professor Emeritus of the Universitéat Ziirich.

During his long and ongoing career he has enjoyed the invaluable support of
his wife, Gisela Amann.

The present volume contains original research papers and reflects the wide-
ranging scientific interests of Herbert Amann. It is inspired by the conference
“Nonlinear Parabolic Problems: In honor of Herbert Amann” held May 10-16,
2009, at the Banach Center in Bedlewo, Poland.

We are grateful to all the participants of the conference and all the contrib-
utors of this volume.

References

[1] H. Amann. Monte-Carlo-Methoden und lineare Randwertprobleme. Z. Angew. Math.
Mech. 48 (1968), 109-116.

[2] H. Amann. Uber die niherungsweise Losung nichtlinearer Integralgleichungen. Nu-
mer. Math. 19 (1972), 29-45.

[3] H. Amann. Lusternik-Schnirelman theory and non-linear eigenvalue problems. Math.
Ann. 199 (1972), 55-72.

[4] H. Amann, S.A. Weiss. On the uniqueness of the topological degree. Math. Z. 130
(1973), 39-54.

[5] H. Amann. Saddle points and multiple solutions of differential equations. Math. Z.
169 (1979), no. 2, 127-166.

[6] H. Amann. On the number of solutions of nonlinear equations in ordered Banach
spaces. J. Functional Analysis 11 (1972), 346-384.

[7] H. Amann. Ezistence and multiplicity theorems for semi-linear elliptic boundary
value problems. Math. Z. 150 (1976), no. 3, 281-295.

[8] H. Amann. Periodic solutions of semilinear parabolic equations. Nonlinear analysis
(collection of papers in honor of Erich H. Rothe), pp. 1-29, Academic Press, New
York, 1978.

[9] H. Amann. Multiple positive fized points of asymptotically linear maps. J. Functional
Analysis 17 (1974), 174-213.
[10] H. Amann, M.G. Crandall. On some ezistence theorems for semi-linear elliptic equa-
tions. Indiana Univ. Math. J. 27 (1978), no. 5, 779-790.

[11] H. Amann. Fized point equations and nonlinear eigenvalue problems in ordered Ba-
nach spaces. SIAM Rev. 18 (1976), no. 4, 620-709.

[12] H. Amann, P. Hess. A multiplicity result for a class of elliptic boundary value prob-
lems. Proc. Roy. Soc. Edinburgh Sect. A 84 (1979), no. 1-2, 145-151.



Preface xi

[13] H. Amann, E. Zehnder. Nontrivial solutions for a class of nonresonance problems
and applications to nonlinear differential equations. Ann. Scuola Norm. Sup. Pisa
Cl. Sci. (4) 7 (1980), no. 4, 539-603.

[14] H. Amann. Parabolic evolution equations and nonlinear boundary conditions. J. Dif-
ferential Equations 72 (1988), no. 2, 201-269.

[15] H. Amann. Ezistence and regularity for semilinear parabolic evolution equations.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 11 (1984), no. 4, 593-676.

[16] H. Amann. Parabolic evolution equations in interpolation and extrapolation spaces.
J. Funct. Anal. 78 (1988), no. 2, 233-270.

[17] H. Amann. Dynamic theory of quasilinear parabolic equations. I. Abstract evolution
equations. Nonlinear Anal. 12 (1988), no. 9, 895-919.

[18] H. Amann. Dynamic theory of quasilinear parabolic equations. II. Reaction-diffusion
systems. Differential Integral Equations 3 (1990), no. 1, 13-75.

[19] H. Amann. Dynamic theory of quasilinear parabolic systems. III. Global existence.
Math. Z. 202 (1989), no. 2, 219-250.

[20] H. Amann. Nonhomogeneous linear and quasilinear elliptic and parabolic bound-
ary value problems. Function spaces, differential operators and nonlinear analysis
(Friedrichroda, 1992), 9-126, Teubner-Texte Math., 133, Teubner, Stuttgart, 1993.

[21] H. Amann. Coagulation-fragmentation processes. Arch. Ration. Mech. Anal. 151
(2000), no. 4, 339-366.

[22] H. Amann. Operator-valued Fourier multipliers, vector-valued Besov spaces, and ap-
plications. Math. Nachr. 186 (1997), 5-56.

[23] H. Amann. Compact embeddings of vector-valued Sobolev and Besov spaces. Dedicated
to the memory of Branko Najman. Glas. Mat. Ser. III 35 (55) (2000), no. 1, 161-177.

[24] H. Amann. Elliptic operators with infinite-dimensional state spaces. J. Evol. Equ. 1
(2001), no. 2, 143-188.

[25] H. Amann. Multiplication in Sobolev and Besov spaces. Nonlinear analysis, 27-50,
Sc. Norm. Super. di Pisa Quaderni, Scuola Norm. Sup., Pisa, 1991.

[26] H. Amann. On the strong solvability of the Navier-Stokes equations. J. Math. Fluid
Mech. 2 (2000), no. 1, 16-98.

[27] H. Amann. Stability of the rest state of a viscous incompressible fluid. Arch. Rational
Mech. Anal. 126 (1994), no. 3, 231-242.

[28] H. Amann. Time-delayed Perona-Malik type problems. Acta Math. Univ. Comenian.
(N.S.) 76 (2007), no. 1, 15-38.

[29] H. Amann. Mazimal regularity and quasilinear parabolic boundary value problems.
Recent advances in elliptic and parabolic problems, 1-17, World Sci. Publ., Hacken-
sack, NJ, 2005.

[30] H. Amann. Ordinary differential equations. An introduction to nonlinear analysis.
Translated from the German by Gerhard Metzen. de Gruyter Studies in Mathemat-
ics, 13. Walter de Gruyter & Co., Berlin, 1990. xii4+438 pp.

[31] H. Amann. Linear and quasilinear parabolic problems. Vol. I. Abstract linear the-
ory. Monographs in Mathematics, 89. Birkh&user Boston, Inc., Boston, MA, 1995.
xxxvi+335 pp.



xii Preface

[32] H. Amann, J. Escher. Analysis. I. Translated from the 1998 German original by
Gary Brookfield. Birkh&user Verlag, Basel, 2005. xiv+426 pp.

[33] H. Amann, J. Escher. Analysis. II. Translated from the 1999 German original by
Silvio Levy and Matthew Cargo. Birkhauser Verlag, Basel, 2008. xii4+-400 pp.

[34] H. Amann, J. Escher. Analysis. III. Translated from the 2001 German original by
Silvio Levy and Matthew Cargo. Birkh#duser Verlag, Basel, 2009. xii+468 pp.

[35] H. Amann. Anisotropic function spaces and mazimal regularity for parabolic prob-
lems. Part 1: Function spaces. Jindrich Necas Center for Mathematical Modeling
Lecture Notes, Prague, Volume 6, 2009.

Joachim Escher

Leibniz Universitat Hannover
Patrick Guidotti

University of California, Irvine
Matthias Hieber

Technische Universitdt Darmstadt
Piotr Mucha

Warsaw University
Jan Priif3

Martin-Luther-Universitét

Halle-Wittenberg
Yoshihiro Shibata

Waseda University
Gieri Simonett

Vanderbilt University
Christoph Walker

Leibniz Universitat Hannover
Wojciech Zajaczkowski

Polish Academy of Sciences



Progress in Nonlinear Differential Equations
and Their Applications, Vol. 80, 1-20
(© 2011 Springer Basel AG

Double Obstacle Limit for a
Navier-Stokes/Cahn-Hilliard System

Helmut Abels

Dedicated to Herbert Amann on the occasion of his T0th birthday

Abstract. We consider the double obstacle limit for a Navier-Stokes/Cahn-
Hilliard type system. The system describes a so-called diffuse interface model
for the two-phase flow of two macroscopically immiscible incompressible vis-
cous fluids in the case of matched densities, also known as Model H. Starting
with a suitable class of singular free energies, which keep the concentration
strictly inside the physically reasonable interval [a,b], we analyze a certain
singular limit, where the equation for the chemical potential converges to
a differential inclusion related to the subgradient of the indicator function
of [a, b].

Mathematics Subject Classification (2000). Primary 76T99; Secondary 76D27,
76D03, 76D05, 76D45, 35B40, 35B65, 35Q30, 35Q35,

Keywords. Two-phase flow, diffuse interface model, mixtures of viscous fluids,
Cahn-Hilliard equation, Navier-Stokes equation, double obstacle problem.

1. Introduction and main result

In the present contribution we study a system describing the flow of viscous incom-
pressible Newtonian fluids of the same density, but different viscosity. Although
it is assumed that the fluids are macroscopically immiscible, the model takes a
partial mixing on a small length scale measured by a parameter ¢ > 0 into ac-
count. Therefore the classical sharp interface between both fluids is replaced by an
interfacial region and an order parameter related to the concentration difference
of both fluids is introduced. This makes it possible to describe the flow beyond the
occurrence of topological singularities of the separating interface (e.g., coalescence
or formation of droplets), cf. Anderson and McFadden [5] for a review on that
topic.
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This model, also known as “model H”, cf. Hohenberg and Halperin [10] and
Gurtin et al. [9], leads to a coupled Navier-Stokes/Cahn-Hilliard system:

0w+ v- Vo —div(v(c)Dv) + Vp = —ediv(Ve ® Ve) in 2 x(0,00), (1.1)
dive =0 in % (0,00), (1.2)

Oc+v-Ve=mAp in 2 x (0,00), (1.3)

p=-c""tp(c) —eAc in Qx(0,00). (1.4)

Here v is the mean velocity, Dv = %(Vv + VoT), p is the pressure, ¢ is an or-
der parameter related to the concentration of the fluids (e.g., the concentration
difference or the concentration of one component), and € is a suitable bounded
domain. Moreover, v(c) > 0 is the viscosity of the mixture, ¢ > 0 is a (small)
parameter, which will be related to the “thickness” of the interfacial region, and
¢ = @', where @ is the homogeneous free energy density specified below.

It is assumed that the densities of both components as well as the density of
the mixture are constant and for simplicity equal to one. We note that capillary
forces due to surface tension are modeled by an extra contribution eVe ® Ve in
the stress tensor leading to the term on the right-hand side of (1.1). Moreover, we
note that in the modeling diffusion of the fluid components is taken into account.
Therefore mAp is appearing in (1.3), where m > 0 is the mobility coefficient,
which is assumed to be constant.

We close the system by adding the boundary and initial conditions

vlogn =0 on 99 x (0, 00), (1.5)
Oncloa = Onptlog =0 on 99 x (0, 0), (1.6)
(v, ¢)|t=0 = (vo, co) in Q. (1.7)

Here (1.5) is the usual no-slip boundary condition for viscous fluids, n is the
exterior normal on 9%, 9, 11|go = 0 means that there is no flux of the components
through the boundary, and 9,clgpq = 0 describes a “contact angle” of 7/2 of the
diffused interface and the boundary of the domain.

We note that (1.1) can be replaced by

O+ v - Vo —div(v(c)Dv) + Vg = uVe (1.8)
with g = p+ 5|Vc|* + 7 '®(c) since
pVe=v (%\VCP +g*1<1>(c)) — ediv(Ve® Vo). (1.9)

The total energy of the system above is given by E(c,v) = FEfee(c) + Fxin(v),
where

Etree(c) = %/QE|VC(9L')|2dﬂc—|—/Q.E_lq)(c(ﬂc))dﬂc7 (1.10)
Eyin(v) = %/ﬂ\v(x)ﬁdm
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Here the free energy Fpeo(c) describes an interfacial energy associated with the
region where c¢ is not close to the minima of ®(c) and Ey;, (v) is the kinetic energy of
the fluid. The system is dissipative. More precisely, for sufficiently smooth solutions

GED.00) = = [ He) Do) dz—m [ V(o) da.

Since we will consider (1.1)—(1.7) only for fixed € > 0, we will assume for simplicity
that ¢ = 1 in the following. But all statements remain true for arbitrary ¢ > 0
(with constants depending on €).

The assumptions on the homogeneous free energy density ® are motivated by
the so-called regular solution model free energy suggested by Cahn and Hilliard [7]:

D(c) = g (I+c)In(I4+¢)+(1—-c)In(l —¢)) — %02 (1.11)

with 6,0, > 0. We note that ®(c) is not convex if and only if 0 < § < .. But we
have the decomposition

PB(s) = 0Py(s) — =52, d(s) = 0¢o(s) — b.s

SR

where &y € C([~1,1]) NC=((~1,1)
bo(s

is convex and 6, 6. > 0. Finally, we note that

—~  —

—s—t1 +oo.

0.2

0.1 b

FIGURE 1. Logarithmic free energy density for § = 0.8, 0.7, 0.6,
0.5, 0.4, 0.2, 0.0 (from top to bottom) and 6. = 1
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In Figure 1 the free energy density is plotted for some choices of 6, 6.. Note
that, if @ > 0, then the minima are never +1. (Although Figure 1 for § = 0.2
suggests that the minima are +1.) But the minima are close to £1 if 6 is small in
comparison with 6.. Since for two macroscopically immiscible fluids mixing costs
a lot of energy, we think that a small  in comparison with 6. is physically the
most meaningful choice. Since qualitatively the free energy density for # = 0.2 in
Figure 1 looks already the same as for 6 = 0, it is very reasonable to choose § = 0
directly, i.e., to choose the free energy density

{—%2 if ¢ € [—1,1]
() =4 2
+00 else.

The free energy density is called to be of double obstacle type because of the con-
straint ¢ € [—1,1] for all ¢ with ®(¢) < co. The Cahn-Hilliard equation with the
latter free energy was first studied by Blowey and Elliott [6]. Elliott and Luck-
haus [8] have shown that as § — 0 the solutions of the Cahn-Hilliard equation
with the logarithmic free energy density converge to solutions of the latter free
energy of double obstacle type. Physically this limit describes the dynamics of
phase separating binary mixture, where the absolute temperature 6 is far from the
critical temperature 6. below which phase separation occurs.

The main result of this contribution is that weak solutions of the Model H
(1.1)—(1.7) converge as # — 0 (for a suitable subsequence) to weak solutions of the
corresponding Navier-Stokes/Cahn-Hilliard system, where (1.4) is replaced by a
differential inclusion related to the subgradient of the double obstacle free energy,
cf. Section 4 for details. In the following we will assume a slightly more general
form of the free energy than (1.11). More precisely, we assume that

D(s) = 0Pq(s) — %32, @(8) = 0o (s) — bes (1.12)

where 0,0, > 0, ®9 € C([a,b]) N C%((a,b)) is convex, ¢(s) = ®'(s), a < b, and

QSO(S) —s—a —0 ¢0(S) —s—p O0. (113)

We note that this assumption implies the (f-independent) assumption made in [3]
for the free energy density.

The structure of the article is as follows: First we fix some notation and recall
some basic lemmas in Section 2. Then we study the double obstacle limit for the
convex part of the free energy Fpe. and the convective Cahn-Hilliard equation
(1.3)—(1.4) in Section 3. In Section 4 we state and prove our main result on con-
vergence of weak solutions of (1.1)—(1.7) as § — 0. We conclude with two results
on uniqueness and regularity of weak solutions for the limit system, which are the
same in [3] for the case 6§ > 0. These results are part of the author’s Habilitation
thesis [1].
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2. Notation and preliminaries

Throughout the article @ ¢ R%, d = 2,3, will denote a bounded domain with
C3-boundary and Q7 := Q x (0,7),Q := Q.-

We use the same notation as in [3] and refer to the latter article for precise
definitions and references. Let us just recall some notation. The inner product of
a Hilbert space H is denoted by (.,.)m and we use the abbreviation (.,.)ps for
(-s-)z2(ar)- The duality product of a Banach space X and its dual X’ is denoted

by <., ->X’,X or just <,>

Moreover,
—{fer?> (M :divf=0,n-flog =0},
Ve = { @I H@INI2@) i1,
2 - H Q)N L2(9) if0<s< %

and V»(Q) := V5H(Q).
For m € R we set
L@ = {1 e L@ smf) = i [ fwas=m}. 14,
and Py f := f —m(f) is the orthogonal prOJection onto L%o) (©). Furthermore, we
define
1 _ gl _ gl —1 _
Hpy = Hy () = H ()N L{y (Q),  Hy = H,
We equip H(o) () with the inner product (c, d)H(lO)(Q) = (Ve, Vd) 12(qy. Then the
Riesz isomorphism R : H(o) Q) — H(o) () is given by

(Re, d>H(—O)17H(10) (c, d)H(10) = (Ve,Vd) 2, c,d € H(lo) (Q),

() = H ().

i.e., R = —Ayp is the negative (weak) Laplace operator with Neumann boundary
conditions. We note that, if u € H(O)(Q) solves Ayu = f for some f € L(O)(Q)
1 < ¢ < o0, and 09 is of class C?, then it follows from standard elliptic theory
that w € W7(Q) and Au = f a.e. in 2 and Jpulsq = 0 in the sense of traces. If
additionally f € W, () and Q € C?, then u € W2 (Q2). Moreover,

||u||W§+z(Q) < Collfllwp) for all f € W(f(Q) N L?O)(Q) k=0,1, (2.1)
with a constant C, depending only on 1 < g < 00, d, k, and . Finally we denote

W2 {uGWz( ) .8nu|aQ:0},

where 1 < p < oc.

Concerning vector-valued spaces, we recall that BC(0,7; X) is the Banach
space of all bounded and continuous f: [0,7) — X equipped with the supremum
norm and BUC(0,T;X) is the subspace of all bounded and uniformly contin-
uous functions, where X is a Banach space. Moreover, we define BC,,(0,T; X)
as the topological vector space of all bounded and weakly continuous functions
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f:10,T) — X. Furthermore, f € LL _([0,00); X) if and only if f € L9(0,T;X)
for every T' > 0. Moreover, Luloc([O 00); X) denotes the uniformly local variant of
L%(0, 00; X) consisting of all strongly measurable f: [0,00) — X such that

1f]l 2

uloc

([0,00);X) = SUpP ||f| La(tt+1;X) < O0.
t>0

In order to derive some regularity estimates we will use vector-valued Besov spaces
B (I; X), where s € (0,1),1 < g < oo, [ is an interval, and X is a Banach space.
They are defined as

By (1:X) = {f € LY X) 1 | f)

B (I3X) < OO} )
1fllBs i) = 1l Lacrix) + S 1ARF O ar,ix)s

where Apf(t) = f(t+h) — f(t) and I, = {t € I : t + h € I}. Moreover, we set
C*(I; X) = B5oo(I; X), s € (0,1). Finally, By  1,.([0,00); X) is defined in the
obvious way replacing L?(0, co; X )-norms by L, ' ([0, c0); X )-norms.

Let us conclude with two useful lemmas for the following.

Lemma 2.1. Let X,Y be two Banach spaces such that Y — X and X' — Y’
densely and let 0 < T < co. Then L*=(0,T;Y)NBUC([0,T]; X) — BC,([0,T];Y).

We refer to [2, Lemma 4.1] for a proof.

Lemma 2.2. Let E: [0,T) — [0,00), 0 < T < o0, be a lower semi-continuous
function and let D: (0,T) — [0,00) be an integrable function. Then

T T
+ / E(t)y'(t)dt > / D(t)p(t)dt (2.2)

holds for all p € W{(0,T) with o(T) = 0 if and only if
/ D(r)dr < E(s) (2.3)

holds for all s <t < T and almost all 0 < s < T including s = 0.

See [2, Lemma 4.3] for a proof.

3. Double obstacle limit for the Cahn-Hilliard equation
3.1. Limit of the energy

In this section we study the “convex part” of Efee as in (1.10), namely

|2
Ey(c) = /le2 dx —&—/SIHCI)O(c(x))dx, 6 >0, (3.1)

as 0 — 0, where @ is the same as in (1.12), (1.13).
Firstly, Ey is defined on L(m)(Q), m € (a,b), with

dom Ey = {c cH' Q)N L%m)(Q) te(x) € [a,b] a.e.}.
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But we will assume in the following m = 0 without loss of generality. By a simple
shift of ¢ and ® by m we can always reduce to this case.

We denote by 0FEy(c): L?O)( ) — P(L?O)(Q)) the subgradient of Ey at ¢ €

dom Ey, i.e., w € 0Ey(c) if and only if
(w,¢ —¢)pz < Eg(c') — Ey(c) for all ¢’ € L?O)(Q).
From [3, Corollary 1], see also [4, Corollary 4.4], we recall:

Lemma 3.1. Let Fy be as above and extend Ey to a functional Ee: H(_O)l(Q) —

R U {+00} by setting Eg(c) = Eg(c) if ¢ € dom Ey and Eg(c) = +oo else. Then
Ey is a proper, convex, and lower semi-continuous functional, OFy is a mazimal
monotone operator with dEy(c) = —AndEy(c), and

D(0Ey) = {c € D(0Ey) : OEg(c) = —Ac+ 0Popo(c) € Hy, (Q)} . (32
where
D(0Ey) = {c € H(Q) N Ly () : dolc) € L*,¢(c)|Ve|]* € L', Onclog = o}
and OEy(c) = —Ac + 0Pyo(c). Moreover, for every ¢ € D(Ey)
lellws + léo(@)l- < Cro (J0Es(lmy, + lell2 +1). (33)
wherer =6 if d =3 and 2 <1 < 00 is arbitrary if d = 2.

Remark 3.2. We note that in [3, Corollary 1] the case § = 1 is considered. This
implies the lemma for every § > 0 where C,y in (3.3) depends on 6§ > 0. But
one crucial observation for the following is that the estimate (3.3) is valid with a
constant C,. independent of 0 < 6 < 1.

Proposition 3.3. Let Eg, 0 < 0 < 1, be as above, let Ey be the extension to H(o) (Q),

let R>0andletr =6 ifd=3 and 2 < r < oo arbitrary if d = 2. Then there are
constants C(R),C'(r, R) > 0 independent of 0 < 6 <1 such that

lell 220 + Olldo(e) L2 (@) < C(R) (10Es(c)ll L2 + 1) (3-4)
for all c € D(OEy) with ||c||12(q) < R and

lellwz ) + 8lldo(c)

0. B) (10Eo(@ll gz +1)  (35)
for all ¢ € D(OEy) with llellz20) < R.

Proof. Let ¢ € D(OFEy). First we show a suitable estimate for Ac and 0¢g(c) in
L?(Q) which is independent of § € (0, 1]. Taking the L2-inner product of dFEp(c) =
—Ac+ Pyb¢o(c) and —Ac, we conclude that

/\Ac|2dx—|—0/ o4(c)|Ve|* dv = —(0Ey(c), Ac)q.
Q Q
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Therefore
IAc)7> + 10Pogo(0)]|72 + 9/Q¢6(C)|VC|2 dz < C||0Ey(c)||7 (3.6)

uniformly in 0 < @ < 1 because of 0Py¢o(c) = 0Ep(c) + Ac. In order to estimate
Om(¢po(c)), we follow some arguments which also can be found in [8, §4] and [11,

Lemma 5.2]. To this end we multiply —Ac+ Pyf¢g(c) with ¢ € L?O)(Q) and obtain

/ |Ve|? dx + 9/ po(c)cdr = (OEy(c), c)q. (3.7)
Q Q

Now we choose £ > 0 so small that ¢g(c) < 0,—¢ > ¢ for all ¢ € (a,a + €],
¢o(c) > 0,¢ > e for all ¢ € [b— &,b). This is possible because of ¢p(c) —c—q
—00, ¢p(¢) —c—p 00. (Note that & depends only on ¢ and m =0 € (a,b).) Then

[ antereds= [ on(cleds+ [ do(c)e do
) {c(2)€(a,ate]} {c(@)€(ate,b—2)}

+ / ¢o(c)cdx
c(z)E[b—e,b)}

=) 60(0)] = Ce, Dlel 20
{c(z)€(a,a+e]Ulb—e,b)}

because of |¢g(c)] < Ce on [a+€,b— ¢]. Using (3.7), we conclude

6 / 160(c)| dz < C(R, ) (|0Fo(c)]| = + 1)
Q

provided that ||¢||2 < R. Combining this with (3.6), we obtain (3.4).
In order to prove (3.5), we multiply —Ac+60¢o(c) with 71| po(c)|"2¢o(c) €
L™ () and obtain

(r— 1o /Q 160(&)]"2h (0)| Vel dz + 0" /Q bo()]" da
< C(Q,r,R) (|0Eo(c)|| L) + Om(do(c)) [|8¢o(c)||n 1.

Hence
Oll¢o(c)l L) < CR)(I0Ep(c)l[Lr() +1) (3.8)
uniformly in 0 < 6 < 1 provided that ||c||zz < R. This implies (3.5) because of
(2.1) and 9,clon = 0. O
Now we consider the limit § — 0 of Ey. Since

. [Vel®

lim Fy(c) = dx + [ Ijqp(c(z))de =: Ey(c) (3.9)

0—0 Q 2 QO ’

for all ¢ € H'(Q), where I1q,p) denotes the indicator function of [a,b], which is

defined as
0 if s € [a,b],
T -
[a’b}(s) {—l—oo else,
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we expect that OFy converges to the subgradient of F; in a suitable sense and

under suitable conditions. We note that

0 if c € (a,b),

[0,00) ifec=0b,

ol c) =
81 (C) (—00,0] if c=a,

1] else.

Moreover, Ey is lower semi-continuous on H = L%o) (Q) and H = H(B)l(ﬂ) since
liminfy o Eo(ck) < 0o and ¢ —k—oo ¢ in H implies

ek, € domEy, sup [|[Veg, |72 <00, ¢k, —jmoo ¢ in H'(Q2) and a.e.

J
J€No

for some subsequence (¢, )jen. Therefore
1 1
Eo(c) = 5||vc||§ < lim inf §||vckuiz = lim inf Fy c).

The following corollary will be the essential tool for passing to the limit in
the convective Cahn-Hilliard equation (1.3)—(1.4).

Corollary 3.4. Let ¢ € Lm(O,T;L%O)(Q)), 0 <T < oo, k € Ny, be a bounded

sequence, let O, > 0 be such that 0 —p o0 0, and assume that ci(t) —k—oo c(t)

in L?O)(Q) and ci(t) € D(OEy,) for almost every t € (0,T). If

0FEy, (ck) —=k—oo o in L9(0,T; Lz(Q))
for some pg € L%(0,T; L?O)(Q)) and some 1 < q < 00, then ¢y —k—oo C N
L9(0,T; HX(Q)), po(t) € 0Eo(c(t)) for almost every t € (0,T), where Ey is con-
sidered as a functional on L%O)(Q), and
—Ac+ Pof = po  with f(z,t) € Ol (c(,t)) for almost all (x,t) € Qr,

as well as Opc(t)|on = 0 for almost every t € (0,T). Moreover, if additionally
O0FEy, (ck) is bounded in L1(0,T; L"(2)), for some 2 <r < oo, then

lellago,msw2 () < sup C(R) (1 + [|0Es, (i)l Laco,:Lr () - (3.10)
€Np

Proof. Because of (3.4), there is a subsequence k; —j_.c0 00
O, d0(cr;) —jmoo [ in LY(0,T; L*(R2)).

Moreover, since ¢ (t) — ko0 c(t) in L%(2) for almost every t € (0,7T) and (cx)ren,
is bounded in L>(0,T; L3()), ¢k —k—oo ¢ in L7(0,T; L*(Q)) for all 1 < r < oo
by Lebesgue’s theorem on dominated convergence. Together with the boundedness
of ¢ in LI(0,T; H?(2)) due to (3.4) this implies ¢ — oo ¢ in L9(0,T;C%(Q))
because of )

1—4

d
[flloo < ClIf Mgz * 112>
cf. [3, Equation (2.15)] for a reference.
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Therefore for a suitable subsequence ¢, (t) — ¢(t) in C°(Q) as j — oo for
almost every t € (0,T). Therefore

Or, do(ck,; (1)) =jooc 0= f(z,t) ae. in {(z,t) € Qr :c(z,t) € (a,b)}.

On the other hand, if ¢(z,t) = a for some z €  and some ¢ € (0,7) such that
ck, (t) converges strongly in C(€), then ¢o(cx, (z,¢)) < 0 for sufficiently large j and
therefore f(x,t) <0, ie., f(x,t) € Olqp)(a), almost everywhere on {c(x,t) = a}.
By the same argument f(x,t) > 0, i.e., f(z,t) € OIj4)(b) almost everywhere on
{c(z,t) = b}. On the other hand

Pof = lim Poekj ¢O(ij) = khm (6E9k (Ck) + Ack) = o + Ac
j—00 —00

weakly in L9(0,T; L?(€2)). Hence it only remains to prove pg(t) € 0Eq(c(t)) for
almost every ¢ € (0,7). But this follows from the fact that

| n@wote). = o), dt = fim [ a00Es (@®) - a®)rs, di
0 —>Jo
T
< Jim [ n(t) (B, () ~ o, (ex(1)) ot

:/0 n(t) (Eo(c') — Eo(c(t))) dt

for all ¢ € dom Ey = dom Fy, and n € C§°(0,T) with 7 > 0 since 0rPo(8) —k—oo
0 uniformly in s € [a,b] and cx(t) —r—oo c(t) in C(Q) for almost all ¢t € (0,T).
Finally, (3.10) follows from (3.8), Oncklaa = 0, and (2.1). O

For completeness we give a characterization of OEy and D(9Ey), which is
based on the results of Kenmochi et al. [11].

Lemma 3.5. Let Ey be as above and let OEy be its subgradient with respect to
L%, (). Then

D(OEy) = {c € HX(Q) NL%)(Q) : c(x) € [a,b] a.c., duclon = o} (3.11)
and po € OEy(c), ¢ € D(OEy), if and only if c € H*(Q) ﬁL%O)
B(x) == po(x) + Ac(z) + 1 € g p)(c(x)) a.e. in § (3.12)

(Q), Oncloa =0, and

for some i € R. Moreover, ||| g2 + [|PofllL> < C ([nollzz + llell2)-

Finally, if Ey is the extension of Ey to H(B)l(Q), then w € dEy(c) for some

¢ € D(OEq(c)) if and only if w = —Anpo, where po € H() NOEy(c).
Proof. First let ¢ € D(OFEy) and let po € OEp(c). Then by definition
(o, — )2 < Eo(c') — Eo(c) for all ¢ € dom(Ey).
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Hence ¢ is a minimizer of the functional F(¢') = Ey(c¢’) — (1o, )2 defined on
L%O)(Q). Since F'(c) is strictly convex, the minimizer is unique. Therefore [11,

Proposition 5.1, Lemma 5.3] imply that Ayc € L?(Q2) and
—Anc+ 8= po+T,

where 3(z) € 0114 y(c(z)) for almost all € Q, 1 € R, and ||Ancl|zz + | Pof|z2 <
C|lpol| 2. Hence ¢ € H?(Q2), d,cloq = 0, and (3.12) holds. This proves one impli-
cation and one set inclusion in (3.11).

To prove the converse implication let ¢ € H2(2) N L%o) (Q), Oncloa = 0, and
let po € L%O)(Q) satisfy (3.12). Then

(1o + Ac+ 7, - C)Q < / (I[a,b] (C/) — I[a,b](c)) dr =0
Q
for all ¢’ € dom Ej since o + Ac + i € 014 4)(c). Moreover, using

1 1 1
(Be.d = o) = 2[ellZs = 2IVEI3 + 2T~ )2,
we conclude
(o, =)o < Eo(c') — Eo(c) for all ¢ € dom Ey,

i.e., g € OEp(c). Furthermore, for every c € H2(Q) N L%O)(Q) with 9y,clan = 0 we
have that —Ac € 0Ey(c) since

Eg(c’)—Eo(c):/QVC-V(cl—c)dx—&—%/Q|V(c'—c)|2dm2—/QAC(C/—c)dx

for all ¢ € dom(Ep). Therefore (3.11) holds.

In order to prove the last statement, let w € dEq(c). Then pp = ~Ajtw €
H' () NdFEy(c) since

(no, = €)p2 = (w, ¢ =)y < Eo(¢) — Eo(c) = Eo(c') — Eolc)

for all ¢ € dom Ey = domE’o. Conversely, if uo € HY(Q) N 0Ey(c), then w :=

—Anpo € H(_o)l (Q) € DEy(c) by the same calculation as before. O

3.2. Convective Cahn-Hilliard equation

In this section we consider

Oc+v-Ve=Au in £ x (0, 00), (3.13)
w=¢(c) — Ac in 2 x (0, 00), (3.14)

Onclog = Onptloa =0 on 99 x (0, 00), (3.15)
cli=0 = ¢o in Q (3.16)
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for given ¢y with Efree(co) < 0o and v € L>(0, 00; L2(Q)) N L2(0, 00; H'(£2)). Here
¢ = O where ® is as in (1.12)—(1.13) and Efcc(c) is as in (1.10). In particular
(1.12) yields the decomposition

Fireole) = Fofe) = % ellfaca
where Fy(c) is as in Section 3.1. We can apply Corollary 3.1 to Ey(c), respectively
to its extension to H 1(Q), which is denoted by Fy(c).
We note that we can consider (3.13)—(3.16) as an evolution equation on
H(B;(Q)
Oe(t) + Ag(e(t)) + B(v(t))e(t) = 0, for t > 0, (3.17)
cli=0 = ¢o (3.18)

where Ag(c) = Fy(c) and
(B)e. )yt m, = - Ve, p)rz = 0c(Ve, Vo) e

©
forall ¢, p € D(B(v)) = H(lo) (Q) This means that Ag(c) = An(Ac—0Py¢p(c)) due
to Corollary 3.1 and B(v)e = v - Ve + 0. Ane, where Ay: (0)(9) C H(B)l(ﬂ) —
H (B)l(Q) is the Laplace operator with Neumann boundary conditions, which is

considered as an unbounded operator on H (6)1((2) Finally, we note that Ay is a
strictly monotone operator since

(Ag(cr) — Ag(c2), ¢ — c2) 1

(0)
= (=A(c1 — c2) + 0¢o(c1) — Odo(c2),c1 — c2)12 > [|[V(er — c2)[7-  (3.19)

for all ¢1,co € D(Ayp).
From [3] we recall:

Theorem 3.6. Let v € L%(0,00; HY(Q)) N L>°(0,00; LZ(Q)). Then for every co €
H(lo)(Q) with M := Eee(co) < 00 there is a unique solution

¢ € BC([0,00); H)(2))

of (3.13)~(3.16) with dyc € L?(0,00; H(O)(Q)) p € L2, .([0,00); H(2)). This
solution satisfies

Efree(C(t)) + |Vﬂ|2 d(1'7 T) = Efree(CO) - / (U ,U/VC d((E, 7') (320)
Q¢ ¢

for allt € [0,00) and
el ettty + 19002 i + 1Vl < C (M + i) 3:21)

||C||L2 (j0,000;w2y T lI@(c )||L2 ([0,00):L7y < Cr <M+||UHL2(Q)) (3.22)

uloc
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where 1 = 6 if d = 3 and 1 < r < oo is arbitrary if d = 2. Here C,C, are
independent of v, co. Moreover, for every R, T > 0 the solution

ceY = L*0,T; W) N H'(0,T; Hygy ()
depends continuously on
(co,v) € X == H'(Q) x L'(0,T; L2(Q))  such that Etee(co) + [|v]|22(0,00.m1) < R
with respect to the weak topology on'Y and the strong topology on X.

Remark 3.7. For fixed 6 (6 = 1) the theorem coincides with [3, Theorem 6], where
we note that (3.21) is only based on the energy estimate and (3.22) is based on
(3.3). Since the constant in (3.3) can be chosen independent of 0 < 6 < 1, cf.
(3.5), it is easy to observe from the proof of [3, Theorem 6] that the inequalities
(3.21)—(3.22) hold uniformly with respect to 0 < # <1 due to Proposition 3.3.

The following improved regularity statement will be important to get higher
regularity of solutions to the Navier-Stokes/Cahn-Hilliard system.

Lemma 3.8. Let the assumption of Theorem 3.6 be satisfied and let (c,u) be the
corresponding solution of (3.13)~(3.16). Moreover, let 0 < s < %, let w = 1 if

1

¢o € D(OE) and let w(t) = (1%‘_15)E else.

4
1. Ifow € L3, ([0,00); H*(Q)) and r is as in Theorem 3.6, then (c, u) satisfies

uloc

woe € L™(0, oo; H(B)l(ﬂ)) N L2,.([0,00); H(Q)),

we € L>(0, 00; W2(Q)), wole) € L*°(0,00; L™(Q)), wu € L>(0,00; H(Q)).
2. Ifv € BY ([0,00); H=5(82)) for some o € (0,1), then

4
300,uloc

we € O%([0,50); Hig () N B 1oel[0, 50): H (). (3.23)

Finally, the same statements hold true if [0,00) is replaced by [0,T], 0 < T < oo,
Remark 3.9. The lemma coincides with [3, Lemma 3], where 6 > 0 was fixed.
As in Remark 3.7, the estimates in the proof of the latter lemma hold uniformly
with respect to 0 < 6 < 1 since they are based essentially on (3.21)—(3.22) and
(3.19). Hence Proposition 3.3 implies that all estimates obtained in the proof of
[3, Lemma 3] are independent of 6 € (0, 1].
3.3. Limit for the convective Cahn-Hilliard equation
In this section we show that solutions of the convective Cahn-Hilliard equation
(1.3)—(1.4) with ¢(c) = 0o (c) — O.c converge as § — 0 to solutions of the system
Oic+v-Ve=Apu in © x (0, 00), (3.24)
p A4 Ac+0cc € Oljqp(c) in Q x (0, 00), (3.25)
Oncloa = Onptloa =0 on 99 x (0, 00), (3.26)
(3.27)

cli=0 = ¢ in 3.27
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for given co with EY.__(co) < oo and v € L*>(0, 00; L2(Q2))NL?*(0, 00; H(9)), where
Vel|? 2
EY..(c) = / | 20| de +/ (IW,] (c) — 96%) dz. (3.28)
Q

Again we have a decomposition
0.
E?ree(c) = EO(C) - EHCH%P(Q)a
where Ey(c) is as in (3.9) and we assume w.lo.g. that [, co(z) dz = 0. As before,
(3.24)—(3.27) can be written as an abstract evolution equation in H(B)I(Q)

Bhe(t) + Ao(c(t)) + Bu(t)e(t) 50, >0, (3.29)
C|t:0 = Cp (330)

where Ag(c) = 8Eq(c), cf. Lemma 3.5, is now a multi-valued maximal monotone
operator and B is as before. Moreover, we have as before

(w1 —wa, 1= €2) 20 sty = —(Aler —e2) + f1 — fa,c1 — 2)12(q)

®)

> |ler — 02”1,2(0 coiHLY)) (3.31)

where w;(t) € dEo(c;(t)), j = 1,2, for almost every ¢ € (0,00) and f;(x,t) €
) (cj(x,t)), j = 1,2, almost everywhere.
More precisely, we show

Theorem 3.10. Let 0 < 0, < 1, k € N, be such that 0 —k_oo 0. Moreover, assume
cok € H(O)(Q) with co k(x) € [a,b] almost everywhere for all k € Ny and assume

that v € L*(0,00; H'(Q)) N L>°(0, 00; L2(Q)) such that
Vk —koo v in L2(0,T; HY(Q)), cok —koooCo in H(lo) Q)
for all 0 < T < oo, and let (ck, i) denote the unique solutions of (3.13)—(3.16)

with (v, CO,QS( )) replaced by (vg, cok, ox(c)), where ¢i(c) = P (c) and Di(c)
0 Po(c) — & %c?. Then

e —hooo ¢ in L*(0,T; W2()),
Vi koo ViL in L2( Q),
Ordol(cr) —k—oe f  in L*(0,T;L"(2))

for all 0 < T < oo, where f = p+ Ac € Ol p)(c) for almost all (x,t) € Q, 7 =6
ifd =3,2 < r < oo is arbitrary if d = 2, and (c,pn) € BC([0,00); HY(Q)) N
L?,..([0,00); HY(Q)) is the unique solution of (3.24)—(3.27). Moreover, for every

uloc

t>0

Blen(c) + [ (VAP d(a7) = Bhuolen) = [ v-pVed@ar). (332
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Proof. First of all, because of Remark 3.7, (3.21)—(3.22) with (¢, i, ¢(c),v,¢p) re-
placed by (ck, pk, Pr(c), vk, co k) hold true with constants independent of 0. Hence
for a suitable subsequence k; —; o 00
Ck’j 4j—’OO ¢ in LQ(Oa Tv WTQ(Q))v
Vg, —j—oo Vi in L*(Q),
Ok, do(cr,) —j—oo f in L*(0,T;L7())

for all 0 < T' < oo. Moreover, since d;cy is bounded in L?(0, oo; H(B)l(Q)) due to
(3.21),

Ch; —j—o0 C in L?(0,T; W§(Q))
for all 0 < T' < oo due to the lemma of Aubin-Lions. Hence

B(v,)ck, —j—oo Bv)e  in L*(0, 00; H(o) (Q))

and (3.24) holds in the sense of distributions.

Moreover, since ¢, € H*(0, T} H(o) (€2)) is bounded and ¢y, converges strongly
in LQ(O T; H'(Q)) forall 0 < T' < 00, ¢, converges weakly in H*(0,T'; H(O) Q) —
Cz([0,T; H(o) (Q)) for every 0 < T < oo, which implies that cl—g = ¢y =
lim;_o co,k, holds in H(B)l(Q) Hence ¢ € BCy([0,00); H*(2)) due to Lemma 2.1
and since ¢ € L>(0,00; H'(Q)) is bounded. Furthermore, since ¢y, converges
strongly in L?(0,T; W¢ (Q)) for every 0 < T' < oo, a suitable subsequence of ¢y, (t)
(again denoted by c, (t)) converges in W¢ () — C°(Q) for almost all t € (0,00).
Because of Corollary 3.4, we conclude that

Po(/J + 966) =—Ac+ Pof € 8E0(C)
with f(z,t) € 04y (c(z,t)) almost everywhere. Defining m(u) by the equation
m(p) + 0.m(c) = m(f), we obtain (3.25). Moreover,
3E0kj (cx;) = —ANn(=Ack; + Poby, ¢o(ck;))
= —AN(pk; +0cck;) —jooo —An (1 +bcc) = —An(=Ac+ Ry f)
in L%(0,T; H )(Q)) for every 0 < T < oo. Hence —An(—Ac(t) + Pof(t)) €
dEq(c(t)) for almost every 0 < t < oo because of Lemma 3.5 and (3.17) holds.

Finally, the uniqueness and (3.32) is proved in the same way in Theorem 3.6

using (3.31), cf. [3, Proof of Theorem 6]. Since every convergent subsequence con-

verges to some (c, p) solving (3.24)—(3.27) and the limit is unique, the complete
sequence converges to the unique solution of (3.24)—(3.27). O

Finally, we state the analogous result to Lemma 3.8 for the limit system
(3.24)-(3.27).
Lemma 3.11. Let v € L?(0, 00; HY(Q))NL>(0, 00, L2(Q)), co € HY () with co(x) €
[a,b] almost everywhere and let (c,p) be the corresponding solution of (3.24)-

(3.27). Moreover, let w =1 if ¢o € D(OEy) N H3(Q) and let w(t) = (%ﬂ) else.

NI
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1. If Ov € Léloc([o7 00); H=*(Q)) for some 0 < s < & and r is as in Theo-
rem 3.10, then (c, 1) satisfy

wde € L*(0, oo; H&;(Q)) N L2,..([0,00); HY(Q))

we € L(0,00: W2(Q), wale) € L*(0, 00 L7()), wpr € L*(0, 00 H'(Q)).
2. Ifv € BY

4 oo,uloc

we € C7([0,00); Hgh () N B wioe ([0, 00); H* (). (3.33)

Finally, the same statements hold true if [0, 00) is replaced by [0,T), T < oo,

([0,00); H=%(R2)) for some 0 < s < 1 and a € (0,1), then

Proof. Let 0, = %, ke N v, =wv, cop = coif co ¢ ’D(@EO) N H3(Q). If
co € D(OEy) N H3(Q), then let co r = co(exz), where g, > 0 is chosen such that
|+¢0(s)| + £04(s) < C on [era,exb] and e —k—oo 0, where we assume w.l.o.g.
m = 0 € (a,b). Then ¢or, € D(0Fy,) and ||0Es, (cor)|lmr < C(|lcollgs + 1).

Moreover, let cg, i be as in Theorem 3.10. Then, because of Proposition 3.3, the
estimates in the proof of Lemma 3.8 hold uniformly in 0 < 6 < 1, cf. Remark 3.9.
Hence c¢; are bounded in the corresponding spaces and the lemma follows. 0

4. Main result: Double obstacle limit for the model H

First of all, we recall the definition of weak solutions to (1.1)—(1.7) and a theorem
on existence of weak solutions from [3]:

Definition 4.1. (Weak Solution)
Let 0 < T < o0. A triple (v, ¢, 1) such that

v € BC,W(0,T; L2(Q)) N L*(0,T;V()),
¢ € BCw(0, T H'()), ¢(c) € Li([0,T); L*(), Vi € L*(Qr)
is called a weak solution of (1.1)—(1.7) on (0,T) if

—(v,09) Q7 — (vo, Yli=0)a + (v- Vv, 9)qp + (¥(c) Dv, DY) gr = (Ve ) qr (4.1)

for all ¢ € CG,(10,T) x Q) with div ¢ =0,

—(C, at(p)QT - (007 (P‘t:O)Q + (U - Ve, SO)QT = _(v:ua VSO)QT (42)
(Mv QO)QT = (¢(C), (ID)QT + (VC, VSO)QT (43)

for all p € Cfoo)( [0,T) x ), and if the (strong) energy inequality

v(e)| Dl d(, 7) +/Q [Vul? d(z,7) < E(v(to), c(to))
(tg.t)

E(o(t), e(t)) + /

Q(tg.t) (4 4)

holds for almost all 0 < ¢y < T including tp = 0 and all ¢ € [to, T).
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Theorem 4.2. (Global Existence of Weak Solutions, [3, Theorem 1])

For every vg € L2(2), co € HY(Q) with co(z) € [a,b] almost everywhere there is
a weak solution (v,c,u) of (1.1)=(1.7) on (0,00). Moreover, if d = 2, then (4.4)
holds with equality for all 0 <ty <t < co. Finally, every weak solution on (0, 0c0)
satisfies

26.0(¢) € Le([0,50) L' (), - i T BUCO0W)(@)  (45)

where r =6 if d =3 and 1 < r < oo is arbitrary if d = 2 and q > 3 is independent
of the solution and initial data. If additionally co € H%(Q) = {c € H*(Q) :
Oncloa = 0} and —Acy + 0¢o(co) € H'(2), then ¢ € BUC(0, 00; W, (Q2)).

We show that weak solutions of (1.1)—(1.7) converge as § — 0 (for a suitable
subsequence) to a weak solution of

O+ v - Vo —div(v(c)Dv) + Vp = poVe in  x (0, 00), (4.6)
dive =0 in © x (0, c0), (4.7)

Oc+v-Ve=Ap in 2 x (0, 00), (4.8)

pA Ac+Oec € Oljqp(c) in 2 x (0, 00) (4.9)

together with (1.5)—(1.7). The definition of weak solutions to (4.6)—(4.9), (1.5)—
(1.7) is the same as in Definition 4.1 just replacing Ffeq(c) by free( ) and (4.3) by
(4.9) together with J,,c|aq = 0, assuming ¢ e L2 ([0,00); H?()) in the definition
of weak solutions. Here Ef. . (c) = Fy(c) — 2 ||c||L2 () is as in (3.28).

Our main result of this section is the following:

Theorem 4.3. Let d = 2,3, 0 > 0, k € Ny such that 0, —r_o 0. Moreover, let
(Vk, i, i) be weak solutions of (1.1)—(1.7) with initial values (Vo i, Cok) —k—oo
(vo,co) in L2(Q2) x HY(Q) with co (z) € [a,b] for almost all x € Q and all k € N.
Then there is a subsequence kj, j € No, kj —j_o 00 such that

(Vr;, Vi) —j—oo (v, Vi) in L?(0,00; HY(Q)¢ x L*()), (4.10)
(Vk; 5 Ck;) =00 (5€) in L°°(0,00; L2(Q)? x H(Q)), (4.11)
(Chys i) —ise (o) i L2(0,T5 W2(Q) x L3(Q) (1.12)

for all 0 < T < oo withr =6 ifd=3and 2 < r < oo arbitrary if d = 2
and (v, ¢, ) is a weak solution of (4.6)—(4.9), (1.5)~(1.7). Moreover, every weak
solution of (4.6)—(4.9), (1.5)~(1.7) satisfies

V2, p € L2,,.([0,00): L'(Q)), k(t)e € BUC([0,00); WL(Q))

uloc q

for some q > d and with k = 1 if ¢y € D(OEo) and r(t) =t2 /(1 +1t)2 else.

Proof. By the energy estimate vy € L>(0,00; L?(Q)) N L2(0,00; HY(Q)), ¢ €
L*(0,00; HY(Q)), Vi, € L?(Q) are uniformly bounded. Hence there is a sub-
sequence such that (4.10)—(4.11) holds. Moreover, since (3.21)—(3.22) hold uni-
formly in k& € N, cf. Remark 3.7, we can extract a subsequence such that (4.12)
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holds too. Therefore ¢ is a solution of (3.24)—(3.27) due to Theorem 3.10. Using
(4.6) and the bounds on (vg, ¢k, pi), one obtains that Oy, € Léloc([O7 00); V2(2))
is uniformly bounded. Hence vy, —j_o v in L*(0,T; H*(Q)) for all s < 1.
Moreover, since dicx € LQ(O,OO;H(B)I(Q)) is uniformly bounded due to (3.21),
Ch; —h—oo € in L2(0,T;W¢(Q)) for all 0 < T < oo because of the Lemma of
Aubin-Lions. Hence we can pass to the limit in (4.1) for (vk,,cs;, pr,) and the
initial values (vox;,cok;) and conclude that (v,c,p) solve (4.1) too. Moreover,
since vg; —joo U € W%l(O,T;Vé(Q)’) and ¢, —j oo € € Hl(O,T;H(B)l(Q)) for
all 0 < T < oo, we obtain (vox;,cok;) = (Vk;, Ck;)|t=0 —j—o0 (V0,0) = (v,¢)|t=0
weakly in V()" x H(B)l(Q) Because of Lemma 2.1. (v,¢) € BC,,(0,00; L% x H?).

Furthermore, because of Lemma 2.2, the energy inequality (4.4) for (vk,ck, pir)
is equivalent to

/Ooo Dy (cx(t), vr(t), i (t))(t) dt

< Bu(eos,ma)e(0) + | " Bu(ex(t), vet) ' () de

for all ¢ € W} (0,00), ¢ >0, where Ej(c,v) denotes the total energy E(c,v) with
respect to @y, (¢) = 0Po(c) — Gcé and

Di(cr(t), vk (t), (1)) = /Q 20 (ck ()| Do (8)* da + ||V i (1) 13-

= [ 2)IDo0) o+ [ T2 < Byn inf Duen(6). 0). (1)

by the weak lower semi-continuity of the L2-norm and
Ep(cr; (t),vr,; (1) —j—o0 E(c(t),v(t)) for almost all 0 <t < oo,

we obtain
E(co,v0)p(0) + /Ooo E(c(t),v(t)¢' (t) dt > /Ooo D(c(t),v(t), u(t))p(t) dt

for all ¢ € W(0,00), ¢ > 0, where E(c,v) = EJ.__(c) + Ekin(v). Using Lemma 2.2
again, we have proved (4.4).

Finally, the regularity statements for ¢, u follow from Theorem 3.10 since for
given v (4.8)—(4.9) together with (1.6)—(1.7) has a unique solution (c, u). O

Since the Cahn-Hilliard equation (4.8)—(4.9) has the same structure as in
the case § > 0 and the same regularity results, cf. Lemma 3.11 are available, it
is easy to obtain the same uniqueness and regularity results as for 6 > 0, cf. [3,
Proposition 1, Theorem 2]. These are as follows:
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Proposition 4.4. (Uniqueness)

Let 0 < T <00, q=31ifd =3 and let ¢ > 2 if d = 2. Moreover, assume
that vo € Wy () N LZ(Q) and let ¢o € C¥H(Q) with co(x) € [a,b] for all x €
Q. If there is a weak solution (v,c,p) of (4.6)—(4.9), (1.5)~(1.7) on (0,T) with
v e L>®0,T;W](Q)) and Ve € L®(Qr), then any weak solution (v',c,p') of
(4.6)-(4.9), (1.5)—(1.7) on (0,T) with the same initial values and V' € L=(Qr)
coincides with (v, c, ).

Proof. The proof is literally the same as the proof of [3, Lemma 7]. One just has
to replace the first equality in the proof by

0:¢+ a1 —as = —0.A¢ —w- Ve —vs - V¢,

where a;(t) € Ao(c;(t)),7 = 1,2, for almost all t € (0,T") and w = v; — vz and has
to use (3.31). O

Theorem 4.5. (Regularity of Weak Solutions)
Assume that co € D(OEy) N H3(Q), where Ey is as in Lemma 3.5.

1. Let d = 2 and let vo € V3 75(Q) with s € (0,1], s # . Then every weak
solution (v,c) of (4.6)—(4.9), (1.5)~(1.7) on (0,00) satisfies

v € L2(0, 00; V2T (Q)) N HY(0, 00; V¥ () N BUC([0, 00); H575(Q))

for all s’ € [0,3)N[0,s] and all e > 0 as well as V¢, ¢(c) € L>(0, 00; L"(12))
for every 1 < r < oo. In particular, the weak solution is unique.

2. Let d = 2,3. Then for every weak solution (v, c, ) of (4.6)-(4.9), (1.5)—(1.7)
on (0,00) there is some T > 0 such that

v € L*(T,00; V&4 () N HY(T, 00; Vi () N BUC([T, 00); H*75(£2))

Jor all s € [0,1) and all e > 0 as well as V¢, ¢(c) € L>(T, 00; L™(Q)) with
r=6ifd=3and 1 <r < oo arbitrary if d = 2.

3. Ifd=3 and vy € V;H(Q), s € (%, 1], then there is some Ty > 0 such that
every weak solution (v,c) of (4.6)—(4.9), (1.5)~(1.7) on (0,Tp) satisfies

v e L0, To:; VS (Q)) N HY(0, Ty; V3 () N BUC([0, Tp): H'+*~2(2))

for all s € [0,3) and all e > 0 as well as V¢, ¢(c) € L>(0,Ty; L5(2)). In
particular, the weak solution is unique on (0,Tp).

Proof. The proof is the same as the one of [3, Theorem 2]. Its proof only relies
on the available regularity results for c¢ solving (1.3)—(1.4), which are the same
for (4.8)—(4.9), as well as the uniqueness statement of [3, Proposition 1], which is
replaced by Proposition 4.4. Therefore the proof directly carries over. O
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1. Introduction

Complex rheological phenomena such as shear dependent viscosity, stress relaxa-
tion, nonlinear creeping and normal stress differences can be found in many fluids
like inks, polymer melts, suspensions, liquids crystals or biological fluids. These
properties, which cannot be captured by the classical Navier-Stokes equations,
lead to non-constant viscosity or to viscoelastic behavior described by nonlinear
relations between the Cauchy stress and the strain tensor. Fluids of this type are
called non-Newtonian [20].

There are many ways to generalize the Newtonian law of viscosity. The sim-
plest case is the generalized Newtonian model where the extra-stress incorporates
a shear-rate dependent viscosity. However, the generalized Newtonian fluids can-
not account for the effects described above, namely the viscoelasticity, but they
are often used to model simple flows and to study the flow rate in a pipe, as a
function of the pressure drop. Suitable viscoelastic constitutive equations are then

This work has been partially supported by CIMA /Univ. Evora, by CEMAT/IST through FCT’s
Funding Program and by the Project PTDC/MAT/68166/2006.
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required. In general terms, non-Newtonian viscoelastic fluids exhibit both viscous
and elastic properties and can be classified as fluids of differential type, rate type
and integral type. We refer to the monographs [5], [15], [26], [29] for relevant issues
related to non-Newtonian fluids behavior and modeling. Models of rate type such
as Oldroyd-B fluids can predict stress relaxation and are used to describe flows in
polymer processing. However they cannot capture the complex rheological behavi-
or of many real fluids, such as blood in which the non-Newtonian viscosity effects
are of major importance.

Over the past twenty years, a significant progress has been made in the math-
ematical analysis of the equations of motion of non-Newtonian viscoelastic fluids.
Usually, the constitutive equations lead to highly nonlinear systems of partial dif-
ferential equations of a combined parabolic-hyperbolic type (or elliptic-hyperbolic,
for steady flows) closed with appropriate initial and/or boundary conditions. The
study of the behavior of their solutions in different geometries requires the use of
specific techniques of nonlinear analysis, such as fixed-point arguments associated
to auxiliary linear sub-problems. We refer to [21] and [22] for an introduction to
existence results for viscoelastic flows.

The hyperbolic nature of the constitutive equations is responsible for many of
the difficulties associated with the numerical simulation of viscoelastic flows. Some
factors including singularities in the geometry, boundary layers in the flow and the
dominance of the nonlinear terms in the equations, result in numerical instabilities
for high values of Weissenberg number (non-dimensional viscoelastic parameter).
A variety of alternative numerical methods have been developed to overcome this
difficulty, but many challenges still remain, in particular for viscoelastic flows in
complex geometries (see, e.g., [16], [17] and the references cited therein).

It is known since the pioneering experimental works of Williams et al. [30],
Grindley and Gibson [14], and Eustice ([11], [12]) that flows in curved pipes are
very challenging and considerably more complex than flows in straight pipes. Due
to fluid inertia, a secondary motion appears in addition to the primary axial flow.
It is induced by an imbalance between the cross-stream pressure gradient and the
centrifugal force and consists of a pair of counter-rotating vortices, which appear
even for the most mildly curved pipe. This results in asymmetrical wall stresses
with higher shear and low pressure regions (4], [18], [27]).

Steady fully developed viscous flows in curved pipes of circular, elliptical
and annular cross-section of both Newtonian and non-Newtonian fluids, have been
studied by several authors ([1]-[4],[13], [19], [23], [24], [27]) following the funda-
mental work of Dean ([9], [10]) for circular cross-section pipes. Using regular per-
turbation methods around the curvature ratio, Dean obtained analytical solutions
in the case of Newtonian fluids. These results have been extended for a larger range
of curvature ratio and Reynolds number, showing the existence of additional pairs
of vortices and multiple solutions ([8], [31]).

The great interest in the study of curved pipe flows is due to its wide range
of applications in engineering (e.g., hydraulic pipe systems related to corrosion fai-
lure) and in biofluid dynamics, such as blood flow in vascular regions of low shear
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(in healthy or disease states), where the shear-thinning viscosity and viscoelastic
behavior should not be neglected ([6], [7], [25], [28]).

This paper is concerned with the numerical study of the behavior of fully
developed flows of shear-thinning generalized Oldroyd-B fluids in curved pipes
with circular cross-section and arbitrary curvature ratio, for a prescribed pressure
gradient. Numerical results show interesting viscosity and viscoelastic effects: for
sufficiently small curvature ratio and certain range of viscosity parameters, the
flow field is quite complex, showing counter-clockwise rotation of the secondary
streamlines and loss of symmetry of the flow field. Stronger inertial effects result
in a deformation of the pair of vortices and rotation of the flow in an opposite
direction. These effects become weaker for higher values of the Weissenberg num-
ber. We remark that for generalized Oldroyd-B fluids the second normal stress
difference is zero, as in the particular case of Oldroyd-B, and consequently the
second normal stress difference has no impact on the secondary flows ([13]).

The paper is organized as follows. After introducing the governing equations
and formulating the problem in polar toroidal coordinates (Section 2 and 3), we
consider in Section 4 the numerical approximation of the steady Oldroyd-B model
with non constant shear-dependent viscosity, in the above-described geometry.
The original problem is decomposed into a Navier-Stokes system and a tensorial
transport equation. Using the finite element method and a fixed point algorithm to
couple the auxiliary problems, numerical results are obtained for a certain range of
non-dimensional flow parameters (viscosity exponent, Reynolds and Weissenberg
numbers) associated to the model. A continuation method is used to find the
initial guess of the iterations and to increase the absolute value of the viscosity
parameter.

Existence and uniqueness of approximated solutions, as well as a priori error
estimates to the coupled full problem have already been proved, under a natural
restriction on the curvature ratio (see [2]). In a future work, the systematic nume-
rical study presented in this paper will be complemented by a theoretical analysis
to justify the complex qualitative behavior of the combined effects of viscosity,
inertial and viscoelastic parameters.

2. Governing equations

This paper is concerned with flows of incompressible viscoelastic Oldroyd-B fluids
with shear dependent viscosity in a curved pipe  C R3 with boundary 0. For
these fluids, the extra-stress tensor is related to the kinematic variables through

v \4
S+ A1 S=2(v+vo(1+ [Dul?)?) Du+ 2); Du, (2.1)

where u is the velocity field, Du = £(Vu + Vu') = 1 (gg; + gzjf) denotes
i/ig=1,2

the symmetric part of the velocity gradient, |Du| is the shear rate, ¢ is a real
number, v and vy are nonnegative real numbers satisfying v + 19 > 0, A\; > 0 and
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A2 > 0 are viscoelastic constants. The symbol V denotes the objective derivative
of Oldroyd type defined by

S (D t
S= (& +u-V)S—SVu—(Vu)'Ss.
The Cauchy stress tensor is given by T = —pI+S, where p represents the pressure.
The equations of conservation of momentum and mass hold in the domain €2,
p(%+u-Vu)+Vp=V-S+f, V-u=0, (2.2)

where p > 0 is the (constant) density of the fluid and f is an external force.

We first decompose the extra-stress tensor S into the sum of its Newtonian part

Ts = 2§—f Du and its viscoelastic part 7. Introducing the quantities

T Ut u pL

= t=—, U= -, P= 77—

L L U (l/ + Vo)U
7L %

(v+wvo)U’ (vt w)U’

xr =

T =

where the symbol ™ is attached to dimensional parameters (L represents a reference
length and U a characteristic velocity of the flow). We also set

el 2 _
- A (v + o)’ n_u+1/0’
and defining the Reynolds number and the Weissenberg number as
Re—= ULy MU
v+ L

we can write (2.1)—(2.2) in dimensionless form
~(1-e)Au+Re(®+u-Vu)+Vp=Ff+V-r,
Vou=0, (2.3)
T+ We (%—'tr +u-Vr —g(Vu, 7)) =2 (e +no (|Duf?)) Du,
with
g(Vu,7) =7 Vu+ (Vu)' 7, o(r)=(1+z)?-1.
This system is supplemented with a Dirichlet homogeneous boundary condition

u = 0 on 0f).

In a simple shear this model predicts shear dependent viscosity (shear-thinning
for ¢ < 0 and shear-thickening for ¢ > 0) and normal stress coefficients ¥ and ¥y
given by (see, e.g., [5], [17], [29])

U (|Dul) =2 (¢ + no (|Dul?)) | Dul?
Wy (|Dul) = 0.
Note that the model reduces to Oldroyd-B when ¢ = 0.
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3. Equivalent formulation in polar toroidal coordinates

We consider fully developed flows in a curved pipe with circular cross-section (see
Figure 1).

"«

FIGURE 1. Polar toroidal coordinates.

For this pipe geometry, it is more convenient to use the polar toroidal coordinate
system, in the variables (7, 0,3), defined with respect to the rectangular cartesian
coordinates (7,7, Z) through the relations

T—\/E’Q—I— x2+ R)2,

~ Y
0 = arctan —7 s = Rarctan =,
x

VR

and the inverse relations
~ ~ S ~ ~ .S ~ o~
x:(R—i—rcosQ)cosE, y:(R—Q—rcosG)smE, zZ=rsiné,
with 0 < rg < R, 0 <0 <27 and 0 < s < R, where R > 7 > 0 is the constant
centerline radius. Introducing

g To
§ = — § =

) X
To R
we see that the corresponding non-dimensional coordinate systems are given by
T—\/ZZ Va2 +y? 7_)27

z Yy
0 = arctan ——— s = — arctan =

,/x2+y27%’ 6 33’

and the inverse relations
1 1
x = (5 + 7 cos 9) cos(sd), y = (5 + rcos@) sin(sd), z=rsinb,
with 6 <1,0<60 <27 and 0 < s < 5.
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Let us now formulate system (2.3) in this new coordinate system. For conve-
nience, we keep the notation as for the cartesian system (e.g., u = u-ep, v =v-e€g
and w = w - e5). To simplify the notation we set

61 = B1(r,0) = rdsiné, Ba = Ba(r,0) = rdcosé,
B=p8(r,0) =1+rdcosb.

By using standard arguments, we rewrite the problem (2.3) in the toroidal coor-
dinates (1,0, s), and we see that the problem reads as

Find (u = (u,v,w),p, T) solution of
—(V-(2(1 —¢)Du+ 71 — Reu®u)), + Rel + % =,
— (V- (21 —¢)Du+7—-Reu®u)), +Re@ }ng’; =0,
—(V (21 —&)Du+7—Reu®u)), + ReZe + L2 =0,
o (nfu) + £5(Bv) + 57 (rw) = 0, (3.1)
T+Mk<a, Mw+5m)T+Mk%
= % F(u,7)+2 (5 -+ 7= ((Tﬂ)2 + |rﬂDu\2)q) Du,

Upe = 0

where for third-order tensor o, V - o is given by

1,0 0 0
(v ' G)r = Tﬂ ( (Tﬁarr) 89 (ﬁarﬂ) + & (To'rs) - 620-38 - 5099)7
1 0
(Vo) = - ﬂ( (rBoor) + 89 O (Bo00) + o (ro0s) + 1as + 1s),
1,0 0
(V : U)S = Tﬂ ( (Tﬁ09r> (5099> a (ro'se) - ﬁlo'Os + ﬁ20'rs>>
and the velocity gradient and the symmetric tensor F are given by
du o ow
or or or
10u v u 10w
Vu=| 35 -F  imtr % )
u _ B v | B dw B2 8
595 ~ B Fos T W Fas toguT v

o) = 218 By + 9880+ 1307).

Foo(o,r) =3 (1 —0) o+ (85 188) 7
+’"ae"'r9+539799+7“8g7'93,

Fro(u,7) = (rB 3¢ — Bow) Trr + (B 35 + Brw) Tro + BF5Tos
+( Bw + Bou — Brv + 1B 8r)T7"9+rasT‘;sa

Foo(u,7) =2 (5 (r gﬁ — ) Tro + B (55 +u) Too +r3ET0s)
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Fos(u,7) = (rB22 — Byw) 770 + (B 92 + frw) Too + B (122 — v) Trs
+ (r%2 + Bou — frv + By + Pu) Tos + 1T,
Foo(u,7) =2((rB 22 — Bow) Trs + (B %2 + rw) Tos)
+ 2 (T%—’: + Gou — ﬂlv) Tss-

Considering fully developed flows, the velocity, the pressure and the stress tensor
7 are independent of the variable s. Consequently, they satisfy respectively,

ou Ov Oow _ _ Op or
75 "8 " s =0 g, =P andas_O. (3.2)
Using (3.2), problem (3.1) defined in the set
S={(r0)eR*|0<r<1,0<06<2r} (3.3)

reads as follows

Find (u = (u,v,w), p, T) solution of

_Arﬁ(qp,y (2(1 —5)Du—Reu®u)+?> +Re T+ 414 % =0,
—A@ﬁ(w7 (2(1—e)Du—Reu®u)+?—) +Re 2 + B, & =0,
—As 4 (@ZJV 2(1—¢e)Du—Reu®u)+ 'T') + Re % = p*ripy,
7 (ru) + 35 (Bv) = 0,
rﬁ‘T’—i—We(% +7rBu L + v %)? =G(u,7)
U, =0 (3.4)

where for a tensor o,
Aer (0) =1B(V - 0)c —v((B + B2)oer — Broeg), forany & =r,0,s

and

G(u,7) = We(F(u,7) +7 (8 + ) u— i) 7)
+2(e—n)yY,Du (3.5)
+ 201y —2g+1 ((Tﬂ)Q + |7"5D11|2)q Du,
where v = 2max (¢,0) + 1, ¥, = (r38)” and T = ¢, 7.
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4. Numerical approximation and results

We use finite element methods to obtain approximate solutions to problem (3.4).
Here and in the remaining sections, only steady solutions will be considered.

4.1. Setting of the approximated problem

Let {7 }nh>0 be a family of regular triangulations of the rectangle ¥ defined by
(3.3), and denote by

X, = (Xn)? = {vi € C(T) NHY(D) | vix € Po(K), VK € T},

Qn = {qh € C(T) N LX) | gnxe € P1(K), VK € Th}
and

Th = (Tn)*® = {mn € L*(2) | T € P1, VK € T,}*7?
the finite element spaces. System (3.4) is approximated by the following problem
Find (up, pp, Tr) = (u,p,T) € Xj, X Qn X T}, solution of
(—Am(% (2(1—&)Du—Reu@w) + 9,112, ) = (Ay (7), 1),
(=0 (¥, (1L —e)Du—Reusw)) + 4, B ¢s) = (Au, (7). 1),
(= Aun (8 (20 = )Du=Reu@ ) = prib, by ) = (Aur (7). 65).
(& (rBu) + & (ﬂv) ) =0,
(Tﬂ Tij, O'e) + We By, (u v TU,U'g) (Gij (u,7), O'g),
up,,. =0 (4.1)
for every (¢1, o, P3, %) € Vs X Qn, where

Vin = {vn € Xp | V' - (Bvn) =0}, 5e0,1]
and every oy € T, (¢ = 1,...,6), with By, defined by
B (u,v,7,0) = (rﬁu% + ﬁv% + % <§ (rBu) + % (ﬂv)) T, a>

- <7‘+ - T_,O'+>

h
h,u,v

where

(-, ) = Z (-, )k,
(0, T hupw = Z / 70 B(run, + vng) ds,

KeT, 0K~ (ru,v)
K= (¥, ¢) = {s € 0K | (¢,¢) - (ny, ng) < 0},

and where (n,,ng) is the outward unit normal vector to element K € 7p,.
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Using standard integration by parts we show that problem (4.1) can be rewrit-
ten in the form

(Pr) Find (un,pn,7n) = (0,p,7) € X5, x Qn x T}, solution of
26, (4,82 1) + £y (8,151 ) +2(1 (824 53) . 6 )
Ly (B2 (782 = 0) 1) +2(v1 (8255 — Bufi0) 1)
= K (1 2. ) + L (K (0% 81 ) + Ly (00, 6 ))
+ 2 (6 (Bow? + 50%) 6 )
= = (K (P @) + £y(Fra, 8) + (BoFas + BF00. 1) )

Ky (W’v—l (rge —v), ¢’2) + 2L, (5%—1%7 ¢2)
(1 (62 +28) v —18282)  6a) + Ky (Br-1 55 62)
2L, (10, 6,) = (-1 (855 +21820) , 6
— Lo () + B (K (vruv 82) + £ (v50% )
= B2 (0 (Br? + fuv) . b5)
= = 1 (K (Fors @) + £y (Fo, 65) = (Bi7as + 8700, 2) ).

o (a1 (r0% = D). ) + £ (-1 (855 + Prw) )
0y (09) w+ 8558 — 18522 ) . 63)
— (s v ) + B (K (0w, ) + £y (v 0w, 65 ) )
— B2 (4 (Bau— ro) w, oy )
= = (K Far 63) + £4(Foo, 83) + (BiFos — BoFr, 83) ).
(% (rBu) + 2 (Bv), Lp) =0, for every (¢, g, s, ¢) € Vip X Qn, and

Tij,rfog), +WeBp (u,v,Tij,00) = (Gij (0, T),00),
for all o € (T})® with

B 0o 0o 1/(0 0 -+ -
Bh——(’l“ﬁua —&-5@%—5 (5 (rﬂu)—i—%(ﬁv)) 077'>h+<7' 10 =0 s

with Ky (0,0) = (0,7852 +7(B+ B2) ), Ly(o9) = (6% —ip) and G
given by (3.5).
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4.2. Algorithm

Next we define the algorithm to solve the approximated problem (Pj) (as usual,
the index h is dropped to simplify the presentation).

e Given an iterate 7', find u* = (u¥, vk, w*), and p* solutions of the following

Navier-Stokes system (N S)g

2/67(%%%'“@1)%7 (801285 ) +2 (01 (5 + 53) u*, )
Ly (B (5 —o*) ) +2 (o (255 — BiBo”) 1)
175’C7+1(¢Wp ,¢1) + £LK, (% (Uk)27¢1)
e (L, (ot ) + (0 (Balw?)? 4+ 805)?) 1))
= = (K (Fh ) + £l @) + (827 + 705, 61) ).

+

K (-1 (1% = %), ) + 2L, (B2 57 62
- (ror (82 4+ 28) o = rB2 25 ) 00y) + Ky (B 155, )
2L, (B -1t ) = (r-1 (0% +2B1820%) 6
e Lo (00", ) + BE K (0,005, 95)
B (£ (0409, 82) = (y (Br(w")? + Buo*)  6,))
L (I (7h 62) + £4(Fho, 62) — (D7 + 5740, 8) ),

Ko (1 (PO — Bou®), ) + £ (1 (5% + Brut) )
(o1 (002 0P 4 55,2 — 53,2 ) by
— e (e pt 8s) + B2 K (v bk, ¢y)
(L, (y h ks ) = (0 (B = Bio®) b, )
- (K3 (7l ) + £y (7ho, 03) + (BiTh, — Bahos 3)),
(% (rBu¥) + £5(80%). ) = 0, for every (@, b, 63,%) € Vin X Qu.

~k+1

3

+

= =
s \”

e Calculate the new iterate T as the solution of the transport problem
( Z--'H rﬂag)—!—WeBh (u ok Fh 0'4) = (Gij (uk,?k)ﬂTe) Vo e (Th)°.

v Dag

e Find u*t! = (ufF1 vF+L wh+l pk+1) solution of the Navier-Stokes system
(NS)k+1-



Flows of Generalized Oldroyd-B Fluids in Curved Pipes 31

Taking into account this algorithm, our aim is to write the linear systems cor-
responding to problem (Pj) at a given iteration k. To simplify the presentation,
we will consider the case of creeping non-Newtonian flows, which corresponds to
Re = 0.

Given "r\k7 expressing the corresponding approximate solutions u
p* in the basis of Vsn and Qp,

Np MNh Nh mp
k k i Kk k i k k i K ki
“:§“i¢17 :Evi¢2’ wZEwi%, ngpigo,
i=1 i=1 i=1 i=1

we obtain the following linear system

k Kk

, v*, wk and

A Ay 0 Ay uk b
Ay As 0 L Ag o* | | bk
0 0 Ay 0 wk bk
As Ay 0 0 P* 0
where
()i =260, (v 5,01 ) + £ (861 Gt 01) +2 (1 (8% + 33) 0. 01)
(A2 = Ly (1 (1852 = 504) .01 ) +2 (1 (8255 — Bifod) L01)
(Ag)y = — K1 (¥067.01),
(A =Ky (B2 558 04) + 2, (80,160, 01
— (01 (3255 + 261301 . 04)
(As)is = Ky (w1 (rB%2 — B6L) b)) + 22, (81 57 )
(o (82 +260) 6 — 182 52 ) 1 64) |
(Ag)ij = — Lyt (%Wﬁ%) :
(Ar)y =K (0r1 (1852 = B26h)  08) + £, (-1 (B%5 + Broh) o)
(o (000)” 4 + 531 958 — 18552 ) 104
(Ag)ij = (Tﬁ%l + (B + B2)¢1 50‘)7
(A0),; = (8% — Bi6b¢).

and where the vectors bj (j =1, 3) are given by

(BY), = = T2 (K (Bl 0) + Lo (Flg, 01) + (B27E + 5750, 61) ),

1—¢

(B5), = = 7 (K (7h 6h) + £, (Fh, 6h) — (i, + B7p, 03) ),
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k ~k i ~k ;
(b3)z == % (’C"/(Tsrv d)é) + ‘C’Y(Tsev (ZSI:L’;) + (517'95 ﬂQTrsv fi)é))
+ 1k (v, vt 04
After obtaining (u*, v*, w*, p*), we consider the transport equation to get

~ktl k1
St +

= (T ) Usmg the local basis functions {(¢}s=1,23 C Tp, the local sys-
tem for the approxunate transport problem can be written as

Akafl + (Ak)7 (T]-C-J'_l) =GPk

" k. ij=12.3

with
A?’m = (Cmarﬂ Cl)K — We (Cm,rﬂuk% + ﬂvk%);{
e ((rp2e + % + (54 ot — puok) Gur2)

(Ak)lm = W@/a BC, (Cl - le) (Tuknr + Ukng) ds,

K~ (rup,vn)
(Gi‘cj)g - (Gl] (uka ’/r\k) ’ C@) % )

where ¢, denotes the £th basis function over the correspondent adjacent element
to K by an inflow edge, G is the function given by (3.5). The local systems lead
to a linear system of the form

MFEE = OF,

where M* is a non-symmetric matrix whose dimension is twice the number of
nodes in the triangulation.

4.3. Numerical results

The domain ¥ defined by (3.3) is discretized using triangles. Referring to the
algorithm, we see that a Navier-Stokes system has to be solved for (u,v,p), a
Poisson equation for w and a transport equation for 7. The velocity is set to zero
on the lateral surface of the pipe. The non-dimensional stream function v can be
written with respect to the components u and v, as

1oy 1oy
G0 " For
and the wall-shear stress is 7, = — (T - n) - A |,—1. In this particular case, T, is
given by
Tw= —2(1—¢) (g“r‘ (ag +u))|r=1 sinf cos §

—(1—¢) (%% + (2% —v))|,=1 (sin® 6 — cos®0)
— (Tyr — T00)|r=1 sin0cosd — Trg|p—1 (sin? 6 — cos®h).

In what follows, we consider the numerical simulation of fully developed
steady Oldroyd-B flows with constant and non constant viscosity, in a curved
pipe with constant cross section. The behavior of creeping (i.e., Reynolds number
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set to zero) and inertial flows (non-zero Reynolds number) is analyzed for different
values of the parameter involved in the governing equations (the Reynolds number
Re, the Weissenberg number We, the curvature ration ¢, the non-dimensional vis-
cosity parameter 1 and the exponent ¢ appearing in the power-law type viscosity).
A continuation method is carried out to implement these different tests.

4.3.1. Creeping generalized Oldroyd-B flows. In this section, we are interested
in the qualitative study of creeping flows (Re = 0) for generalized Oldroyd-B
fluids, and especially on the behavior of the secondary motions and of the wall
shear stress. In order to analyse the combined effect of the viscoelasticity, the
non-constant viscosity and the curvature ratio, several calculations were achieved.

1 . 1

5
Ty We = 1
0.0002

\ We = 2
0.0001 7\
. /~\\

% N ZA Yz A\ We = 3

~— ” *\ = 3 —=-0
Y' 2 N2/ ¢
-0.0001 NS We = 4
-0.0002 We = 5

FIGURE 2. Streamlines (top) and wall shear stress (bottom) for
creeping Oldroyd-B flows, for the curvature ratio § = 0.001.

It is well known that in the case of creeping Oldroyd-B fluids, the viscoelastic-
ity promotes secondary flows characterized by two counter-rotating vortices, that
the global behavior is stable, and is of Newtonian type. We did not observe any
notable changes in the nature of the flow when varying the characteristic para-
meters (Weissenberg number and curvature ratio). The only difference lies in the
values of the stream function and of the wall shear stress, which increase with
these parameters, and also in a slight shift to the left of the vortices with increas-
ing curvature ratio. Figure 2 displays the flow behavior for the curvature ratio
6 = 0.001.

In a second step, we consider the more general case of Oldroyd-B fluids with
non constant viscosity. Fixing the curvature ratio § and the viscosity parameter 7,
we implement a continuation method with respect to the exponent ¢, for different
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values of the Weissenberg number. The values of the maximum exponent for which
convergence is ensured are shown in Table 1. As one can see, and as expected, ¢maz
depends on the different parameters. In particular, the values decrease when these
parameters increase. We also observe that there is no convergence, for the curvature
ratio § = 0.2, with We = 5 and the same values of the viscosity parameter 7.

We 1 [ 2[3 ] 4715
§ = 0.001
n=04 |21.6]6.80]6.75[7.32]6.93

0.5 | 4.70 | 4.57 | 4.45 | 4.15 | 3.95
0.6 | 3.05|2.85 | 2.60 | 2.30 | 2.00
0=0.1

n=04 |892]1.02]0.58]0.45] 0.36

0.5 | 1.53 | 0.60 | 0.42 | 0.32 | 0.26
0.6 | 0.80 | 0.45 | 0.32 | 0.26 | 0.21
6=0.2
n=04 |331]062]042]032] —
0.5 [0.91]045 (032|024 | —
0.6 |0.60]0.34[0.24]019| —

TABLE 1. Maximum values of |g|.

Numerical results (using finite element methods) show some changes in flow
characteristics and that the viscosity influences its behavior. In summary, we have
two phases:

e A phase of variation in the behavior passing from the standard Oldroyd-B
type to a new type.

e A phase of stabilisation in the new type.

More precisely, for small values of |q|, we observe a surprising phenomenon. Ini-
tially, the secondary flows involve non-zero values and are characterized by two
counter-rotating vortices. As ¢ increases in absolute value, the streamlines in the
core region become less dense, the size of the couple of vortices reduces, and the
flow is driven near the wall pipe. We observe the formation of boundary layers
flows with a pair of new vortices, initially weak and elongated, strengthening and
dominating as the viscosity exponent increases. In contrast, the original secondary
flows become more and more weak before vanishing when the level of the exponent
viscosity reaches a critical value. The orientation of the new contours is opposite,
as well as the sign of the stream function, suggesting a transition to a different
regime.

It is interesting to observe that this behavior is global, in the sense that it is
seems to be independent of the Weissenberg number and of the curvature ratio,
and occurs for the same values of the viscosity exponent ¢. Figure 3 illustrates the
behavior of the streamlines in the particular case of a curvature ratio 6 = 0.001 and
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viscosity parameter 17 = 0.4. The influence of the viscosity parameter is evident,
and as 7 increases the transition occurs earlier. Moreover, because of the effect
of the curvature, the new two vortices are not localized in the center of the cross
section but are slightly translated.

1 - 1

(a) g=—0.17 (c) g=—0.19
FIGURE 3. Qualitative behavior of the streamlines for creeping

generalized Oldroyd-B flows, with n=0.4 and for different values
of |g| (6=0.001).

o g =-0.16
0.002 — a=-0.17
— g = -0.18
0.001 o - —0.10
o g = -0.20
~0.001 ) A= 030
— g = -1.
-0.002 — g=-s.

FIGURE 4. Wall shear stress for creeping generalized Oldroyd-B
flows, with n=0.4 (6=0.001).

We also noticed variations in the wall shear stress (see Figure 4). It can be
observed that during the transition, the amplitude of the wall shear stress decreases
and the corresponding curves are inverted in comparison with the Oldroyd-B case.

After the transition phase, and before reaching some “critical” value of the
viscosity exponent, the flow is qualitatively more stable. The streamlines are sym-
metric and the global behavior of the wall shear stress remains unchanged. This
critical value of ¢ depends on the viscoelastic parameter, on the viscosity parame-
ter, and particularly on the curvature ratio. Globally, the changes which occur from
now on, are similar in some aspects to those already noticed for the generalized
Newtonian flows [1, 3].

In particular, for n = 0.4, for relatively small Weissenberg numbers (We =
2, 3, 4), and especially in the case of small curvature ratio, we observe a variation
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1 = 1 1

FIGURE 5. Streamlines for creeping generalized Oldroyd-B flows
with n=0.4 and |g| = 6, 6.4, 6.5 (from left to right), for different
Weissenberg numbers We (6=0.001).

in the shape of the vortices, their displacement to the core region, the concentration
of the contours in this region and the beginning of a counter-clockwise rotation.

In Figure 5, we plot the streamlines corresponding to this case. The rotation
is more pronounced when the Weissenberg number is small suggesting that the
viscoelasticity, as well as the inertial forces in the case of generalized Newtonian
flows, has an opposite effect [1, 3].

However, contrarily to the generalized Newtonian flows, the viscosity expo-
nent corresponding to the initiation of the rotation is not constant. As can be
seen in Table 2, it depends on We and as this parameter increases, the rotation
initiates earlier. Moreover, the viscoelastic parameter affects the maximum angle
and the development of the rotation: for We = 2, the contours are left-rotating
(L), for We = 3 they are initially left-rotating and then right-rotating (R) before
stabilizing symmetrically (S). Finally, when the We increases, there is no more
rotation and the contours remain symmetric.



Flows of Generalized Oldroyd-B Fluids in Curved Pipes 37
TW
——— g= -6.
0.004
0.002 Ja\ — g=-6.4
! A \J 0
N 2/ 34 5 L&  g=-6.5
-0.002
-0.004 q=-6.8
We = 2
TW TW
0.006 / \ 0.006 /" \
0.004 / -\ 0.004 / / \
0.002 A\ \ 0.002 ~ \
A [\ , . A J
/ i 2/ 3\ /4 5 \.6 \ 2 3\_/4 5 \ 6/
-0.002 /] \S -0.002 \ / '
-0.004 - /;,/ -0.004 \ )
-0.006 \ / ~0.006
We =3 We =4

FIGURE 6. Wall shear stress for creeping generalized Oldroyd-B
creeping flows with n=0.4 and |¢| = 6, 6.4, 6.5, 6.8 (6=0.001).

We 2 | 3 J4]5]
§ = 0.001
n=04 |630] 625 [—]-
L LS |s]|s
05 [450] 430 |—]-
R | R(slight) | S | —

TABLE 2. Values of |¢| initiating the rotation.

Parallel modifications can be observed concerning the wall shear stress. Fig-
ure 6 shows the corresponding curves for n = 0.4 and for different values of the
Weissenberg number. For We = 5, the curves corresponding to different viscosity
exponents ¢ are identical, suggesting that the wall shear stress is stable in this case.
For We = 4, the global behavior of the curves is similar but with variations in the
amplitudes. When the viscoelastic parameter is set to 3, small modifications could
be observed in comparison to the previous case. In particular, for ¢ greater than
the critical value gy, initiating the rotation, we lose the symmetry with respect
to the horizontal axis, and the wall shear stress takes negative values at 6 = 0 and
2m. This fact is more pronounced for We = 2, with lost of symmetry with respect
to the axis 6 = 7. The same differences are obtained when 1 = 0.5. The sign of the
wall shear stress for values of g greater than gy, is positive. This strongly suggests
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the existence of a relation between the sign of 7, at the points § = 0 and 27, and
the orientation of the rotation.

A final observation is related to the maximum values of the stream function.
Independently of the viscoelastic and viscosity parameters, the maximum values
dramatically increase in the neighborhood of the critical value ¢y.,. For the cases
where the maximum value of the exponent ¢ is big enough, we observe that after
this peak, the maximum values decrease before stabilizing.

4.3.2. Inertial generalized Oldroyd-B flows. In the previous subsection, we studied
the behavior of the generalized Oldroyd-B flows in the absence of inertia (creeping
flows). Our aim here is to consider the more general case of inertial flows, and to
analyse the effect of the Reynolds number in combination with the Weissenberg
number, the viscosity parameter 7, the exponent ¢, and the curvature ratio §.

We first consider a pipe with a small curvature ratio (§ = 0.001) in the case
of a constant viscosity (inertial Oldroyd-B fluid). The secondary flows exist and
the corresponding stream function and wall shear stress have globally the same
behavior as the creeping Oldroyd-B flows. At this stage, the nature of the flow is
qualitatively identical to that of a Newtonian fluid.

In order to compare with the case of generalized creeping flows, the viscosity
parameter 7 is set to 0.4, 0.5, 0.6 and as previously, several tests were performed for
different values of the Weissenberg and the Reynolds numbers, with a continuation
in the exponent q.

One of the first remarks is that the transition phenomenon observed in the
case of generalized creeping flows does not hold, even for relatively small Reynolds
number (Re = 15). This fact is evident when 7 takes the values 0.4 and 0.5 and
the behavior in these two cases is close to that of inertial generalized Newtonian
flows.

Fixing n = 0.4, and varying the Reynolds and the Weissenberg numbers,
the flow is globally stable for ¢ less than some critical value. From the contours
of the stream function and of the wall shear stress for the exponent |q| < 5, we
observe that the qualitative behavior is similar and independent of both inertia and
viscoelasticity. The only difference lies in the values and the magnitude of these
quantities, which clearly depend on the involved parameters. In the neighborhood
of a critical value of ¢, the behavior presents some changes and is no more uniform.
The rotation already observed initiates, and its orientation depend on Re and We.
Indeed, fixing the Reynolds number to 15, we can see that for We = 2, a counter-
clockwise rotation occurs for ¢ya, = —6 and that the contours remain stable till
we reach the maximum value for which the convergence is ensured. For We = 3,
the stream function initiates a very slight counter-clockwise rotation at the same
value @yar, but recovers the symmetry very quickly. Finally, for We = 3, the same
behavior is captured, but with a very slight clockwise rotation. The wall shear
stresses behave in an analogous way. In order to emphasize the role of the inertia,
we fixed the Weissenberg number and increase the Reynolds number.
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In a second step, we consider the case n = 0.5. For Re = 15, we can observe
that the Weissenberg number favorite the clockwise rotation (cf. Figure 7). Indeed,
when the Weissenberg number is small (even with larger exponent viscosity), the
contours remain symmetric. As We increases, the rotation initiates and holds ear-
lier. On the other hand, the Reynolds number does not seem to have a significative
influence on the nature of the flow. We implement several tests corresponding to
larger values of this characteristic parameter (Re = 1, 15, 30, 50, 70) and did not
observe any significative difference.

Table 3 summarizes the results of the maximum values of viscosity parame-
ter |g| with respect to the viscoelasticity (We) and the inertia (Re) parameters,
as a function of the curvature ratio (9). For fixed § and We, the value of |g| de-
creases when Re increases. The same occurs if § and Re are fixed: the value of
|g] decreases when We increases. The curvature ratio associated with (Re) and
(We) has a strong influence on the convergence, since it can be shown that when
these parameters increase, the values of |¢| decrease considerably and in some cases
convergence is not achieved.

1

IW
oo ///\ — g=-4.20
0.005 /
e o |
—0.005
-0.0f —— 4189

FIGURE 7. Streamlines and wall shear stress for inertial generali-
zed Oldroyd-B flows with n = 0.5, Re = 15, We = 1 and different
values of the |g| (6 = 0.001).

The case n = 0.6 is certainly the more surprising. For large values of the
Reynolds number and for the achieved viscosity exponents, the behavior seems to
be stable and no notable fact can be observed. The more interesting variations
were observed for relatively small Reynolds numbers. Fixing for example Re = 15
and varying the Weissenberg number, we observe that the behavior is qualitatively
stable for small values of this parameter. For We = 3, 4 and 5, some new phenom-
enon initiates. The characteristics are very similar to those observed in the case
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We 1 [ 2]3]4]5 ]
3 = 0.001
Re=1 [512[4.65[4.45]422] 4.0

15 | 4.81|4.36 | 4.25|4.21|3.95
30 |4.78 | 3.76 | 3.54 | 3.37 | 3.25
50 |3.60 | 3.03|2.81|2.62 246
70 [3.44[257[223]1.94|1.72
0=0.1
Re=1 [247] 0.7 [0.460.36 ] 0.3
15 [051]015| — | — | —

30 |0.05 - - -
50 — — - - —
6=0.2
Re=1 |1.26]053]036| — —
15 (023 | — — — —
30 — — — — —

TABLE 3. Maximum values of |¢| with n = 0.5.

of generalized creeping flows during the phase transition: formation of boundary
layers and a pair of new vortices or strengthening of the new contours and weak-
ening of the original ones. However, in contrast with the creeping flows, the new
state is not stable and at some level the inverse phenomenon initiates (Figure 8).

For this particular viscosity parameter, Table 4 shows the results of the max-
imum values of |g|, obtained for different We and Re numbers, in the case of
6 = 0.001. Comparing with Table 3 for the same curvature ratio, the same effects
of viscoelasticity and inertia on |¢| can be observed.

We 1 [ 2 ]3] 4715 |
6 =0.001
Re=1 |310]289]268] 2.6 [2.56

15 | 2.88 | 2.67 | 2.60 | 2.55 | 2.51
70 [1.69]1.39]1.20 ] 1.05]0.95

TABLE 4. Maximum values of |¢| with n = 0.6.

5. Conclusion

This paper is devoted to finite element simulations of flows of incompressible vis-
coelastic non-Newtonian fluids of Oldroyd-type through pipes of uniform circular
cross-section, and follows the work already published in [1] and [3] for generalized
Newtonian fluids. We compare the quantitative and qualitative behavior of the
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FIGURE 8. Streamlines and wall shear stress for inertial genera-
lized Oldroyd-B flows with n=0.6, Re=15 and We=5 (§=0.001).

secondary streamlines and the wall shear stress for creeping and inertial generali-
zed Oldroyd-B flows, performing computations for different values of the Reynolds
number, the Weissenberg number, the curvature ratio and the non-dimensional
viscosity parameters involved in the governing equations.

In particular, we observe interesting viscosity effects such that, for small
curvature ratio and within a certain range of viscosity parameters, the secondary
streamlines contours undergo a counter-clockwise rotation and lose symmetry. The
complexity of the flow characteristics shown in the numerical tests suggest that
further theoretical analysis is needed to study the existence of more than one
solution and investigate the corresponding stability, for a range of appropriate
non-dimensional parameters.

More detailed discussion and numerical results can be found in [19] where
the generalized Newtonian flows are obtained as a particular case of generalized
Oldroyd-B flows, in the limit of vanish Weissenberg number (neglected viscoelastic
effects). The numerical validation of the present results, using the perturbation
method [24] is a work in progress.
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Abstract. We prove weighted estimates for the maximal regularity operator.
Such estimates were motivated by boundary value problems. We take this
opportunity to study a class of weak solutions to the abstract Cauchy prob-
lem. We also give a new proof of maximal regularity for closed and maximal
accretive operators following from Kato’s inequality for fractional powers and
almost orthogonality arguments.
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Kato’s inequality, fractional powers, Cotlar’s lemma.

1. Weighted estimates for the maximal regularity operator

Assume —A is a densely defined, closed linear operator, generating a bounded
analytic semigroup {e™*4,|argz| < §}, 0 < § < 7/2, on a Hilbert space H.
Equivalently, A is sectorial of type w(A) = 7/2 — §. Let D(A) denote its domain.
The maximal regularity operator is defined by the formula

t
Mif(t) = / Ae= =94 £ () ds.
0
This operator is associated to the forward abstract evolution equation
u(t) + Au(t) = f(t),t > 0; u(0)=0

as for appropriate f, Au(t) = M4 f(t). An estimate on My f in the same space
as [ gives therefore bounds on 7 and Au separately. See Section 2.

The integral defining M f converges strongly in H for each ¢ > 0 and
f € L?(0,00;dt,D(A)). The estimate ||Ae~(*=)4|| < C(t — s)~! following from
the analyticity of the semigroup shows that the integral is singular if one only
assumes f(s) € H. The maximal regularity operator is an example of a singular
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integral operator with operator-valued kernel. The celebrated theorem by de Simon
[4] asserts

Theorem 1.1. Assume —A generates a bounded holomorphic semigroup in H. The
operator M, initially defined on L?(0, 00; dt, D(A)), extends to a bounded operator
on L?(0,00;dt, H).

Motivated by boundary value problems for some second-order elliptic equa-
tions, we proved in [3] the following result.

Theorem 1.2. Assume —A generates a bounded holomorphic semigroup in
H and furthermore that A has bounded holomorphic functional calculus, then
M, initially defined on L2(0,00;dt,D(A)), extends to a bounded operator on
L?(0,00;t%dt, H) for all B € (—o0,1).

Here and in what follows the subscript . means with compact support.

The proof given there uses the operational calculus defined in the thesis of
Albrecht [1]. It used as an assumption that A has bounded holomorphic functional
calculus as defined by McIntosh [9]. Under this assumption estimates of integral op-
erators more general than the maximal regularity operator, with operator-kernels
defined through functional calculus of A, were proved and gave other useful infor-
mation to understand also the case 8 = 1 needed for the boundary value problems.
However, not all generators of bounded analytic semigroups have a bounded holo-
morphic functional calculus (see [10], and Kunstmann and Weis [6, Section 11]
for a list of equivalent conditions.) So if we only consider the maximal regularity
operator, it is natural to ask whether one can drop the assumption on bounded
holomorphic functional calculus in Theorem 1.2. It is indeed the case and as we
shall see the proof is extremely simple assuming we know Theorem 1.1.

Theorem 1.3. Let —A be the generator of a bounded analytic semigroup on H.
Then M, initially defined on L2(0,00;dt,D(A)), extends to a bounded operator
on L%(0, 00; t3dt, H) for all 3 € (—o0,1).

The subscript . means with compact support in (0,00). Set |||f()]|]* =
I @)1 % (we leave in the t-variable in the notation for convenience). As we
often use it, we recall the following simplified version of Schur’s lemma: if U(¢, s),
s,t > 0, are bounded linear operators on H with bounds ||U(t, s)|| < h(t/s) and
C= fooo h(u)%“ < 00, then

Proof of Theorem 1.3. Let 8 < 1. For § = 0, this is Theorem 1.1. Assume 3 # 0
and set o = 3/2. Observe that

M fOll 2o = 1T My f @) L2 (aem)-

[ToeaneT|| <.
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We have, with fu(s) = s*f(s),

ML) = Me (L)) + [ Ae 9 = s () ds.

0
For the first term apply Theorem 1.1. For the second, write

t oo
d
’ / Ae=U=9A(% o) £(s) ds - H / Ut s)g(s) % ‘
0 L2(dt,H) 0 S
with g(s) = /2T f(s) and U(t, s) = Ae~ =94t — 52)sY/2=¢1/2 for 5 < t and
0 otherwise. Since [||g(t)|[| = [ fllL2(tsas,m), it remains to estimate the norm of
U(t,s) on H. We have

|t — 57| 1/2—a,1/2
HU(t,S)IISCﬁs 2 s <t

[t —s
It is easy to see that it is on the order of (s/t)1/27™ax(.0) 45 5 < t. We conclude
by applying Schur’s lemma. O
Let

M_f(t) = /OC Ae= DA £ () ds.
This operator is associated to the batckward abstract evolution equation
o(t) — Av(t) = f(t),t > 0; wv(o0)=0
as for appropriate f, Av(t) = —M_f(t).

Corollary 1.4. Assume that —A generates a bounded analytic semigroup on H.
Then M_, initially defined on L2(0,00;dt,D(A)), extends to a bounded operator
on L?(0, 00; t3dt, H) for all 3 € (—1,00).

Proof. Observe that the adjoint of M_ in L?(0,00;t%dt,H) for the duality defined
by L?(0,00;dt,H) is M in L?(0, co;t~Adt, H) associated to A* and apply Theorem
1.3. O

We next show that the range of § is optimal in both results.

Theorem 1.5. For any non zero —A generating a bounded analytic semigroup on
H and B > 1, M is not bounded on L?*(0,00;t%dt, H) and M_ is not bounded
on L%(0, 005t Adt, H).

Proof. Tt suffices to consider M_. Since A # 0, R(A), the closure of the range of
A, contains non zero elements. As R(A)ND(A) is dense in it, pick u € R(A)ND(A),
u # 0, and set f(t) = u for 1 < ¢ < 2 and 0 elsewhere. Then f € L?(0, 00;dt, D(A))
and f € L*(0,00;t™Pdt, H) with || f(£)]| £2(0,00:-#ar,#) = callull < oco. For t < 1,
one has

M_f(t) — (ef(lft)A _ 67(27t)A)u)

which converges to (e=4 — e724)u in H when t — 0.
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We claim that (e~ — e™24)u # 0 so

1
o (29— dt
M FO 0 —pary = [ 004 = 002 5 — o

2A A

To prove the claim, we argue as follows. Assume it is 0, then e *“u = e~ “u
so that an iteration yields e "4y = e~ 4w for all integers n > 2. If n — oo,
e~y tends to 0 in H because u € R(A). Thus e 4u = 0 and it follows that
e tAy = e~ (t=DAe=Ay = 0 for all t > 1. The analytic function z — e *4u is
thus identically 0 for |argz| < §. On letting z — 0, we get v = 0 which is a
contradiction. g

We have seen that M_ cannot map L?(0,00;t~1dt,’H) into itself and that
it seems due to the behavior of M_f(t) at ¢t = 0 for some f. We shall make this
precise and general: under a further assumption on A which we introduce next,
we define M_ : L?(0,00;t7'dt,H) — L} .(0,00;dt,H) and show that controlled
behavior at 0 of M_ f guarantees M_ f € L?(0,00;t~1dt, H).

We begin by writing whenever f € L2(0,00; dt,D(A)) and denoting

fo1)2(8) = sV f(s),
_ —e A - Ae %A f(s)ds
Mgt - [ £(s)

2t
= PPM ()04 [ A ) ) ©
t
+ /oo A(e—(s—t)A _ e—(s+t)A)(81/2 _ t1/2)81/2f(8) @
2t 8

_ /OO Ae_(s+t)At1/281/2f(S) @
2t

s
2t
d
—/ Aef(SH)Asf(s)—s.
0 S

The right-hand side is seen to belong to L2(0,00;t~'dt,H) with an estimate
C'|||f(s)]|| using Theorem 1.1 for the first term and Schur’s lemma for the other
four terms. Hence, by density, the right-hand side defines a bounded linear opera-
tor M_ on L?(0,00;t~dt, H). Also, the integral [ Ae™*4 f(s)ds is defined as a
Bochner integral in H whenever f € L2(0, 00;dt, H). Thus, by density of D(A) in
H, one can set for f € L2(0,00;dt, H),

M_F(t) = M_f(t) + e_tA/ Ae=*Af(s)ds in L2,(0,00,dt,H).  (L1)
0
Let E be the space of f € L2(0,00;t~dt,H) such that the integrals
f(sR Ae=*Af(s)ds converge weakly in H as § — 0 and R — oo. Then the above
equality extends to f € E. Assuming, in addition, that A* satisfies the quadratic
estimate
‘HSA*e—sA*hH] < C|hll for all h € H, (1.2)
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we have E = L?(0,00;t 1dt, H). Indeed, for all f € L?(0,00;t" dt,’H) and h € H,
o g ds % —sA*

| et p@m| S < Wl {[[sa e wl|| S 1k 03)

and the weak convergence of the truncated integrals follows easily. Thus, the right-

hand side of (1.1) makes sense for all f € L?(0,00;t~1dt, H) under (1.2) and this
defines M_ f. Moreover, it follows from (1.3) that

1 2T
sup—/ IM_F(O) 7 dt < ClIf(s)]]- (1.4)
0T Jr
Then remark that
1 2T [e%¢]
lim — M,f(t)dt:/ Ae™*Af(s)ds inH, (1.5)
=0T Jr 0

as the corresponding limit for M_f is 0 and e~*4 — I strongly when ¢t — 0.
All this yields the following result.

Proposition 1.6. Let — A be the generator of a bounded analytic semigroup in H and
assume that the quadratic estimate (1.2) holds for A*. Then (1.1) defines M_f €
L2 (0,00;dt, H) with estimates (1.4) and limit (1.5) for all f € L*(0,00;t™ dt, H).
In particular,

M_f € L*(0,00;t dt, H)

if and only if
1 27
llir}); i M_f(t)dt =0.
The last condition defines a closed subspace of L?(0,00;t~'dt,H) and there is a
constant C' such that for all f in this subspace

IM_F() 20,001 1dt,10) < ClLFE) 200,006~ 1dt,#)-

Note that (1.2) holds if A has bounded holomorphic functional calculus by
McIntosh’s theorem [9].

Remark 1.7. For M, the analysis is not that satisfactory (for 5 = 1). One can
show similarly that

H./\/l+f(t) — A~ /OO e A f(s)ds

0

< CHf(t)HL?(O,oo;tdt,H)
L2(0,00;tdt, H)

provided f € L%(0,00;dt,D(A)). If the quadratic estimate (1.2) holds for A, this
allows to extend M to the space {f € LE (0, 00; dt, H); [}~ e~ f(s) ds converges

loc
weakly in H}. However, there is no simple description of this space.
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2. Applications to the abstract Cauchy problem

In this section, we assume throughout that —A generates a bounded analytic
semigroup in H.
Let f € L} (0, 00;dt, H). We say that u is a weak solution to u(t) + Au(t) =

f(t),t>0,if ue LZ (0, 00;dt, H),

loc

1 2T

sup —/ lu(s)]|, ds < oo (2.1)
0<r<1T Jr

and for all ¢ € C1(0, 00; H) N C2(0, 00; D(A*)),

/ " ul(s), —d(s) + A (s)) ds = / (), 6(s)) ds. (2.2)
0 0

The notion of weak solution here differs from the one in Amann’s book |2,
Chapter 5] called weak L, j,. solution (p € [1, o0]) specialized to p = 2. We assume
a uniform control through (2.1) near ¢ = 0 and assume ¢ compactly supported
in (0,00) in (2.2) instead of specifying the initial value at ¢ = 0 and taking ¢
compactly supported in [0, 00) as in [2].

Lemma 2.1. Let 3 € (—00,1) and f € L?(0,00;t%dt, H). Then

o(t) = /O e =945 (s)ds (2.3)

satisfies
(1) v € C°([0,00); H) and for all t >0, |lv(t)|3, < Ct'=F fot s f(s)3, ds,
(2) v is a weak solution to u(t) + Au(t) = f(t),t >0,
(3) Av(t) = M4 f(t) in L} (0,00;dt, H), and

o) || 20,0058 dt, 1) + 1AVE) || L2 (0,00588d8,7) < CNLF ()Nl £2(0,0055 at,70)-
Here, by M we mean the bounded extension to L?(0,c0;t?dt, H).

Proof. The inequality in (1) follows from the uniform boundedness of the semi-
group and Cauchy-Schwarz inequality, and this shows that the integral defining
v(t) norm converges in H, thus inferring continuity on [0, 00), and also (2.1). To
check (2.2), it suffices to change order of integration and calculate. The equality
M f = Av is proved by duality against a ¢ as in (2.2) since such ¢ form a dense
subspace in L2(0,00;dt, H). Finally, the inequalities in (3) are consequences of
Theorem 1.3. g

We now state that all weak solutions have an explicit representation and a
trace at £t = 0.
Proposition 2.2. Let 3 € (—oo,1) and f € L*(0,00;t%dt, H). Let u be a weak
solution to u(t) + Au(t) = f(t),t > 0. Then, there exists h € H such that
u(t) = e h+o(t) in LE (0, 00;dt, H), (2.4)

with v defined by (2.3). In particular, t — u(t) can be redefined on a null set to be
C°([0, 00); H) with trace h at t = 0.
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This immediately implies the following existence and uniqueness results.

Corollary 2.3. Let ug € H. The initial value problem u(t) + Au(t) = 0,t > 0,

lim,_,q + f2T )dt = ug in H, has a unique weak solution given by u(t) = ety

for almost every t > 0. In particular, up to redefining t — u(t) on a null set,
u € C*(0,00; D(A)) and is a strong solution.

Corollary 2.4. Let 3 € (—o0,1) and f € L*(0, 00;t?dt, H). The initial value prob-
lem u(t) + Au(t) = f(t),t > 0, with lim, o * f2T )dt =0 in H, has a unique
weak solution given by v defined by (2.3), up "t Tedeﬁmng t — u(t) on a null set.

Proof of Proposition 2.2. Define n(s) to be the piecewise linear continuous func-
tion with support [1, 00), which equals 1 on (2, 00) and is linear on (1,2). Let ¢ > 0.
For 0 < e <t/4 and s > 0, let

ne(t, s) == n(s/e)n((t — s)/e).
Let ¢o € H be any boundary element, and choose ¢(s) := n(t,s)e” =547 ¢, €

Lip.(0,00; D(A*)) as test function (by approximating 7 (¢, s) by a smooth function,
this can be done). A calculation yields (in this proof, (, ) denotes inner product

in H)
- 1/2E (e_(t_s)Au(s),qSO) ds + %/26 ( At — s), ¢0) ds

€

o0
— [ (nlto)e s (5),0n) as
0
and since this is true for arbitrary ¢o € H and 7. has compact support, we deduce
that

1 2¢ 1 2¢ 0o
—= / e~ =94y (s) ds + - / Ayt — s)ds = / ne(t, s)e” D4 f(s) ds
€ € 0

€

Now, we let € — 0 as follows. First, 7(t, s) tends to the indicator function of (0,t)
so that the right-hand side is easily seen to converge to v(t) in H for any fixed t > 0
by dominated convergence. Fix now 0 < a < b < co and integrate in ¢ € (a,b) the
left-hand side. Remark that %f: ffe e~*Au(t) dsdt converges to f; u(t)dt in H.
Subtracting this quantity from the second term in the right-hand side and using
u € L2 (0,00; H), Lebesgue’s theorem yields

[ st

b r2e

dt < —/ lu(t — s) — u(t)|, dsdt — 0.
H € JaJe

For the first term, using [[e=(*=9)4 — ¢=*4|| < C's/t from analyticity and (2.1), one

sees that

E / At — 5) — u(t)) ds

€

1 2e
—/ (e~ =94 _ et y(s) ds

- —0 (2.5)

H

for each t > 0. Thus

1 2e
he(t) == e the, with he:= —/ u(s) ds,
€ €
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has a limit, say h(t), in L?(a,b;H). The semigroup property yields
he(t) = e ¢ DAp (1) forall t > 7.
Thus,

b
Iet) = Ol < 5 |17 0helr) = b () e

< C(/ab [[he(T) — hef(T)II%dT) 1/2,

when ¢ > b. Hence, since (a, b) is arbitrary, h.(¢) converges in H to h(t) for each
t > 0. Thus, for any ¢g € H and ¢t > 0, we have

(heye ™' o) = (he(t), do) — (h(t), bo)-

Since (he)e<1 is a bounded sequence in H by (2.1) and the elements e 4" ¢,
t >0, ¢g € H, form a dense set of H, we infer that h. has a weak limit in H.
Calling h this weak limit we have (h,e™*" ¢g) = (h(t), do), hence h(t) = e *h as
desired. Summarizing, we have obtained —e*Ah + u(t) = v(t) in L?(a,b;H) for
all 0 < a <b < oo.

Thus, u agrees almost everywhere with the continuous function ¢ — v(t) +
e~*Ah which has limit h at t = 0. O

Remark 2.5. The only time analyticity is used in this proof is in (2.5). If we had
incorporated the existence of an initial value as in [2] in our definition of a weak
solution then analogous proposition and corollaries would hold for all generators
of bounded C%-semigroups.

3. A proof of maximal regularity via Kato’s inequality for
fractional powers

There are many proofs of the de Simon’s theorem, via Fourier transform or opera-
tional calculus, and various extensions to Banach spaces. We refer to [6, Section 1].

Here, we wish to provide a proof using “almost orthogonality arguments”
(Cotlar’s lemma), and Kato’s inequality for fractional powers [5, Theorem 1.1]
which we recall for the reader’s convenience.

Theorem 3.1. Let A be closed and mazimal accretive. For any 0 < a < 1/2, the

operators A® and A** have same domains and satisfy

m(1+ 2«)
4

If, moreover, A is injective then A*A*~% extends to a bounded operator on H for
-1/2<a<1/2.

A f]| < tan A f]- (3.1)

Maximal accretive means that Re(Au,u) > 0 for every u € D(A) and
(A — A)~ ! is bounded whenever ReA < 0. Note that (3.1) holds true with different
constants for operators which are similar to a closed and maximal accretive oper-
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ator. Assume A is sectorial of type w(A) < /2 and injective. Le Merdy showed in
[7] that A is similar to a maximal accretive operator if and only if A has bounded
imaginary powers (i.e., A" is bounded for all t € R). (See also [8] for a more gen-
eral result and [11] for explicit examples.) But, following earlier works of Yagi [13],
McIntosh showed in his seminal paper [9] that A has bounded imaginary powers
if and only if A has a bounded holomorphic functional calculus. (See [6, Section
11] for extensive discussions with historical notes.) So proving maximal regularity
(i.e., Theorem 1.1) assuming maximal accretivity is the same as proving maximal
regularity assuming bounded holomorphic functional calculus. Nevertheless, this
direct argument below could be of interest.

Proof of Theorem 1.1 under further assumption of maximal accretivity. Let g €
L?(0,00;dt,D(A)). We prove that Mg € L?(0,00;d¢t, H) with norm controlled
by that of g in L?(0, 0o; dt, H) Since Ae~(*=*)4 annihilates N(A), the null space of
A, we may assume g(s) € R(A) for all s > 0. Alternately, we may factor out the
null space of A and assume that A is injective, which we do (A is sectorial, so H
splits topologically as N(A) @ R(A)).

Then one can write g(s) = [, ude "““g(s)2 and so we have the represen-
tation of My as

Migt) = [T with (o)1) = Myludeg)(0)

By Cotlar’s lemma (see [12, Chapter VII]) it is enough to show in operator norm
on L2(0,00;H) that || T, 17| + | T3T,| < h(u/v) with C = fooo h(z)L < oo to
conclude that M is bounded on L?(0, 0o; H) with norm less than or equal to C.
We show that for all & € (0,1/2) one can take h(x) = C, min (2%, 27%).

We begin with T, T; for fixed (u,v). Since || T, 7| = || T, ||, we may assume
u < v. A computation yields

TID@0 = [ K (t.7)a(r)dr
where
min(¢,7) )
K(u,v)(tyT) :/ uA2e—(t—s+u)A,UA*26—(T—s+y)A ds.
0

We turn to estimate the operator norm on H of K, . (t, 7) for fixed (¢, 7). (Recall
we fixed (u,v) with u < v.) Since A is maximal accretive and injective, we have
|A*A* || < C(«) for « € (0,1/2). So we write

uAZe—(t—s+u)AvA*26—(T—s+v)A*

_ UA2fo¢ef(tfs+u)A(AaA*fa),UA* (2+Q)€7(Tfs+v)A*,

and by analyticity the operator norm on H is bounded by constant times a(s)b(s)
with " "

A Co

a(s) =
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Plug this estimate into the integral. If ¢ < 7, bound b(s) by b(t) and get

Ul+a
K < Cu®b(t) = T
18 ey (8 ) < Cumb(t) = Clufv)® s
If 7 < t, bound a(s) by a(7) and get
ul—a
K < = e —sa
1K w0y (&, 7)[| < Ca(T)v Clu/v) t—rture

It follows that
Sli%/o (||K(u,v)(t77-)H + HK(u,v)(Ta t)”) dt < O(u/v)a'

By Schur’s lemma we obtain || T, 7] < C(u/v)* when u < v.
We now turn to estimate 7;7;,. By symmetry under taking adjoints again, it
is enough to assume u < v. We obtain

(T2T,)(9)(t) = / " Ry (6. 7)g(r) dr

where -
Rt = [ ety greorsa g,
max(t,T)
This time we use the bound ||A**A~%|| < C(«) for « € (0,1/2) to obtain, if 7 < ¢,
~ C N Ul-i—a
K t < -_—
|| (u,v)( aT)H = (U/U) (7_ —tt ’U)2+a
and if t < 7,
_ o ulfa
K u,v t’ S @ .
R ()] < €/ s
So,
s4p | (1 oy () + 1y ()l < Clf)?
and by Schur’s lemma, |7, 7, < C(u/v)* when u < v. O

As Kato’s inequality holds for all o € (—=1/2,1/2), the argument above can
be used to prove that M is bounded on L2(0,00;t?dt, H) but for 3 € (—1,1).
We leave details to the reader.

We thank Alan McIntosh for discussions on the topic of this short note.
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Abstract. We study the first and second boundary value problems for par-
abolic equations in a half-space R}, n > 2, with incompatible initial and
boundary data on the boundary z, = 0 of a domain. The existence, unique-
ness and estimates of the solutions in the Holder and weighted spaces are
proved. We show that nonfulfillment of the compatibility conditions leads to
appearance of the solutions, which are singular in the vicinity of a boundary
of a domain as t — 0.
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1. Introduction. Statement of the problems. Main definitions

To study boundary value problems for parabolic equations in the Hdlder space
Ci“’ltH/ 2 (Qr) we require fulfillment of the compatibility conditions of the bound-
ary and initial data on the boundary of a domain at ¢ = 0. These conditions provide
continuity of the solution and its derivatives and boundedness of the Holder con-
stants of the higher derivatives in Q7. The compatibility conditions represent the
functional identities connecting the given functions on the boundary of the domain
at the initial moment.

Assume that the problem we study is a mathematical model of a certain
physical process (in particular, heat, diffusive) beginning at ¢ = T™*. Let this process
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go continuously. If we choose an initial moment Ty > T in the problem, then the
compatibility conditions will be fulfilled.

If we study the problem since ¢ = T* or since the moment of a jump of
all characteristics of the process (given functions, coefficients, parameters in the
problem), then, in general, the compatibility conditions are not fulfilled, but the
physical process continues, and the problem can also have a solution.

To study the first and second boundary value problems for the parabolic
equations in the classes C2 | (Qr) N C(Qr) and C2 [(Qr) N CL Y (Qr) respectively,
we assume that the compatibility conditions of zero order are fulfilled in these
problems, because we look for, in the closure of a domain Q7, a continuous solution
of the first boundary value problem and a continuous solution together with all
its derivatives of first order with respect to the spatial variables of the second
boundary value problem.

Solutions of boundary value problems in a weighted Holder space C(Qr),
s < [, introduced by V.S. Belonosov, permits us to get rid of one compatibility
condition [1, 2, 8]. Considering the first boundary value problem in this class we
must require fulfillment of the compatibility condition of zero order, but the first-
order compatibility condition can not take place. Y. Martel and Ph. Souplet in
[7] proved that the solution of the first boundary value problem for the parabolic
equation with incompatible data is not continuous in the closure of a domain.
One-dimensional boundary value problems with incompatible data were studied
in [3, 4].

We study the first and second boundary value problems for heat equations
in the half-space R}, n > 2, with incompatible initial and boundary data on
the boundary x, = 0 of a domain at ¢ = 0. The existence, uniqueness and esti-
mates of the solutions are proved in Holder and weighted spaces. Nonfulfillment of
the compatibility conditions of initial and boundary data in the first and second

Ty

boundary value problems leads to appearance of the functions z;(z’,t) erfc WL

Wj(xz,t), j = 0,1, (see Theorems 2.1, 2.2) and —2+v/at 2(2’, t)ierfs 21”/’;7 (see The-
orems 2.3, 2.4) in the solutions of these problems respectively, which are singular
in the vicinity of a boundary of a domain as ¢ — 0. These functions permit us to
reduce the original problems to problems with a fulfilled compatibility conditions

of all necessary orders.

In Chapter 1 the Holder and weighted spaces are determined, the definition of
the special functions — repeated integrals of the probability and the compatibility
conditions for the considered problems are given. The main results of the paper
are formulated in Chapter 2. In Chapter 3 there are constructed and studied the
singular solutions of the auxiliary problems. In Chapters 4 and 5 with the help
of these singular solutions the original first and second boundary value problems
are reduced to problems that have unique solutions in the weighted and classical
Holder spaces. In the Appendix the auxiliary first boundary value problem is
studied.
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Let
D: =R} ={z=(2',2,) |2’ €eR" ", 2, >0)}, n>2,
R:={z|z’ eR" 2, =0}, 2= (z1,...,%0_1),
Dr=Dx(0,T), Rr=Rx[0,T].

We consider two problems. We are required to find the solution u(z, t) of the
first boundary value problem — Problem 1

Oru—alAu= f(z,t) in Dp, (1.1)
ufi—o = uo(z) in D, (1.2)
tlymo = (@', t) on Ry, (1.3)

and the solution u(z, t) of the second boundary value problem — Problem 2, which
satisfies an equation (1.1), initial condition (1.2) and the boundary condition

O, |z, =0 = V(2 ) on Rry. (1.4)

Here a =const > 0, &y = 9/0t, 0y, = 0/0xn, A =02, +---+02 . . Byci,ca,...
we shall denote positive constants.

Determine the weighted and classical Holder spaces.
Let [ be a positive non-integer. By CL(Dr), s < I, we shall denote a weighted
Holder space defined by V.S. Belonosov with the norm [1, 2, 8],

(8)
1—s ! 2k+|m|—s u S Z 0
er%t : [u]g; + > supt 2 [OFOulpy + { D5 ,

s<2k+|m|<l t<T 0, § <0,
(1.5)
where Dy = D x [t/2,1], [v|pr = sup(, e p, |v(2: 1) [,
o akam ¢ [l]) 8k8m (%) 1.6
[}DT Z [t T ]zDT Z [t wu]t,DT ’ ()
2k+|m|=[l] 0<l—2k—|m|<2
RIh, = sup ol ) —u(z0)] e — 270 (1.7)
(z,t),(z,t)€EDr
W, = sup fua,t) — vz )| [t - 4] @€ (0,1), (1.8)

)

(z,t),(z,t1)€Dr

|u|5§,g is the norm of the classical Holder space C," % /2 (D7) [6],

s m 0, s an integer,
[uls), = > loForulp, +{ ) (1.9)

, S not an integer,
2k+[m|<[s]

where [u ](S)T is determined by (1.6)—(1.8).

For s = I, C}(Dr) is the space ch 1/2( Dr).

From the norm (1.5) we can see that for s < [ the function u(z,t) has
a singularity with respect to ¢ as ¢ — 0 in the whole domain D including its
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boundary. For instance, if an initial function ug(x) in the Cauchy problem for the
parabolic equation is from the Holder space C*(D), s < I, then the solution of this
problem belongs to CL(Dr).

We introduce a weighted space Ci 5 (Dr), 60 >0, 2<s<2+a, of the
functions wu(z,t) with the norm

n—1
|u|850,DT = bupt 1|ue‘5° ? |D —|—Zsugt T |8w“u€50 i |D£
p=1"=
22 n n—1 .2
o 0, e |y 3 s 1 et
t<T t<T t
= 1u 1
2
5 Zn So Ln
| TnTn 0 ‘DT+|8tue°t |DT7 (110)
and, in particular, for s = 2 + a,
n—1
|u|2+a So.Dp = supt 1’ue‘50 P ’D +Zsupt ’8%“6 *|D,
p= 1t=

22 n n—1 .2
+sup 20, et 4 YD sup T EOF, ueh
t<T t<T t

i=1 p=1
6 I?L S Tgl

| nn OT|DT+|8W€OT|DT' (1.11)

We write |u\s 5.0y = M. From (1.10), (1.11) we shall have

‘L?L .
u’SMe_‘S”T,Z:l,...m, p=1...,n—1, fors=2,

|z$

(1.12)

|8tu(xt|| |<Me 0tﬁfor2§s§2+a.

T Tn

Let the point z be in the interior of the domain: z,, > ro = const > 0,
then from (1.12) we obtain that the derivatives 92, 2, for s =2, and Ou(z,t),
8gnznu(x7t) for 2 <s <24 a tend to zero exponentially as t — 0 and on the
boundary z,, = 0 of D they are bounded and can not be equal to zero at ¢t = 0,
i.e., they can be discontinuous in Dr.

The negative powers of the ¢ weights in the norms (1.10), (1.11) mean that
the function and its derivatives with respect to x with such weights tend to zero
as t — 0 on the boundary z,, = (g of a domain and exponentially in the interior of

a domain due to the weight el

We point out also that x, in exponential power is the distance between a
point & = (x1,...,x,) and a boundary of a domain z,, = 0.

An example of a function from C? 5 (Dr) is a solution of problem (A.1) in
the Appendix (see Theorems A.1 and A. 2).
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We do not include the Holder constants of the derivatives into the norms
(1.10), (1.11). But from these norms we see the behavior of the function and its
derivatives in the domain and on its boundary.

We define the compatibility conditions of the boundary and initial functions
for Problems 1 and 2.

Let
a') = w(m 0) —uo(@)], _o»

) a ‘t 0 ((IA’Z,LO(I) +f(x’0))‘$n:07
Bo(a') := %D(ﬂf ,0) = Oz, u0(@)], _q-

The compatibility conditions of zero and first orders on the boundary x,, = 0
for Problem 1 (1.1), (1.2), (1.3) are Ag(z') = 0, A1(2’) = 0 on R and of zero order
for Problem 2 (1.1), (1.2), (1.4) — Bo(z') = 0 on R. Evidently, nonfulfillment of
the compatibility conditions of zero and first orders means Ag(z') # 0, A1 (z') # 0,
By(z') #0 on R.

Later on we shall apply special functions — iterated integrals of the probability
i"erfc ¢; they are determined by the formulas [5], Ch. 7.2,

i”erfc(::/ i"lerfcédé, n=0,1,2,...,
¢

2 2 2 & 2
i~lerfc¢:= ——=e ¢, i%erfc( :=erfc¢ = —/ e S dg, iterfe ¢ := ierfcC.
VT VT e

The following relations for them hold:

d
@ i"erfc ¢ = —i"Lerfc(, n=0,1,2,..., (1.13)
'”efc()*; =-1,0,1
i"er = T2 D) n=-1,0,1,...,
where I'(+) — Euler gamma — function,
1
i"erfc ¢ = — i" Zerfe — ¢ i"lerfe¢, n=1,2,.... (1.14)
2n n
i"erfc ¢ <i"erfc0, (>0, n=-—101,....

2. Main results
We formulate the main results for Problems 1, 2.

Theorem 2.1. Let o € (0,1), s € (o, 2+ a]. For all functions ug(x) € C*(D),
f(z,t)€C* 5(D7), p(x',t) € C2T*(Ry) that do not satisfy, on the boundary x,, =

of the domain D, compatibility conditions of zero order for s € (a,2) (Ag(2’) :=
o(x’,0) — uo(x)’xnz # 0 on R) and of zero and first orders for s € [2, 2 + o]

(Ao(x') # 0, Ay(x') = Opp(z',t) |t o — (@Aug(z) + f(x,O))‘%ZO # 0 on R),
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Problem 1 (1.1), (1.2), (1.3) has a unique solution u(x,t) = Vo(z,t) + vi(x,t)
for s € (a,2) and u(z,t) = Vp(z,t) + Wg(ac t) + Vi(z,t) + Wi(z,t) + v2(:£ t) for
s € [2,24q], where V; (m t) = zj(a t) erfes®=, z; € C2F*(Ry), W; € C2; (Dr),

2vat
i=0,1, § = € C?7%(Dr), i = 1,2, and the following estimates for them
hold:

Sa’

2+a) s5—2 s—27) .
125|Ch0 < el WiG b <eldl$T) =01, (2)

2+ 2+ ;
il S5 < s (luol ) + 1718 oy + 1010 ) =12 (22)
From this theorem for s = 2 + o we obtain the following one.

Theorem 2.2. For all functions ug(z) € C*+*(D), f(x,t) € C’?’a/tz(ﬁqﬂ), p(a't) €
ijra’lta/z(RT), a € (0,1) that do not satisfy, on the boundary x, = 0 of the
domain D, compatibility conditions of zero and first orders (Ag(z') #£0, Ai(z') #
0 on R), Problem 1 (1.1), (1.2), (1.3) has a unique solution u(x,t) = Vo(z,t) +

Wo(z,t) + Vi(z,t) + Wiz, t) + va(z, t) where Vi(z,t) = z;(a’,t) erfe=, 25 €

2v/at’
CEF 2 (Ry), Wi € C3pos,(Dr), §=0,1, o=, vy eI "?(Dy),

x’ 8(1’
and the following estimates for them hold:
2+ (24+a—2j) 2 2+a—2j .
2ilian ™ < eal &l T Wl s pp S csldil T, G =0,1,

[oal 5 < o (Juol5H + 11550 + Ll ).

Theorem 2.3. Let o € (0,1), s € (a, 2+ a]. For all functions ug(x) € C*(D),
f(z,t)eC o(Dr), (' ,t) ECIT(Ry), s € (a, 1), and if s € [1, 2+ al, then for
all functions ug, f, ¥ that do not satisfy, on the boundary x,, = 0 of the domain D,
the compatibility condition of zero order (Bo(x') := ¢(2',0) — (%nuo(x)‘xnzo # 0
on R), Problem 2 (1.1), (1.2), (1.4) has a unique solution u(x,t) = vi(x,t) for
s € (a,1) and u(x,t) = —2v/at zo(a, t)lerfs =+ g, t) for s € 1,2+ a,2],
where 2o € C2T(Ry), v € C2(Dr), i = 1,2, and the following estimates for
them hold:

|Z2‘52+1aRT_C7|BO ), 03
2.3
2+ (1+ .
il T < es (luol ) + 1118 oy + 1015, ), = 1,2

From this theorem for s = 2 4+ a we obtain the following one.

Theorem 2.4. For all functions ug(z) € C?*T*(D), f(z,t) € C;”‘*/f (D7), ¥(2',t) €
o, Lo
chre > (Rr) that do not satisfy, on the boundary x, = 0 of the domain D, the

x

compatibility condition of zero order (By(z') # 0 on R), Problem 2 (1.1), (1.2),
(1.4) has a unique solution u(w,t) = —2v/at z(z', t)zerfs = + va(z,t), where
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Z9 € Clziz(RT) vg € C’2+a 1+0‘/2(DT) and the following estimates for them hold:

22l < eolBoli ™,

0al %52 < eno(Juol ) + 17150 + 1)

For Theorems 2.1-2.4, the functions z;(z',t), z2(2’,t) and Wj(x,t), j =0,1,
are defined in Theorems 3.3, 3.4 and 3.5, 3.6, A.1, A.2 respectively.

Remark 2.5. If in Problem 1 the compatibility condition of zero (first) order is
fulfilled, i.e., Ap(z') =0 (Ai(2’) = 0) on R, then in Theorems 2.1, 2.2 Vy(z,t) = 0,
Wo(ai, t) =0 (Vl (:Bﬂf) = 0, Wl(.’lf,t) = 0) in DT. If Ao(ﬂ?/) = 07 Al(x') =0on R,
then Vj(z,t) =0, Wj(z,t) =0 in Dp, j =0,1.

If in Problem 2 the compatibility condition of zero order is fulfilled, i.e.,
By(z') =0 on R, then in Theorems 2.3, 2.4 zo(2’,t) =0 on Ry.

3. Auxiliary problems
We recall that D := R}, n > 2, R := {z = (x zy) |2 € R a, = 0},

Dr=Dx(0,T), Rr =Rx[0,T], A :=92 +---+092 .
First, we construct a function z(z’,t) satisfylng the conditions
z|t:O = po(a'), 6tz|t:0 =ui(2’) in R. (3.1)

Lemma 3.1. [6] Let po(z') € C*(R), pi(z') € C572(R), s € [2,2+a], a € (0,1).
Then there exists a unique function z(z',t) € C2T*(Rr), for which the following

estimate holds:

2 « s 2
1288 < e (ol ) + ™). (3.2)

Lemma 3.2. [6] Let puo(z') € C?*T*(R), u1(2') € C(R), a € (0,1). Then there ex-

ists a unique function z(z',t) € Oi/—&-a,t1+oz/2 (Rr), for which the following estimate
holds: o) )
2+ 2+
|Z|RTa < e (|M |R Yt | )

This lemma follows from Lemma 3.1 for s = 2 + «.

Proof of Lemma 3.1. Consider the Cauchy problem
dz—al z=:D't) in Ry, (3.3)

tlimo = pola’) i R,
where z(1) (', t) is a solution of the Cauchy problem
921 —aA 21 =0 in Ry, (3.5)
2Wizo = pi(z') — aA po(z') € C*2(R) in R. (3.6)
Problem (3.5), (3.6) has a unique solution [1, 2, 6, 8] z(V)(2/,t) € C2*$(Ryr), such
that

2+ s—2
250 < es(lol ) + 1|,
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Due to embedding C*"$(Ry) € C® ,(Rr) we obtain

2D, ke < eallol ) + 1], (3.7)

Then problem (3.3), (3.4) has a unique solution z € C2T®(Ry), for which a valid
estimate is

l2lee) < es (1201, ny + ol 7)-
From here by (3.7) we shall have an estimate (3.2). Moreover, z(z',t) satisfies the
conditions (3.1). Really, the first condition in (3.1) is fulfilled due to (3.4) and from
(3.3) and (3.6) we obtain

Or2li=0 = alpo(') + 2V =g = ('),

i.e., the second condition in (3.1) also holds. O

We recall that the compatibility conditions of zero and first orders for Prob-
lem 1 and of zero order for Problem 2 are not fulfilled, i.e., Ap(z’) := ¢(2',0) —
uo(x )| 070, A (2)) = 6t<p(x’,t)|t:0 — (a Aug(z) + f(z,0)) |zn:0 # 0 on R and
By(a') :==¢(a’,0) — 3wn,uo($)|xn=0 # 0 on R.

To extract from the solutions of Problems 1 and 2 the singular parts, which
appear due to a nonfulfillment of the compatibility conditions on R, we extend
the functions A;(z2'), j = 0,1, By(2') into Ry and then into Dy. For that, first,
we construct the functions z;(2’,t), j = 0,1, and z9(2’,t) under the conditions

20|t=0 = Ap(z') in R, s € (a, 2), (3.8)
20lt=0 = Ao(z'), Orz0lt—=o =01in R, s € [2,2+ a, (3.9)
21|t=0 = 0, Oiz1)i=0 = A1(z') in R, s € [2,2+q] (3.10)
for Problem 1 (1.1)—(1.3) and
2olt=0 = Bo(z') in R, s€[l,2+q] (3.11)

for Problem 2 (1.1), (1.2), (1.4).

Theorem 3.3. Let Ag(x’) € C*(R), s € (a, 2+a], Ai(z') € C°7%(R), s € [2, 2+q],
Bo(2') € C*Y(R), s € [1,2+ a], «a € (0,1). Then there exist unique functions
zi(2',t) € C2**(Ry), j=0,1, zg(m’,t) € C*(Ry), which satisfy the conditions
(3.8)—(3.11) respectively, and the estimates for them hold:

|zo|g2,§;Y < ¢ Aol s € (a,2+al, (3.12)
21| < er| a2, €[22+, (3.13)
21| < es|A1|$7 tin Ry, s €2, 24al, (3.14)

|20 5 < ol Boliy €[1,2+al (3.15)

Theorem 3.4. Let Ag(z') € C*T*(R), Ai(z') € C*(R), Bo(z') € C*T*(R),
€ (0,1). Then there exist unique functions zj(x',t) € C’Q—m 1:_()'/Z(RT), j=0,1,
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zo(2',t) € CYES(Ry), which satisfy the conditions (3.8)~(3.11) respectively, and
the estimates for them hold:

20l < e10]A0lG T,

‘Zl|§32:_a) <A (a), |z1] < e11]4s gs)t in Rp,

2+ +
22| 0%, < canl Bolig T

This theorem follows from Theorem 3.3 for s = 2 + a.

Proof of Theorem 3.3. 1. For s € (a, 2) we can take the function zo(z',t) as a
solution of the Cauchy problem in Ry := R"~! x [0, 7] for the equation

Orzo—alA'zo=0 in Ry (3.16)

with an initial data (3.8). This solution belongs to C2**(Rr), and an estimate
(3.12) for it holds [1, 2, §].

2. Let s € [2,2 4 «a]. With the help of Lemma 3.1 we construct the functions
zo(2',t), z1(2’,t) as solutions of the problems for the equations

Orzj—al z; = z(l)(gc’,t) in Ry, j=0,1, (3.17)
with the initial conditions (3.9) for j = 0 and (3.10) for j = 1. Here the functions
zj(.l)(x/ ,t) are the solutions of the following Cauchy problems:

92V —an 2V =0 in Ry, j=0,1, (3.18)

z(()l)|t 0= —aA Ag(z') in B; 2\V|—o = A1(2') in R. (3.19)

The solutions z ) of problems (3.18), (3.19) exist, belong to C2*§' (Ry) C C¢_o(R7)

and the estimates (3.7) for them are fulfilled with po = Ag, p1 = 0 for z(()l) nd
with po =0, 1 = A; for Z1 , Le.,

2501, ry < el g5, G =01 (3.20)

By Lemma 3.1 the functions z;(2/,t), j = 0,1, belong to C2t*(Rr) and the
estimates (3.12), (3.13) for them are valid.
Due to (3.13) and the first condition (3.10) we shall have an estimate (3.14)

for z1, really,
/ Or21(a', ) dr

3. Let s € [1, 2+ a]. We determine a function z2(z’,t) as a solution of the Cauchy
problem

|21 (2, t)| = < cslAilR (5=2) ¢ s€(2,2+al

3t zzfaA/zg:O in RT, Z2|t:O:BO( l) in R. (3 21)

By [1, 2, 8] this problem has a unique solution z;(2’,t) € C*T*(Rr) and it satisfies
an estimate (3.15). O
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Thus, we have extended the functions A;(z’), = 0,1, and By(z') into Ry by
the functions z;(z',t), 7 = 0,1, and z2(2', t) respectively. Now we extend z;(z’, t),
J =0,1, and z3(2’,t) into Dy := R} x (0,T).

Consider two of the first boundary value problems with unknown functions
Zj(z,t), j=0,1,

8t Zj —aAZj =0 in .DT7 (322)

Zj|t:0 =0 in D, Zj Tn=0 — Zj(l'/,t) on RT, (323)

where the function zq is the solution of the problems (3.16), (3.8) for s € (o, 2)

and (3.17), 7 = 0, (3.9) for s € [2, 2+ ], and z; is the solution of the problem
(3.17), j = 1, (3.10).

In the problem for Zy(z,t) the compatibility condition of zero order is not
fulfilled and the first-order compatibility condition holds by (3.8), (3.9) and for
Z1(x,t) inversely, the compatibility condition of zero order is fulfilled and of the
first order is not, by (3.10).

(2)

We remind that erfs( = %f;oe*{af and the norms |u\f§07DT, |u|2+a7507DT
are determined by (1.10), (1.11).

Theorem 3.5. Let Ag(z') € C*(R), s € (o, 2+a], Ai(2') € C°72(R), s € [2, 2+a].
Then each of the problems (3.22), (3.23) has the unique solution

0, s € (a, 2),
Zo(z,t) = Vi (x, t 3.24
o(z,t) = Vo(z )+{Wo(x,t)7 se2 240, (3.24)
Zy(z,t) = Vi(z,t) + Wi(z,t), s €[2, 2+ al, (3.25)
Vi(z,t) = 2z (', t) erfe—" j=0,1,

2V/at

where the functions z;(z',t) are defined in Theorem 3.3: zj(z',t) € C2T*(Rr) and
24« s—27 .
‘ZJ‘E,BT) §614‘Aj‘53 Dj=0,1,

Wj(ﬂ?,t) S C2+Q(RT), So = %, and

3,50
W2 b, < el j=0,1. (3.26)

Theorem 3.6. Let Ag(x’) € C?*T2(R), Ai(2') € C*(R), a € (0,1). Then each of
problems (3.22), (3.23) has the unique solution Z;(x,t) = V;(x,t) + Wj(z,t), j =

0,1, where V; = z;(a',t) erchz”/T:l—t, the functions z;(z',t) are defined in Theorem

3.4: z;(2!)t) € Cifa’lta/Q(RT) and

2150 < eal 4y FHTH), G =01,
Wj(l‘,t) S 022+a,60(RT)’ 50 = SLa’ and
2 24a—2j .
W1 s 0r < crrl 4415075 G = 0,1,

This theorem follows from Theorem 3.5 for s = 2 + a.
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Proof of Theorem 3.5. The solutions of problems (3.22), (3.23) may be represented
in the explicit form

t
Zj(x,t) = 72a/0 dT/]R B zj(y/,'r)aznf(z/ — ' xn, T)dy, (3.27)

where I'(z, t) is a fundamental solution of the heat equation (3.22),
r 1 2
) = —— ¢ dar,
(@1) = G

We construct the solutions of problems (3.22), (3.23) in more suitable forms
than (3.27) to see the character of their singularity. For this, first, we write the
potential (3.27) as follows:

¢

Zi(z,t) = Vj(z,t) — Qa/ dT/ (zj(y’,r) — zj(x’,t))(‘)wnlj(x' — vy, )Y,
0 Rn—1

(3.28)

Vi(z,t) == — 2az;(a, t/dT/R » Op, T2 — o, xp, 7)dy

= z;(2',t) erfc

. j=0,1.

Wl
1. Let s € (a, 2). Consider the function Vy(z,t) = z¢(a',t) N

fies the homogenous heat equation. Really, zp was constructed in Theorem 3.3 as

a solution of a Cauchy problem for equation (3.16) with an initial condition (3.8):

20lt=0 = Ao(z"). By direct computation with the help of formula (1.13) we can see

that

T
Oy erfe——"= — ad? erf 0, 3.29
ter(‘,Q\/a a ech\/_ (3.29)
but then
T x
0V — aAVy = erfe—"=(0;20 — al'zp) + zo(2',1)(0; — ad? , )erfc—r= = 0.
Vo — aAV, erc2\/cﬁ( 20 — @ zo) zo(x )( ; —ady ")erCQ\/ﬁ

Moreover, due to the relations erfc oo = 0, erfc0 = 1 the function Vp(z,t) satisfies
the conditions (3.23),
=0 in D, VO

Voli=o = z0(2’, t) erfc en=0 = z0(z',t) on Rr.

o

Thus, the function Vy(z,t) is a solution of problem (3.22), (3.23), j = 0. We
point out that the last potential in (3.28) satisfies equation (3.22) and initial and
boundary conditions (3.23) with zero in the right-hand sides.

2. Let s € [2,2 + «]. The functions V;(x,t) = z;(z/,t)erfc Tf = 0,1, are

solutions of the nonhomogeneous equations

1 Tn
0hV;—aAV; = zj( )(x’,t)erfCQ\/E
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by (3.17), (3.29). So we determine the functions W;(z,t) as solutions of the first
boundary value problems

oW, — aAW; = —z(,l)(x’,t) erfe—"" in Dr,
’ ’ ! 2Vat (3.30)

=0 inD, Wj| _,=0onRy, j=0,1,

W; ‘t:O
then the sum Z;(z,t) = V;(z,t) + W;(z,t) will satisfy the homogeneous equation
OZ;—alZ; =0,j=0,1,ie., (3.22).

We can see that in problem (3.30) the compatibility conditions of zero order
is fulfilled

(3.30) is the problem (A.1). In Theorem 3.3 it was proved that the function
zj(-l), j = 0,1, belongs to C%* 5(Rr), but then Theorem A.l is valid for prob-
lem (3.30). In accordance to this theorem, problem (3.30) has a unique solution
W;(z,t) € C? 50(DT), 0o = g5, and is subjected to an estimate

|W‘g50DT<018|Z |5 QRT<019|A |R )a =01,
due to (A.3) and (3.20).
By direct substitution of the function Z;(z,t) = z;(2’,t) erfc s T Wi (z,1),
j = 0,1, into initial and boundary conditions (3.23), we are convinced that it

satisfies these conditions. Thus Z;(z,t) are the unique solutions of problem (3.22),
(3.23). O

Now we study the second boundary value problem with unknown function
Z2 (.’t, t),

atZQ - (J,AZQ =0 in DT, (331)
Z2|t=0 = 0 in D7 8%LZQ|$”=0 = ZQ(LU/, t) on RT, (332)
where a function zo(z’,t) was constructed in Theorems 3.3, 3.4 as a solution of a
Cauchy problem (3.21) with an initial data z3|;—90 = Bo(z') in R, where By(z') =
(', 0) — Oy, up(2)|s, =0 # 0. We can see that in this problem the compatibility

condition of zero order is not fulfilled for s € [1, 2 + «]. We recall also that

oo 2 oo 2
ierch:/ erfc£d€, erfc( = —/ e S dC.
¢ ﬁ ¢

Theorem 3.7. Let By(z') € C*"Y(R), s € [1,2+a], a € (0,1). Then problem
(3.31), (3.32) has the unique solution

Va(x,t) = —2Vat zo(a', t) ierfs

Ln
7 3.33
2vat ( )
where zy(x',t) is defined in Theorem 3.3: zo € C2T(Ry), |z2|22+1a1)%T <(Cy|By |(é 2

Theorem 3.8. Let Bo(z') € C'**(R), « € (0,1). Then problem (3.31), (3.32)
has the unique solution Va(z,t) defined by formula (3.33), where zo(2',t) 1is

determined in Theorem 3.4: zo € CT1S(Ry), |zz\§2_:f)RT < C12|Bo|g+°‘).

This theorem follows from Theorem 3.7 for s = 2 + a.
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Proof of Theorem 3.7. The solution of problem (3.31), (3.32) may be written in
the explicit form

t
Za(x,t) = —Za/ dT/ 2y, 0@ =y, zp, T)dy' (3.34)
0 Rn—1

¢
= Va(z,t) — 2(1/ dT/ (22(y/,7) — 22 (2, t))D (2" — ', @y, 7)Y/,
0 Rn—l
where

t
%($7t):—2a22(x/,t)A dT/]R _11"(x’—y'mnm)dy’:—QMzg(x’,t)ierfs%.

The function v/t ierfs NI satisfies an equation

(0 — ad? , ) Vtierfs

Ty,
2v/at
This is confirmed by direct computations with the help of formulas (1.13), (1.14)
for the iterated integrals of the probability. The function z5 is a solution of a
Cauchy problem (3.21) with an initial condition zz|t=g = By(z’). But then the
function Va(x,t) is a solution of an equation (3.31),

. Tn
OiVo —alAVy = — 2\/&1erfc2—\/a(6t22 — GA/ZQ)

=0.

— 2Vazo (2!, ) (0 — ad? Viierfe—2— — 0.
\/— 2( )( t wn,xn) 2\/&
Moreover, by the relations ierfcoo =0, erfc0 =1 we have
_ _ / Ln _ /
V2|t:0 =0, 3I,LV2|M:0 = z9(2', 1) erfczm‘wn:o zo(a',t).

We remark that the last potential in (3.34) satisfies an equation (3.31) and
the homogeneous conditions (3.32).

Thus, we have shown that the function Va(x, t) is a unique solution of problem
(3.31), (3.32). O

4. Problem 1
Consider the first boundary value problem (1.1)—(1.3) — Problem 1.

Proof of Theorem 2.1. Tt is known [1, 2, 8] that the solution of Problem 1 belongs
to C2t%(Ry), if there are fulfilled the compatibility conditions of zero order for
s € (a,2) : Ap(2') = 0 on R, and of zero and first orders for s € [2, 2 + al:
Ap(z') =0, A;(2') =0 on R, where

Ao(2') := p(a’,0) —ug(z)|, _, on R, (4.1)
Aq(2)) = 5t<,0(1‘/,t)|t:0 — (a Aug(z) + f(z,0)) |zn:O on R. (4.2)
We study the problem under the conditions Ag(z') # 0, Ai1(2') #0 on R.
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In Theorems 3.3, 3.4 we have extended the functions A;(z) into Ry by the
functions z;(z',t), which satisfy conditions (3.8)—(3.10) and in Theorems 3.5, 3.6
we have continued z;(z’,t) into Dy by the functions Zj(x,t), j = 0,1, as the
solutions of problems (3.22), (3.23):

at Zj - G,AZ]‘ =0in DT, Zj|t:0 =0 in D, Zj Tp=0 — Zj(ﬂ?/,t) on ]:fT7 (43)
and have represented them in the form (3.24), (3.25),

B 0, s € (o, 2),
ZO(xat) - VO(xvt) + {Wo(l',t), s€ [27 2 +a]’ (44)
Z1($7t) = Vl( ) + Wl(x t) s € [2, 2+ a], (45)
Vi(z,t) = zj(2', t) erfe—=, j =0,1. (4.6)

2\/_

With the help of the functions Z;(z,t), 7 = 0,1, we reduce the original
Problem 1 to a problem with the fulfilled compatibility conditions of the necessary
orders.

We make the substitution

u(z, t) = Zo(z,t) + v1(z,t), s € (o, 2),
u(z,t) = Zo(z,t) + Z1(z,t) + va(z,t), s€[2,2+q],
in Problem 1 (1.1)—(1.3), where v1, v2 are the new unknowns. For these functions

due to (4.3) we shall have the problems
Orv; —alAv; = f(z,t) in Dp, i=1,2, (4.8)

(4.7)

v1|t=0 = uo(x) in D, v1|z,—0 = p(x’,t) — zo(x’,t) on Ry, (4.9)
and
vali—0 = uo(z) in D, vale,—0 =(a,t) — (20(z',t) + 21(a', 1)) on Rp. (4.10)

In problems (4.8), ¢ =1, (4.9) and (4.8), i = 2, (4.10) the compatibility condi-
tions of zero and of zero and first orders are fulfilled respectively. Really, taking into
account the initial conditions (3.8), (3.9), (3.10) for z;(2’,t), dvz;(2/,t), 7 = 0,1,
and formulas (4.1), (4.2) we derive the identities (compatibility conditions) on the
boundary x,, =0 at ¢ = 0 for problem (4.8), i = 1, (4.9)

su0, = up(z',0) = p(2',0) — zo(2’,0) = p(z',0) — Ag(z") = uo(2’,0)
and for pr;)blem (4.8), i =2, (4.10),
g epz0, = uo(z’,0) = p(a’,0) — (20(x, t) + 21(z, t)) ‘t:O
T (e, 0) — Ae') = (e, ),
sp=0. = (aAug(z) + f(z, O))|qc o
= Orp(a 1), _ o — (Bezo(2', 1) + 8tz1(x',t))‘t:0
= Owp(a 1)],_, — A1(2") = (a Auo(z) + f(x,O))|In:0.

U1

02
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Then each of problems (4 8),i=1, (4.9) and (4.8), i = 2, (4.10) has a unique
solution v; € C’§+°‘(DT), =1,2, and for v; the following estimates are valid
[1, 2,6, 8}:

24« (2+a (24«
|v1|i DT) <cp (|uo|( +|f|s 2DT+|SD|S RT) + |2 ‘s DT)), (4.11)
24« 24« (24« 24« ’
ool 50 < ea(JuolS) + 1717, by + 0l he + 120l 52 + 21 ZHe)

Here the functions z;(2’,t), j = 0,1, satisfy the estimates (3.12), (3.13):

|2 |§2g§f) <c |Aj|§§72]), and the norms of Ag and A; (see (4.1), (4.2)) are evaluated
by the norms of the given functions ug, f, ¢ respectively. Thus, (4.11) leads to
the estimate (2.2). The functions Zp, Z; in the solution (4.7) of Problem 1 are
expressed via the functions z;(2’,t), Wj(z,t), j = 0,1, satisfying the estimates
(3.12), (3.13), (3.26), i.e., (2.1).

The solution (4.7), (4.4)-(4.6) of Problem 1 contains the function

ho(zp,t) := erfc
2\/— f
Consider this function and its derivatives
1 =3 x w3
Oz, ho(xpn,t) = — “Tt, Qyhy = ad? — e Tar
wuholn,t) = = o HH0 = A%nan 0= 5 Va2 ©
The function hg and its derivatives 0y, ho, Otho, aafnmn ho have different limits
at the point ((z’,0),0) depending on the approach of the point (z,t) to this point
((2',0),0). Really,

)
B

ho =

i Jim b0 =1, il ol =0, (112
}IH(I) hm 8% ho(xp,t) = —o0, hmO thma ho(2n,t) =0. (4.13)
Let the point = (x1,...,x,) tend to the boundary z,, = 0 of a domain as

(2,1t?), t — 0, B >0, lg = const > 0, then

lo 5
ho(lot?,t) = erfs | ——=t5—1/2

1 7@7&2571
e 4a

en=tot® i ’

= aagnz" ho(zn,t)

8;cn hO(x7L7 t) |

l
athO(:I;nvt)| 0 B-3/2, _ 18201

anzlotﬁ xn=lotﬁ - 2\/07
and
0, 0<pB<1/2,
; B 4 — l _
}E% hO(ZOt vt) - 2\;5’ ﬁ - 1/2a (414)
1, 8>1/2,
0, 0<p<1/2,
m Oy, ho(@n,t)|, _, 5= A</ (4.15)
t—0 en=lot —00, ﬁ 2 1/27
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. T 2
%E% Otho(an,t) ’ - %E% aaﬂ:nzn ho(@n,t) |zn:lotﬁ

Tp=Iloths
0, 0<pB<1/2
e 1/2<3<3/2, (4.16)
sh, B=3/2
0, 6>3/2.

In particular, for z,, = lovt, lo =const> 0, we have

l
ho(loV't,t) = erfcﬁ = const, (4.17)
1 _1
Oz ho(Tn,t)], ) 5= —= (4.18)
lo 1 _1§
Oho(n,t)|, _y 7 =0ads o ho(zn,t)], _, = St (4.19)
From here it is seen that the derivatives 0y, h0| - and atho| VT

0% O|z —loVE tend to —oo and oo as —1/\/1? and l/t respectively, When t—0

(( Tn=loV1t" ) ((I ,O), 0)
Let @, > ro=const> 0, then applying the estimates |£|’ < cg 6’52/2, 6 >0,
erfec ¢ < 2erfs % e=C*/2 < \/2e7¢"/2 we shall have

s
hO(xnat) S Cq 67?7

2 1 2

Oy ho(Tn, t)| < cs 22— e~ Tt < cg— e sat
|0z, ho(2n, t)] < v 670 (4.20)
o3
|ath0(xn7 )‘7 | TnTn (xnvt” < C7T_2€7m7 Tp > To-
0
3 f and its derivatives 0y, ho,
Othg, anxn ho tend to zero exponentially as ¢t — 0 in the interior of the domain

Tn 2 T0.

We see that nonfulfillment of the compatibility conditions of zero (Ap #
0) and first (A; # 0) orders in Problem 1 leads to appearance of the singular
functions Zy(x,t) and Zy(z,t) in the solution respectively (see (4.7), (4.4)-(4.6)),
the principle parts of which are

x
Vi(z,t) = 2z (2, t) erfc—"—,
J( ) J( ) 2\/07

(24a)

where zj(a/,t) € C2*(Rr), 20|Ch) < eslAolly), s € (a2 +al, || 50
colA1]$7?, s€2,2+al

J=0,1,
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Consider the functions Vj(z,t), j = 0,1, and its derivatives:

x
Oy Vi (,t) = erfc—n O zj (2, 1),
at
2y (4.21)
02, Vi(x,t) = erfe—"= 02, ,2; (2, t),
x'x f [I/’ xr
1 2
0y, Vj(z,t) = e zi (', t),
" Vat
A (4.22)
3§/xn1/j(x,t) = — — e Tt Oprzj(a’,t),
00 Vi) = 5 i (0 1)
x s €z h),
2a\/a7rt (4.23)

O Vj(x,t) = erfe—7= 0,2;(a',t) + a 02, , Vi(a,t), j=0,1,

2¢_
where zg(2/,0) = A(z') # 0, z1(2/,0) = 0 on R.

Tn

Due to the function ho(zy,t) := erch\/a satisfying the estimates (4.20) for

xn > 10 Vo, 0:Vo, 02, Vo, 9:Vp go to zero exponentially as t — 0 in the interior
of the domain. Vj is bounded, but discontinuous at the point ((2’,0), 0), as it was
shown (see (4.12), (4.14), (4.17)). The derivatives d,, Vo and 02 , Vj containing
Oz, ho and 82 hq respectively have finite or infinite limits as (x, t) — ((z’,0), 0)
in accordance with (4.13), (4.15), (4.18) and (4.16), (4.19). We can see also that
the derivatives 02 =, V0, 0ty are integrable functions With respect to t € (0,7),
T > 0. The derlvatlves Vo, 02, Vo, 0V and erfc 8t2’0($ t) in (4.23) are
subjected to the estimates

5 — :L'2
100 Vo < er0t T e T, s € (a, 1),

2
|00 Vo, erfe—"o |9, 20(2',t)| < 11t 2 T e sit, s € (a, 2),

\/ﬁ

the derivatives 9,z for s € [1, 2+a] and 92, 20, O¢2¢ for s € [2, 2+ a], in formulas
(4.21), (4.22), (4.23) are bounded functions.

Thanks to the function zj(z’,t) satisfying an estimate (3.14): |z1] < c12
|A1|§§_2) tin Ry, s € [2, 2+ o, the functions Vi (x,t) and d,Vi(x,t) are continu-
ous, the higher derivatives 9;Vi(x,t), 82, Vi(x,t) are bounded, but discontinuous
in the vicinity of a boundary z,, = 0 of a domain as ¢t — 0.

If Ag(z') # 0, but A1(2’) = 0 on R, then Z;(z,t) = 0 in Dr and the solution
of Problem 1 takes the form

vi(z,t), s € (a,2),

u(z,t) = Zo(x,t) + {vg(%t), s€2,24ql

If Ap(2') =0, but A;(z’) # 0 on R, then Zy(x,t) = 0 in Dy and

() = vi(z,t), s € (a,2),
’ Zi(z,t) + va(z,t), s €[2,2+a].
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For Ag(z') =0, Ai(2') =0 on R we have

(1) = {vl(x,t)7 s € (a,2),

va(x,t), s € 2,24 al.

The derivatives 0,v1; Opv1, 92,v1 and their Holder constants have singular-
ities of orders t=, s € (a, 1); 7, s € (e, 2), and = s € (o, 2 4 «),
respectively in D for t — 0. The function vo(x, ) possesses the bounded derivatives
Oy va(x,t), O2va(x,t), and their Holder constants are unbounded of = order,
s €[2, 2+ a) and bounded for s =2+ a as t — 0.

We can see that the character of the singularities of the functions Zy(z,t),
Z1(z,t) and v1(z,t), va(x,t) is different. Nonfulfillment of the compatibility condi-
tions of the given functions on the boundary x,, = 0 at ¢ = 0 leads to appearance
of the functions Zy(z,t), Zi(z,t), which are singular only in the vicinity of a
boundary z, = 0 of a domain as t — 0. The derivatives of the function vy (z,t)
and the Holder constants of the higher derivatives of vy (x,t) and va(x,t) may be
singular as t — 0 in the closure of a domain D and their singularities depend on
an initial function ug(z) of Problem 1 belonging to C*(D). O

5. Problem 2
Consider the second boundary value problem (1.1), (1.2), (1.4) — Problem 2.

Proof of Theorem 2.3. 1. For s € («, 1) the derivatives d,u have singularities of
order t°7 as t — 0, so the compatibility condition can not be fulfilled and it is
not required. In this case Problem 2 has a unique solution u(z,t) := vy (z,t) €
C?T%(D7), and an estimate (2.3), ¢ = 1, for it is valid [1, 2, 8]. The higher deriva-
tives 0y v1(z,t), O2v1(w,t) and their Hélder constants have in D singularities of
orders t°=° and t 5 respectively as t — 0.
2. Let s € [1, 2+ «]. This case requires the fulfillment of the zero-order compati-
bility condition: By(z') = 0 on R, where

Bo(2') := ¢(2',0) — awnuo(sr)|$n:0 € C* Y (Ry) on R (5.1)

for the solution of Problem 2 to belong to C2**(Dr) [1, 2, 6, 8.

We study the problem under the condition By(z’) # 0 on R. In Theorem
3.3 we have extended the function By(z') into Ry by the function z2(z’,t) as a
solution of the Cauchy problem (3.21) satisfying an initial condition

22]t=0 = Bo(z') on R, (5.2)

then we have extended the function z2(2’,¢) into Dp by the function
In

Va(z,t) = —2Vat z(2' , t) ierfs ovat

(5.3)
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which is a solution of problem (3.31), (3.32),
0Va—alAVy =0 in Dp, Vali—o =0 in D, 0., Vals,—0 = 22(z,t) on Rp. (5.4)
We recall that

o0 2 o0 52
ierfs(:/ erfsédg, erfs¢ = —/ e > dE.
¢ VT Je
After the substitution

u(z, t) = Va(z, t) + va(z, t)
in Problem 2 (1.1), (1.2), (1.4) and taking into account that Va(z,t) is a solution
of a problem (5.4) we obtain the following problem for the new unknown function
V2 (1'7 t)a
Orve —aAwvy = f(x,t) in Dr, U2|t:0 =ug(z) in D,

(9$n1}2‘mn:0 = w(x'7 t) — &EHVQ‘%:O (55)

= (2, t) — zo(a, t) erfs In =Y(z,t) — z9(2, 1).
V) = (e erts ST, L =0 (')

Due to (5.2), (5.1) in this problem the compatibility condition on the bound-

ary x, = 0 at ¢t = 0 is fulfilled:

epm0. = O, t0(2)], _o = 1(2',0) = Bo(a') = O uo(w)], -

As it was shown in Theorem 3.3, z9(2',t) € C>T¥(Rp) C CXT¥(Ry) and an

estimate (3.15) for it holds: \22|(92_+1QI)QT < Cg‘Bo‘gil), here By(xz') is evaluated by

the norms of the functions ug, . But then problem (5.5) has a unique solution
vo(x,t) € C2T*(Ryr) and it satisfies an estimate (2.3) [1, 2, 6, 8].

Consider the function Va(z, t) (see (5.3)) and its derivatives. V3 is a continuous
function in D7 due to the cofactor v/t. In the vicinity of a boundary z,, = 0 the
derivative

8;5”’1)2

Oy Va(, 1) = 20(a't) erfs —"

Va(z,t) = 2o(x )ersQ\/a

is bounded, but discontinuous as (x,t) — ((«’,0), 0) (see (4.12), (4.14), (4.17)),
and the second derivative

I E!
IS

at

1
02 . Va(w,t) = — zo(z't) e”
n n a’]rt

is singular as (z,t) — ((2/,0), 0) (see (4.13), (4.15), (4.18)).
In formula (5.3) the function z»(2/,t) belongs to C2¥(Ry), but thanks to
a cofactor v/t the orders of the singularities with respect to t as t — 0 of the

derivatives 0,/ Vs, ai,x,Vg, Viierfs 23& Opzo(2',t) decrease.
In the interior of a domain x, > rg=const > 0 the function V5 and its
derivatives 9,Va, 92,Va, O;Va tend to zero as t — 0 exponentially due to the
estimates erfs¢ < /2 erfs%e_@/2 < V22, derfs¢ < 2 ierfs% e=¢*2 <

VTe /2 and (4.20).
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Consider the function vy (w,t). The higher derivatives dyva, 02,v9 and their

Holder constants have in D the singularities of orders t°2 for s € [1,2) and ¢ =5 ,
s € [1,2 + «) respectively as ¢ — 0. These singularities are caused by the initial
function ug(x) belonging to C*(D). Nonfulfillment of the boundary and initial
functions leads to appearance of the function V3(z,t) in the solution of Problem
2, which is singular only in the vicinity of a boundary x, =0 as t — O. O

Appendix

We have let D := R}, n > 2, R :={z = (¢, x,,) |2’ € R" ', 2, =0}, 2’ =
((El, e 7{En,1), DT =D X (O,T)7 RT =R X [07T]

In Theorems 3.5, 3.6 for s € [2,2 + a] we have constructed the singular
functions Z;(z,t) = Vj(z,t) + Wj(z,t), Vj(x,t) = z;(2, t)erfczr, = 0,1, (see
(3.24), (3.25)), which appear due to the incompatible boundary and initial data in
Problem 1. The functions Vj(x,t), j = 0,1, are the principle parts of the singular
solutions Z;(z,t), j =0, 1. The functions W;(z,t), j = 0,1, are those that remain
after extracting from the singular solutions their principle parts V;(z,t), j =0,1,
and they are the solutions of problems (3.30).

Consider this problem with unknown function Wz, t):

x
W —aAW = g(a,t)erfs—— in Dr,
2Vt (A.1)
W|,_,=0in D, W| _ =0 on Rr,
where
2 o0 2 C 2 2
erfs ¢ = —/ e S dE < V2erfs—=e /2 <V2e7 /2 ¢ >0. (A.2)
VT e V2
We can see that in problem (A.1l) the compatibility condition of zero order

is fulfilled.
Theorem A.1. Let s € [2, 24|, « € (0,1). For every function g(z',t) € C’ o(RT)

the problem (A.1) has a unique solution W (x,t) € CZs (Dr), 6o = =, which
satisfies an estimate
2
WIS, br < e1ll\s p,- (A3)
From this theorem for s = 2 4+ a we have the following one.
Theorem A.2. For every function g(z',t) € C5/ a/2( Rry), o ( 1), the problem
(A.1) has a unique solution W (x,t) € 024_0‘750( T), b0 = g, which satisfies an

estimate
WIS, 500y < c2lglfe)

Here the norms |g|S 9 Ry |g\R and \W|S 50D |W|2+a 5.0y are defined
by formulas (1.5), (1.9) and (1.10), (1.11) respectively.
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Proof of Theorem A.1. The solution of problem (A.1) may be written in the ex-
plicit form

t

Yn
Wz, t :/ dT/ g(y', 7) erfc Cp(x—y,t—7)—Tp(x—y*,t—7)) dy
)= [ ar [ o' myerteg i ) )

(A.4)
t
= / dT/ 9", T) Taa (@’ =yt — 1) dy’
0 Rn—1
= y
X f nfr n— Yn,t — =T n nyt — dyn;
/0 erfe; m_( 1(xn —y T) 1(@n +y 7')) Y
here y* = (y17 s Yn—1, _yn),
1 o2 A
Ih(z,t) = ————e" 2at b
@8 = G (4.5)
is a fundamental solution of a heat equation satisfying an estimate
k am 1 _22
‘at ax Fn(l',t)‘ < nge 8at | (A6)
2

We evaluate the norm (1.10) of the potential (A.4). First, with the help of a
tabular formula

/°° A Bl gy - VT A g
. VAT B

we compute an integral

(n—yn)? (znt+yn)?

oo y72L
Ji(zp, t—7, T k) = / (€7 al=n" e Ralt-r) )e~kar dy,,
0

X (@n—yn)? «/ t— z2
—/ =V ™) e Fat, 7€ (0,t), k>0,

e kalt—-7) ¢~ kaT dy

— 00

and estimate it as

Ji(Tpn, t—7, 7 k) < Vmwakyt — Te R (A.8)
Let R; = R x [t/2,t],

M, :=sup|g(2,t)|r, (A.9)
t<T

My = sup 5 sup gz’ t) — g(z’,t)‘ |z’ — 2|72, (A.10)
t<T (z',t),(2" ,t)ER];

My:i=supt 2 sup  |g(a' 1) — ga’ )| |t — ta| 772 (A.11)

t<T (z/,t),(2’ t1)ER;
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We can represent the derivatives 8:{1_83;“W(ﬂc7 t), i=1,...,n, pu=1,...,n—
1, 7=0,1, in the form

85;10%W(ac,t) = /Ot dr /"(g(y/,r) - g(x/,T))erfc In
X 3%,@%21—‘71(1” —y,t—7)—Tp(z—y*,t— T)) dy
by an identity
/R By Op, Tnl(x —y,t —7) =Tp(z —y*,t — 7)) dy’ = 0.

Applying the notations (A.9), (A.10) and the estimates (A.6) for I'y(x,t),

(A.2) for erfc 2%, (A.8) for Jy,

€)% € < cpe /2, B >0, (A.12)

and integrating with respect to y’ we obtain

t 2

1 x5
Wiz, t)| <cqg M —— Ji(xp, t — 7, 7; 8)dT < c5 My te Baf; A.13
(W(z,t)] < ca 1/0 e 1( ) 5 M (A.13)

, b 1
J W .
‘8:131 8;10“ (x, t)| < Cg M2 /O T 2 (t 7_)1 ]/2704/2 Jl (a’jn, t T, T; 8) dT

2
w’n

s—1—j
<erMat™= " emsat, j=0,1,

and from here we shall have the estimates

x

- 2 .
100, W (@, 1) < ¢ Mot 7 e 50t [9y,0,, W(m,8)| < e Mot 7 e 5er,  (A.14)

o

i=1,....,n, p=1,...,n—1, s€[2,24+ql.
We evaluate 9, W (z,t), 02 , W(x,t). For that we write down the derivative
0y, W(z,1) as follows:

¢
Op, W(z,t) = / dT/ g, )0 (2 =yt — 7)o (xp,t — 7,7) dy’, (A.15)
0 Rn—1

Jo() = —/(X:erfc Yn 0, (I‘l(xn — Yn,t —7) + T1(zp + yn, t — T)) dyn,
0
where T',,_1, T'y are defined by (A.5). Integrating J5 by parts and applying formula
(A.7) we obtain
1
 oar (t—m7)T
= Q(I‘l(xn,t —-7)— I‘l(xn,t))

Jo(xp,t —7,7) = 2T (n,t — 7) Ji(xn,t —71,7;4)
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and the derivative (A.15) takes the form
¢
Oz, W(z,t) = 2/ (T1(zn,t — 7) = T1(2y,t))dr
0

X / gy, T Cha (2 =yt —7)dy'.
]Rn—l

From here with the help of the formula

/ Tpoa(zx =y, t—7)dy =1 (A.16)
Rn—l

we derive
t
fﬁnon(SC, t) = /8% (Fl(l’n, t— 7') — Fl(a:n, t))dT
0
< [ (oW'n) = g O’ — gt = )y
R"_l

+2g(2’,t) / Oz, (T1(zn,t — 7) = T1(zn, t))dr
0
= J3(x,t) + Ju(z,t). (A.17)

Taking into account the notations (A.9)—(A.11), formula (A.16), the inequal-
ities (A.12) and
2 2

Tn _ZTn
e Tt <e T, 7€ (0,1),

then integrating with respect to 7 we find

e
|00, W (2, 1)| < cg My 11/ e 7 (A.18)

and

t 2 a/2 2
s—2-a " __Tp n(t — _Tn
|J3(.¢L‘,t)| < cg (M2 + M3)/T 3 (7( i —— e TG + Tn ( 7) e 4at)d7'

0 t—7) 2 13/2
o3
<o (My + My) ™2 e ia, (A.19)
1 T °3 T
Ju(z,t) = = g(a',t D e T —erfc— |, A.20
a(@1) a 9@’ t) (2\/a7rt 2\/at> ( )
3:2
J4(.’E,t) S C11 M1 6787‘3. (A21)

We make use of estimates (A.19), (A.21) in (A.17) and take into account that
My + Ma + M3 = [g]$ 5 g, e=€ < e=¢"/2 then we obtain

s=2 o3 a _i
102, 0 W (2, )| < c1o (My +°T (M + Ms)) e 5 < caslgl\™ e 50 (A.22)

TnTn

(here s € [2, 2+ a]).
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From the equation in (A.1) with the help of formulas (A.17), (A.20) we find
the time derivative 0;W (x,t),

SN

Tn @

2vant

e
and applying the estimates (A.14), (A.19), (A.12) to it we derive

N

W (x,t) = aA'W (2,t) + ads(z,t) + g(a’,t)

&

s—2
2

o a _z
W (2,1)] < cra (My + 7 (My + My)) ™5 < e15]g]\%, . €™ 5. (A.23)
Gathering obtained estimates (A.13), (A.14), (A.18), (A.22), (A.23) we shall
have an estimate (A.3) of the norm |W|S§07DT, do = g5, defined by (1.10). O
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Abstract. We consider the system of Maxwell-Stefan equations which describe
multicomponent diffusive fluxes in non-dilute solutions or gas mixtures. We
apply the Perron-Frobenius theorem to the irreducible and quasi-positive ma-
trix which governs the flux-force relations and are able to show normal el-
lipticity of the associated multicomponent diffusion operator. This provides
local-in-time wellposedness of the Maxwell-Stefan multicomponent diffusion
system in the isobaric, isothermal case.
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1. Introduction

On the macroscopic level of continuum mechanical modeling, fluxes of chemical
components (species) are due to convection and molecular fluxes, where the latter
essentially refers to diffusive transport. The almost exclusively employed constitu-
tive “law” to model diffusive fluxes within continuum mechanical models is Fick’s
law, stating that the flux of a chemical component is proportional to the gradient
of the concentration of this species, directed against the gradient. There is no in-
fluence of the other components, i.e., cross-effects are ignored although well known
to appear in reality. Actually, such cross-effects can completely divert the diffusive
fluxes, leading to so-called reverse diffusion (up-hill diffusion in direction of the
gradient) or osmotic diffusion (diffusion without a gradient). This has been proven
in several experiments, e.g., in a classical setting by Duncan and Toor; see [7].
To account for such important phenomena, a multicomponent diffusion ap-
proach is required for realistic models. The standard approach within the theory
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of Irreversible Thermodynamics replaces Fickian fluxes by linear combinations of
the gradients of all involved concentrations, respectively chemical potentials. This
requires the knowledge of a full matrix of binary diffusion coefficients and this
diffusivity matrix has to fulfill certain requirements like positive semi-definiteness
in order to be consistent with the fundamental laws from thermodynamics. The
Maxwell-Stefan approach to multicomponent diffusion leads to a concrete form
of the diffusivity matrix and is based on molecular force balances to relate all
individual species velocities. While the Maxwell-Stefan equations are successfully
used in engineering applications, they seem much less known in the mathemati-
cal literature. In fact we are not aware of a rigorous mathematical analysis of the
Maxwell-Stefan approach to multicomponent diffusion, except for [8] which mainly
addresses questions of modeling and numerical computations, but also contains
some analytical results which are closely related to the present considerations.

2. Continuum mechanical modeling of multicomponent fluids

We consider a multicomponent fluid composed of n chemical components A;. Start-
ing point of the Maxwell-Stefan equations are the individual mass balances, i.e.,

dpi + div (piu;) = R, (1)

where p; = p;(t,y) denotes the mass density and w; = w;(¢t,y) the individual
velocity of species A;. Note that the spatial variable is denoted as y, while the usual
symbol x will refer to the composition of the mixture. The right-hand side is the
total rate of change of species mass due to all chemical transformations. We assume
conservation of the total mass, i.e., the production terms satisfy > | Ri°* = 0.
Let p denote the total mass density and u be the barycentric (i.e., mass averaged)
velocity, determined by

n n
PZZZM, PUZZZPiui-
i=1 i=1
Summation of the individual mass balances (1) then yields

Op + div (pu) = 0, (2)

i.e., the usual continuity equation.

In principle, a full set of n individual momentum balances should now be
added to the model; cf. [11]. But in almost all engineering models, a single set
of Navier-Stokes equations is used to describe the evolution of the velocity field,
usually without accounting for individual contributions to the stress tensor. One
main reason is a lack of information about appropriate constitutive equations for
the stress in multicomponent mixtures; but cf. [16]. For the multicomponent, single
momentum model the barycentric velocity u is assumed to be determined by the
Navier-Stokes equations. Introducing the mass diffusion fluxes

ji = pi(u; —u) 3)
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and the mass fractions Y; := p;/p, the mass balances (1) can be rewritten as
pdY; + pu- VY, +div j; = R{". (4)

In the present paper, main emphasis is on the aspect of multicomponent diffu-
sion, including the cross-diffusion effects. Therefore, we focus on the special case
of isobaric, isothermal diffusion. The (thermodynamic) pressure p is the sum of
partial pressures p; and the latter correspond to ¢; RT in the general case with ¢;
denoting the molar concentration, R the universal gas constant and 7' the absolute
temperature; here ¢; = p;/M,; with M, the molar mass of species A;. Hence iso-
baric conditions correspond to the case of constant total molar concentration ctot,
where cior 1= Z?:l ¢;. Still, species diffusion can lead to transport of momentum
because the M; are different. Instead of u we therefore employ the molar averaged
velocity defined by

n
CtotV 1= Z ciu;. (5)
i=1
Note that other velocities are used as well; only the diffusive fluxes have to be
adapted; see, e.g., [20]. With the molar averaged velocity, the species equations
(1) become

Opci + div (c;v + J;) = 7" (6)
with rf°® := R!°* /M, and the diffusive molar fluxes
Ji:=ci(u; —v). (7)

Below we exploit the important fact that

n
> Ji=0. (8)
i=1
As explained above we may now assume v = 0 in the isobaric case. In this case the
species equations (6) simplify to a system of reaction-diffusion equations given by

Opci +divd; = ri°t (9)

where the individual fluxes J; need to be modeled by appropriate constitutive
equations. The most common constitutive equation is Fick’s law which states that

J; = —D;gradc; (10)

with diffusivities D; > 0. The diffusivities are usually assumed to be constant,
while they indeed depend in particular on the composition of the system, i.e.,
D; = D;(c) with ¢ := (¢1,...,¢,). Even if the dependence of the D; is taken
into account, the above definition of the fluxes misses the cross-effects between
the diffusing species. In case of concentrated systems more realistic constitutive
equations are hence required which especially account for such mutual influences.
Here a common approach is the general constitutive law

J;=— D;; gradc; 11
J j

j=1
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with binary diffusivities D;; = D;;(c). Due to the structure of the driving forces,
as discussed below, the matrix D = [D;;] is of the form D(c) = L(c) G”(c) with a
positive definite matrix G”(c), the Hessian of the Gibbs free energy. Then, from
general principles of the theory of Irreversible Thermodynamics, it is assumed that
the matrix of transport coefficients L = [L;;] satisfies

o L is symmetric (the Onsager reciprocal relations)
o L is positive semidefinite (the second law of thermodynamics).

Under this assumption the quasilinear reaction-diffusion system

O¢c + div (—=D(c) Vc) = r(c), (12)
satisfies — probably after a reduction to n — 1 species — parabolicity conditions suf-
ficient for local-in-time wellposedness. Here r(c) is short for (ri°t(c), ..., 7% (c)).

A main problem now is how realistic diffusivity matrices together with their
dependence on the composition vector ¢ can be obtained.

Let us note in passing that Herbert Amann has often been advocating that
general flux vectors should be considered, accounting both for concentration depen-
dent diffusivities and for cross-diffusion effects. For a sample of his contributions
to the theory of reaction-diffusion systems with general flux vectors see [1], [2] and
the references given there.

3. The Maxwell-Stefan equations

The Maxwell-Stefan equations rely on inter-species force balances. More precisely,

it is assumed that the thermodynamical driving force d; of species A; is in local

equilibrium with the total friction force. Here and below it is often convenient to

work with the molar fractions x; := ¢;/cot instead of the chemical concentrations.

From chemical thermodynamics it follows that for multicomponent systems which

are locally close to thermodynamical equilibrium (see, e.g., [20]) the driving forces
under isothermal conditions are given as
L

4i=Rrr

with p; the chemical potential of species A4;. Equation (13) requires some more

explanation. Recall first that the chemical potential u; for species A; is defined as
oG

Hi = e,

where G denotes the (volume-specific) density of the Gibbs free energy. The chem-

ical potential depends on ¢;, but also on the other ¢; as well as on pressure and

temperature. In the engineering literature, from the chemical potential a part u

depending on pressure and temperature is often separated and, depending on the

context, a gradient may be applied only to the remainder. To avoid confusion, the

common notation in use therefore is

grad p; (13)

(14)

Opi
oT

Opi

ap VT.

Vi =Vrpp + Vp +
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Here V7 p1; means the gradient taken under constant pressure and temperature.
In the isobaric, isothermal case this evidently makes no difference. Let us also note
that G is assumed to be a convex function of the ¢; for single phase systems, since
this guarantees thermodynamic stability, i.e., no spontaneous phase separations.
For concrete mixtures, the chemical potential is often assumed to be given by

pi = pd + RTIna; (15)

with a; the so-called activity of the ith species; equation (15) actually implicitly
defines a;. In (15), the term 9 depends on pressure and temperature. For a mixture
of ideal gases, the activity a; equals the molar fraction x;. The same holds for
solutions in the limit of an ideally dilute component, i.e., for z; — 04. This is no
longer true for non-ideal systems in which case the activity is written as

a; = 7 Ty (16)

with an activity coefficient 7; which itself depends in particular on the full com-
position vector x.

The mutual friction force between species ¢ and j is assumed to be propor-
tional to the relative velocity as well as to the amount of molar mass. Together
with the assumption of balance of forces this leads to the relation

di=—)  fijwizi(ai - ) (17)
J#i
with certain drag coefficients f;; > 0; here f;; = f;; is a natural mechanical

assumption. Insertion of (13) and introduction of the so-called Maxwell-Stefan
(MS) diffusivities D;; = 1/ f;; yields the system

Z; x;J; — x;J;
—— grad p; = — 2t I fori=1,...,n. 18
RTgI'a 12 ; Crot Dij or 1 ) y 1 ( )

The set of equations (18) together with (8) forms the Maxwell-Stefan equations
of multicomponent diffusion. The matrix [D;;] of MS-diffusivities is assumed to be
symmetric in accordance with the symmetry of [f;;]. Let us note that for ideal
gases the symmetry can be obtained from the kinetic theory of gases; cf. [9] and
[14]. The MS-diffusivities D;; will in general depend on the composition of the
system.

Due to the symmetry of [D;;], the model is in fact consistent with the Onsager
reciprocal relations (cf. [18] as well as below), but notice that the D;; are not to be
inserted into (11), i.e., they do not directly correspond to the D;; there. Instead,
the MS equations have to be inverted in order to provide the fluxes J;.

Note also that the Ansatz (17) implies ), d; = 0 because of the symmetry of
[fi;], resp. of [Dy;]. Hence )", d; = 0 is necessary in order for (17) to be consistent.
It in fact holds because of (and is nothing but) the Gibbs-Duhem relation, see,
e.g., [12]. The relation ), d; = 0 will be important below.



86 D. Bothe

Example (Binary systems). For a system with two components we have

1

di=—da) = - Ctot P12

(JZQJl — CEng). (19)
Using 1 + 2 = 1 and J; 4+ J2 = 0 one obtains
b
Ji(=-J2) = —R—l;cl grad 1. (20)
Writing ¢ and J instead of ¢; and J1, respectively, and assuming that the chemical

potential is of the form p = pu° + RT In(yc) with the activity coefficient v = v(c)
this finally yields

J=—Dy (1+

CJ/(C)>grad c. (21)

()
Inserting this into the species equation leads to a nonlinear diffusion equation,
namely

Ore — Ad(c) = r(e), (22)

where the function ¢ : R — R satisfies ¢'(s) = D12(1 + s7/(s)/7(s)) and, say,
¢(0) = 0. Equation (22) is also known as the filtration equation (or, the generalized
porous medium equation) in other applications. Note that well-known pde-theory
applies to (22) and especially provides well-posedness as soon as ¢ is continuous
and nondecreasing; cf., e.g., [21]. The latter holds if s — sy(s) is increasing which
is nothing but the fact that the chemical potential pu of a component should be an
increasing function of its concentration. This is physically reasonable in systems
without phase separation.

4. Inversion of the flux-force relations

In order to get constitutive equations for the fluxes J; from the Maxwell-Stefan
equations, which need to be inserted into (9), we have to invert (18). Now (18)
alone is not invertible for the fluxes, since these are linearly dependent. Elimination
of J,, by means of (8) leads to the reduced system

d; J1
Ctot : =—-B : ; (23)
dnfl Jnfl

where the (n — 1) x (n — 1)-matrix B is given by

1 1
I’Z(E*%) fOI"I:#j,

X Tk

fori=j (withw,=1-3 _ on).
ik
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Assuming for the moment the invertibility of B and letting u; be functions of the

composition expressed by the molar fractions x = (z1,...,x,), the fluxes are given
by
J1 Vfﬂl
= —coB'T : : (25)
Jnfl vmnfl
where o1
I'= [Fij] with Fij = 5ij + x; ﬁ (26)
8a:j

captures the thermodynamical deviations from the ideally diluted situation; here
0;; denotes the Kronecker symbol.

Example (Ternary systems). We have

1 1 1 1 1
m“@(m—m) ﬁl(m‘m)
B= (27)

1 1 1 1 1
T2 (512 Das ) Das T (512 Das )

and det(B — tI) = t2 — tr Bt + det B with

Jot B T n To + T3 > i { 1 1 1 }
etB = min , ,
D12 D13 D12 Doz D3 Doz D12 D13 D12 D23 D13 Do
(28)
and
rT1+x2 w1 +23 X2+ 23 . 1 1 1 }
trB = + + 22m1n{—,—,— . 29
D1y Dis Da3 D13 D13 D3 (29)

It is easy to check that (tr B)? > 3det B for this particular matrix and therefore
the spectrum of B! is in the right complex half-plane within a sector of angle less
than /6. This implies normal ellipticity of the differential operator B—!(x)(—Ax).
Recall that a second-order differential operator with matrix-valued coefficients is
said to be normally elliptic if the symbol of the principal part has it’s spectrum
inside the open right half-plane of the complex plane; see section 4 in [2] for
more details. This notion has been introduced by Herbert Amann in [1] as the
appropriate concept for generalizations to more general situations with operator-
valued coeflicients.

Consequently, the Maxwell-Stefan equations for a ternary system are locally-
in-time wellposed if I' = 1, i.e., in the special case of ideal solutions. The latter
refers to the case when the chemical potentials are of the form (15) with v; =1
for all ¢. Of course this extends to any I" which is a small perturbations of I, i.e.,
to slightly non-ideal solutions.

Let us note that Theorem 1 below yields the local-in-time wellposedness also
for general non-ideal solutions provided the Gibbs energy is strongly convex. Note
also that the reduction to n — 1 species is the common approach in the engineering
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literature, but invertibility of B is not rigorously checked. For n = 4, the 3 x 3-
matrix B can still be shown to be invertible for any composition due to x; > 0
and Y. x; = 1. Normal ellipticity can no longer be seen so easily. For general n
this approach is not feasible and the invariant approach below is preferable.

Valuable references for the Maxwell-Stefan equations and there applications
in the Engineering Sciences are in particular the books [4], [9], [20] and the review
article [12].

5. Wellposedness of the Maxwell-Stefan equations

We first invert the Maxwell-Stefan equations using an invariant formulation. For
this purpose, recall that > . u; = 0 holds for both w; = J; and u; = d;. We
therefore have to solve

AT =cid i E={ueR":)» u;=0}, (30)
where A = A(x) is given by i

—5 d.: . .
A= R . v with Si:Z k, dij: ! .
di; —Sn P Dig b,

The matrix A has the following properties, where x > 0 means x; > 0 for all i:
(i) N(A) =span{x} for x = (1,...,zp).

(i) R(A) ={e}* fore=(1,...,1).
(ii) A = [ai;] is quasi-positive, i.e., a;; > 0 for i # j.
(iv) If x > 0 then A is irreducible, i.e., for every disjoint partition I U J of

{1,...,n} there is some (¢,j) € I x J such that a;; # 0.
Due to (i) and (ii) above, the Perron-Frobenius theorem in the version for quasi-
positive matrices applies; cf. [10] or [17]. This yields the following properties of the
spectrum o (A): The spectral bound s(A) := max{Re\ : A € 0(A)} is an eigenvalue
of A, it is in fact a simple eigenvalue with a strictly positive eigenvector. All other
eigenvalues do not have positive eigenvectors or positive generalized eigenvectors.
Moreover,

ReX < s(A) forall X € o(A4), A # s(4).

From now on we assume that in the present case x is strictly positive. Then, since
x is an eigenvector to the eigenvalue 0, it follows that

g(A) C{0}u{z e C:Rez <0}

Unique solvability of (30) already follows at this point. In addition, the same
arguments applied to 4, := A — pu(x ® e) for p € R yield

o(A,) C{—p}Uu{ze€C:Rez < —pu} forall small > 0.

In particular, A, is invertible for sufficiently small ¢ > 0 and

J=—cor (A— p(x® e))fld (31)
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is the unique solution of (30). Note that A,y = d with d L e implies y L e and
Ay = d. A similar representation of the inverted Maxwell-Stefan equations can be
found in [8].

The information on the spectrum of A can be significantly improved by sym-
metrization. For this purpose let X = diag(z1,...x,) which is regular due to
x> 0. Then Ag := X~ A X7 satisfies

—51 dij 5 JEE
As=1| - . y si=Q 5 dg =5
dij —Sn k#i ik Y

ie., Ag is symmetric with N(Ag) = span{y/x}, where /x; := \/z;. Hence the
spectrum of Ag and, hence, that of A is real. Moreover,

As(a) = As —av/x @ vx
has the same properties as Ag for sufficiently small « > 0. In particular, Ag is
quasi-positive, irreducible and \/x > 0 is an eigenvector for the eigenvalue —a.
This holds for all & < ¢ := min{1/D;; : ¢ # j}. Hence we obtain the improved
inclusion
o(A)\ {0} = o(4s(a)) \ {—a} for all a € [0,9).

Therefore

o(A) C (—o0,—6] U {0}, (32)
which provides a uniform spectral gap for A sufficient to obtain normal ellipticity
of the associated differential operator.

In order to work in a subspace of the composition space R™ instead of a
hyperplane, let u; = ¢; — ¢l., /n such that Y, ¢; = const is the same as u € E =
{u € R" : 3~ ,u; = 0}. Above we have shown in particular that Ay : £ — E is
invertible and

e ~1x3
X (Agp) T XE [Vai] (33)

with the symmetrized form Ag of A and E := X2 E = {{/x}*. Note that this also
shows the consistency with the Onsager relations. To proceed, we employ (14) to
obtain the representation

3] = X%(Asm)*lX%G”(x) Vx. (34)

i) = X2 (Agp) ' X2 [di] =

Inserting (34) into (9) and using cior; = u; + ¢, /n, we obtain the system of
species equations with multicomponent diffusion modeled by the Maxwell-Stefan
equations. Without chemical reactions and in an isolated domain Q C R™ (with v
the outer normal) we obtain the initial boundary value problem

Opu +div (=D (u)Vu) =0, 0Jyujpq = 0, uj—o = uo, (35)

which we will consider in LP(); E). Note that X%(AS‘E)_lX%G”(x) from (34)
corresponds to —D(u) here.
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Applying well-known results for quasilinear parabolic systems based on L,-
maximal regularity, e.g., from [3] or [15], we obtain the following result on local-
in-time wellposedness of the Maxwell-Stefan equations in the isobaric, isothermal
case. Below we call G € C%(V) strongly convex if G”(x) is positive definite for all
xeV.

Theorem 1. Let @ C RN with N > 1 be open bounded with smooth 0. Let
_2 _
p> 82 and ug € W; ?(Q; E) such that ¢? > 0 in Q and ¢, is constant in 2.
Let the diffusion matriz D(u) be given according to (34), i.e., by
D(u) = X%(ASIE)*IX%G“(X) with coor®; = u; + ¢ /n,

where G : (0,00)™ — R is smooth and strongly convex. Then there exists — locally
in time — a unique strong solution (in the LP-sense) of (35). This solution is in
fact classical.

Concerning the proof let us just mention that
div (—=D(u)Vu) = D(u) (—Au) + lower order terms,

hence the system of Maxwell-Stefan equations is locally-in-time wellposed if the
principal part D(u) (—Aw) is normally elliptic for all u € F such that c(u) :=
u+cd e is close to c?. The latter holds if, for some angle 6 € (0, %), the spectrum
of D(u) € L(F) satisfies

o(D(u)) C g :={A e C\ {0} : larg\| < 6} (36)
for all u € E such that |c(u) — | < € for € := min; /2, say. For such an u € E,
let A € C and v € E be such that D(u)v = Av. Let x := c(u)/ctor(u) € (0,00)"
and X = diag(z1,...,2,). Then

X3 (Agp) ' X3Q"(x)v = M.
Taking the inner product with G”(x) v yields
(Agp) ' X2G"(x) 0, X2 G (x) v) = A, G (x) v).

Note that XzG"(x)v € {y/X}*, hence the left-hand side is strictly positive due
to the analysis given above. Moreover (v, G”(x)v) > 0 since G is strongly convex,
hence A > 0. This implies (36) for any ¢ € (0, 5) and, hence, local-in-time existence
follows.

6. Final remarks

A straightforward extension of Theorem 1 to the inhomogeneous case with locally
Lipschitz continuous right-hand side f : R™ — R", say, is possible if f(u) € E
holds for all w. Translated back to the original variables (keeping the symbol f)
this yields a local-in-time solution of

Oic + div (—D(c)Vc) = f(c), dvcipn =0, €= = Co
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for appropriate initial values cg. Then a natural question is whether the solution
stays componentwise nonnegative. This can only hold if f satisfies

fi(c) > 0 whenever ¢ > 0 with ¢; =0,

which is called quasi-positivity as in the linear case. In fact, under the considered
assumption, quasi-positivity of f forces any classical solution to stay nonnegative
as long as it exists. The key point here is the structure of the Maxwell-Stefan
equations (18) which yields

J; = —D;(c)grad ¢; + ¢; F;(c, grad c)

with

Di(c) = 1/2;; and F;(c,gradc) = D;(c) Z E%Jj.
J#i J#i

Note that D;(c) > 0 and J; becomes proportional to grad¢; at points where ¢;
vanishes, i.e., the diffusive cross-effects disappear. Moreover, it is easy to check
that

divJ; = D;(c)Ac; > 0 if ¢; =0 and grad¢; = 0.
To indicate a rigorous proof for the nonnegativity of solutions, consider the mod-
ified system

(9tCZ‘ + le Jz(C) = fi(t; C+) + €, aUC‘aQ = 0, C|t:0 = Co + €e, (37)

where rt := max{r,0} denotes the positive part. Assume that the right-hand side
f is quasi-positive and that (37) has a classical solution c¢¢ for all small ¢ > 0
on a common time interval [0,7). Now suppose that, for some i, the function
m;(t) = ming¢cq c§(t,y) has a first zero at ¢y € (0,7'). Let the minimum of ¢§(to, -)
be attained at y¢ and assume first that yo is an interior point. Then ¢ (to,y0) = 0,
0ics (to,yo) > 0, grad ¢S (to, yo) = 0 and Acf(to, yo) > 0 yields a contradiction since
fi(to, &5 (to, o)) > 0. Here, because of the specific boundary condition and the fact
that © has a smooth boundary, the same argument works also if yq is a boundary
point. In the limit ¢ — 0+ we obtain a nonnegative solution for ¢ = 0, hence a
nonnegative solution of the original problem. This finishes the proof since strong
solutions are unique.

Note that non-negativity of the concentrations directly implies L°°-bounds
in the considered isobaric case due to 0 < ¢; < cyor = ¢, which is an important
first step for global existence.

The considerations in Section 5 are helpful to verify that the Maxwell-Stefan mul-
ticomponent diffusion is consistent with the second law from thermodynamics.
Indeed, (33) directly yields

1 1 1
=il Vil = ﬁ((_AS\E) X [Vui]> : (X2 [Vm]) > 0,
i.e., the entropy inequality is satisfied. The latter is already well known in the

engineering literature, but with a different representation of the dissipative term
using the individual velocities; cf. [18].
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For sufficiently regular solutions and under appropriate boundary conditions
the entropy inequality can be used as follows. Let V(x) = [, G(x)dx with G the
Gibbs free energy density. Let

W(x,Vx) = 7,/9 [Ji] : [Vui] dx > 0.

Then (V, W) is a Lyapunov couple, i.e.,
t
V(x(t)) —|—/ W(x(s), Vx(s))ds < V(x(0)) for ¢t > 0
0

and all sufficiently regular solutions. For ideal systems this yields a priori bounds
on the quantities |V¢;|?/c;, hence, equivalently, Lo-bounds on V,/¢;. This type of
a priori estimates is well known in the theory of reaction-diffusion systems without
cross-diffusion; see [5], [6] and the references given there for more details.

In the present paper we considered the isobaric and isothermal case because it
allows to neglect convective transport and, hence, provides a good starting point.
The general case of a multicomponent flow is much more complicated, even in the
isothermal case. This case leads to a Navier-Stokes-Maxwell-Stefan system which
will be studied in future work.
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Abstract. We prove that, unlike in several space dimensions, there is no criti-
cal (nonlinear) diffusion coefficient for which solutions to the one-dimensional
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1. Introduction

In a previous paper [4] we investigate the influence of the diffusion coefficient a on
the life span of solutions to the one-dimensional Smoluchowski-Poisson system

Oy = 0y (a(u)Oyu — udyv) in (0,00) x (0,1), (1.1)
0=0*+4+u—M in (0,00) x (0,1), (1.2)
a(u)dpu = 0,v =0 on (0,00) x {0,1}, (1.3)

1
u(0) =up >0 in (0,1), / v(t,z)dx = 0 for any ¢ € (0,00), (1.4)
0

where .
M = (ug) :/ uo(z)dx
0

denotes the mean value of ug, and uncover a fundamental difference with the quasi-
linear Smoluchowski-Poisson system in higher space dimensions. More precisely,
when the space dimension n is greater or equal to two, there is a critical diffusion

Partially supported by the German SFB Tr. 71 and by the Polish Ministry of Science and Higher
Education under grant number NN201 366937.
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ax(r) == (1 4 r)*=2)/" which separates different behaviours for the quasilinear
Smoluchowski-Poisson system. Roughly speaking,

(a) if the diffusion coefficient a is stronger than a, (in the sense that a(r) >
C(1 4+ r)* for some a > (n — 2)/n and C > 0), then all solutions exist
globally whatever the value of the mass of the initial condition ug [5],

(b) if the diffusion coefficient a is weaker than a, (in the sense that a(r) <
C(1+7r)* for some o < (n—2)/n and C > 0), then there exists for all M > 0
an initial condition wg with (ug) = M for which the corresponding solution
to the quasilinear Smoluchowski-Poisson system blows up in finite time (in
the sense that [|u(t)||ze(0,a) — o0 as t — T for some T € (0, 00)) [3, 5, 7],

(c) if the diffusion coefficient a behaves as a, for large values of r, solutions
starting from initial data ug with small mass (ug) exist globally while there
are initial data with large mass for which the corresponding solution to the
quasilinear Smoluchowski-Poisson system blows up in finite time [3, 7].

Observe that, in space dimension n = 2, the critical diffusion is constant and
a more precise description of the situation (c) is actually available. Namely, when
a = 1, there is a threshold mass M, such that, if (ug) < M,, the corresponding
solution is global while, for any M > M,, there are initial data with (ug) = M for
which the corresponding solution blows up in finite time [6, 7, 8]. The threshold
mass M, is known explicitly (M, = 4) but it is worth mentioning that for radially
symmetric solutions in a ball, the threshold mass is 8m. Similar results are also
available for the quasilinear Smoluchowski-Poisson system in R, n > 2[1, 2, 9, 10].

Most surprisingly, the above description fails to be valid in one space dimen-
sion and we prove in particular in [4] that all solutions are global for the diffusion
a(r) = (1 +7)~! though it is a natural candidate to be critical. We actually iden-
tify two classes of diffusion coeflicients a in [4], one for which all solutions exist
globally as in (a) and the other for which there are solutions blowing up in finite
time starting from initial data with an arbitrary positive mass as in (b), but the
situation (c) does not seem to occur in one space dimension. The purpose of this
note is to show that the dichotomy (a) or (b) can be extended to larger classes of
diffusion, thereby extending the analysis performed in [4].

Theorem 1.1. Let the diffusion coefficient a € C1((0,00)) be a positive function.
(i) Assume first that a € L*(1,00) and one of the following assumptions is sat-
isfied, either
v:= sup 7’/ a(s)ds < o0, (1.5)
re(0,1) r
or there exist ¥ > 0 and o € (9/(1 +9),2] such that
v9 := sup r*"a(r) <oo and Cu :=supr®a(r) < oo. (1.6)
re(0,1) r>1
For any M > 0, there exists a positive initial condition ug € C([0,1]) such
that {(ug) = M and the corresponding classical solution to (1.1)~(1.4) blows
up in finite time.
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(ii) Assume next that a ¢ L'(1,00) and consider an initial condition ug €
C([0,1]) such that ug > mo > 0 and (ug) = M for some M > 0 and
mo € (0,M). Then the corresponding classical solution to (1.1)—(1.4) exists
globally.

As already mentioned, Theorem 1.1 extends the results obtained in [4]. More
precisely, in [4, Theorem 5], the assertion (ii) of Theorem 1.1 is proved under the
additional assumption that, for each ¢ € (0, 00), there is k. > 0 for which

a(r) <era(r) + Be for re (0,1),
r

which roughly means that a cannot have a singularity stronger than 1/r near r = 0.
This assumption turns out to be unnecessary for global existence but nevertheless
ensures the global boundedness of the solution in L°°. Under the sole assumption
of Theorem 1.1 (ii), our proof does not exclude that the solution to (1.1)—(1.4)
becomes unbounded as ¢t — oco. Concerning Theorem 1.1 (i), it is established in [4,
Theorem 10] for a € L*(1, 00) such that there is a concave function B for which

0<—rA(r) < B(r) with A(r)=— /OO a(s) ds, r € (0,00), (1.7)

im 20 . (1.8)
r—oo 7T

We make this criterion more explicit here by showing that the integrability of a
on (1,00) and (1.5) guarantee the existence of a concave function B satisfying
(1.7) and (1.8), see Lemma 3.1 below. Let us point out here that the assumption
(1.5) somehow means that a cannot have a singularity stronger that 1/r? near
r = 0. However, the result remains true if a has an algebraic singularity of higher
order near » = 0 which is allowed by (1.6) provided a decays suitably at infinity.
Observe that the second condition in (1.6) is compatible with the integrability of
a at infinity as 9/(1 +9) < 1.

Summarizing the outcome of Theorem 1.1, we realize that, for a given diffu-
sion coefficient a with a singularity weaker than 1/r? near r = 0, the integrability
or non-integrability of a at infinity completely determines whether we are in the
situation (a) or (b) described above and excludes the situation (c). There is thus
no critical diffusion in this class. The same comment applies to the class of diffu-
sion coefficients satisfying (1.6) with an algebraic singularity stronger than 1/r2
near r = (. In particular there is no critical nonlinearity in the class of functions
C([0,00)) N C((0, 00)).

The paper is organized as follows: in Section 2 we recall some statements
from [4]. Section 3 is devoted to proving the finite time blowup of solutions to
(1.1)~(1.4) when a € L'(1,00). Global existence of solutions for all initial data
when a is not integrable at infinity is proved in the last section.
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2. Preliminaries

In this section we summarize some results and methods introduced in [4]. Let a €
C1((0,00)) be a positive function and consider an initial condition uy € C([0,1])
such that ug > mg > 0 and (up) = M for some M > 0 and my € (0, M). By
[4, Propositions 2 and 3] there is a unique maximal classical solution (u,v) to
(1.1)—(1.4) defined on [0, Tyax) which satisfies

1
min u(t,z) >0, (u(t)):= / u(t,z) de =M, and (2.1)
z€[0,1] 0

(w(8) ::/0 o(t, ) da = 0

for t € (0, Tmax)- In addition, Tiax = 00 or Thax < 00 with [[u(t)|| e (0,r) — 00
as t — Thax-

We next recall the approach introduced in [4] which will be used herein as
well. Owing to the positivity (2.1) and the regularity of u, the indefinite integral

U(t,z) = /Of u(t,z)dz, z€]0,1],

is a smooth increasing function from [0, 1] onto [0, M] for each ¢ € [0, Timax) and
has a smooth inverse F' defined by

Ut F(t,y) =y,  (ty) €0, Tmax) x [0, M]. (2:2)
Introducing f(¢,y) := 0,F(t,y), we have
fty)ut, Fty) =1,  (t,y) €[0,Tmax) x [0, M], (2.3)
and it follows from (1.1)—(1.4) that f solves
Hf=0V(f)—1+Mf, (t,y) € (0, Trmax) x (0, M), (2.4)
ayf(tv 0) = 8yf(t7 M) =0, te (07 Trnax) s
1
f(0,y) = foly) == w(F0.) y € (0,M), (2.6)
where
U'(r) = %2 a (%) for any r >0, U(1):=0. (2.7)
Moreover the conservation of mass (2.1) yields
M
fty)dy =F(t,M)—F(t,0) =1,  t€0,Tmax)- (2.8)

At this point, the crucial observation is that, thanks to (2.3), finite time blowup
of u is equivalent to the vanishing (or touch-down) of f in finite time. In other
words, u exists globally if the minimum of f(t) is positive for each ¢ > 0. We refer
to [4, Proposition 1] for a more detailed description.

A salient property of (1.1)—(1.4) is the existence of a Liapunov function [4,
Lemma 8] which we recall now:
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Lemma 2.1. The function

1 M M
L) = [ 0,0 dy+ [ (W) - M () dy
0 0
is a non-increasing function of time on [0, Tmax), the function ¥y being defined by
Uy(1):=0 and Vi(r):=r¥'(r) = % a (%) , r e (0,00). (2.9)

3. Finite time blowup

In this section we prove the blowup assertion of Theorem 1.1. To this end we
first prove that the condition (1.5) allows us to construct a concave function B
satisfying (1.7) and (1.8) so that [4, Theorem 10] can be applied.

Lemma 3.1. Let a € C'((0,00)) be a positive function such that a € L*(1,00) and
(1.5) holds. Then there exists a concave function B € C(]0,00)) such that for all
r>0

B(r) > r/oo a(s)ds (3.1)

and
B
lim (r)

T—00 'S

=0. (3.2)

Proof of Lemma 3.1. We construct B : [0,00) — [0,00) in the following way: we
put
oo
b; ::/ a(s)ds, i>0,
21
and notice that {b;};>0 is a decreasing sequence converging to zero as i — co. We
next define

bor + it relo0,2],
b = S j i o 3.3
( ) bi?" + Z(b] — bj+1)2]+1 +,Y if re (22’21+1} and i > 1. ( )
7=0
Clearly, B € C([0,00)) and
iy = bo if e (0,2),
Blr) = { b; if re (24,2 and i>1. (3.4)

Hence B is concave as a consequence of the fact that the sequence {b;}i>0 is
decreasing. Furthermore, for r € [0, 1], we have

B(r)y>~> r/oo a(s)ds,
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and for r € [2¢,20+1] i > 0,

B(r) > bir :7“/

Therefore, B satisfies (3.1).
Finally, let £ > 1. If i > k + 1 and r € (2¢,2°"!], then

B Y
( *b+r+z bjt1)

oo

a(s)ds > r/roo a(s)ds.

i

27+1

2j+1

i1 k—1
Sbi+%+2(bj_bj+1 +Zb—bg+1
j=k 7=0

k—1
1
<bi+ - (’Y + 2k Z(bj - bj+1)> + (bx — bs)

j=0
1
< bp + - (’Y+2kbo)~
Consequently,

B
lim sup ﬁ <b,forallk>1.

r—00 T
Letting k& — oo, we obtain (3.2) since by — 0 as k — oo and Lemma 3.1 is
proved. O

Proof of Theorem 1.1 (i), Part 1. When a belongs to L(1,00) and satisfies (1.5),
it follows from Lemma 3.1 that the conditions (1.7) and (1.8) are satisfied so that
Theorem 1.1 (i) follows from [4, Theorem 10]. O

To handle the other case, we proceed in a different way by showing an upper
bound for the function f defined in Section 2. We first observe that the function
U defined in (2.7) satisfies

\Il(r):/lrsl—Qa(%) ds:/ljra(s) ds, re(0,00),

so that, if a € L'(1,00), ¥(r) has a finite limit ¥(0) := —||a||11(1,00) as 7 — 0. We
then define
_ T 1 1 oo
U(r) :=¥(r) — ¥(0) :/ —a < > ds = / a(s)ds, re(0,00). (3.5)
0o S 8 1/r

Lemma 3.2. Let a € C1((0,00)) be a positive function such that a € L*(1,00).
There exists a positive constant upr > 0 depending only on M and a such that, for
any non-negative function g € H'(0, M) satisfying ||g|| L1 (0,m) = 1, we have

19 (9) 17~ 0,00y < 32M L1(9) + paa, (3.6)
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with u
£1(0) = 510,V O o + [ (o) - MB@) W) dy. (3T
the functions U and ¥y being defined in (2.7) and (2.9), respectively.

Proof of Lemma 3.2. We set G := ||g||(0,a) Which is finite owing to the con-
tinuous embedding of H1(0, M) in L>(0, M). Assume first that G > 1. Then, for
€ (0, M) and z € (0, M), we have

B(g(y)) = B(o /’aw dx < B(g(2)) + MY20,9(9)l| 20,01

Integrating the above inequality over (0, M) with respect to z gives

M ~
M) < [ Wo(e) dx+ M0, %(0) o
OM )
gﬁlmmmwwmmw
M ~ «
+/0 1(2/M,oo)(9(2))‘11(9(2))d2+M3/2||8y‘11(9)||L2(0,M)

o () e

M
< [ oo 0(:ale) d+ M210,8(0) 2200
0

- /2 MY (G .
<MY <M> " 2( ) + M*2)|0,%(g)l| L2(0.01) »

where we have used the property ||g||z1(o,ar) = 1 to obtain the last inequality. Tak-
ing the supremum over y € (0, M) and using the monotonicity and non-negativity
of ¥, we deduce that

. . /2
#(G) <20 ( 37 ) + 20210, 9(0) |20 (38

We next ObSGI;VG that the integrability of a at infinity also ensures that ¥;(0) >
—00, so that ¥y := ¥y — ¥4(0) is well defined and satisfies

Uy (r) = /OT sU'(s) ds < r¥(r), re(0,00). (3.9)

Since ||g||z1(0,pm) = 1, it follows from (3.8) and (3.9) that

/OM‘i’l(g) dyS/OMg‘i’(g) dy < U(G) /OMgdy

(3.10)
= (2 1/2
<20 (o7 | +2M 20,9 (9)] 120,01
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We next infer from (3.10) and the non-negativity of ¥ that
1 M M
£1(9) 2 510,90 B + | W) dy+Mw(0) =1 [ (o) dy
0 0

1 =~ (2
> 10 W@ o) + M(0) 22170 () = 2005210, ()] 2001

1 1 2
> Z||6y\P(g)||%2(O,M) + (5”83!\1](9)”L2(0,]\4) _ 2M3/2>
= (2
—AM? + MY(0) — 2M ¥ (M)

1 ~ 2
19,9 (@) 32(0,01) — 4M + MW(0) — 201 (M> |

whence
-~ (2
||8y\I/(g)Hig(0’M) <4L4(9)+ 16M°3 — AMT(0) + 8M T (M) .

It then follows from (3.8) and the above inequality that

-/ 2\2
#(GP <80 (7 )+ 8010, 9(0) 000

2
< 8W <%> +32M L1 (g) + 128M* — 32M>T(0) + 64 M > <%)

< 32M L1 (g) + pnrs
with
4 2 25 2 -2 2
g = 1+ 128M" = 320M°W(0) + 64MW (o ) +8¥ (o ) +W(0)* ~32M T (0).

We have thus shown Lemma 3.2 when G' = |[|g||p(,ar) > 1. To complete the
proof, we finally consider the case G € [0,1] and notice that, in that case,

0<H(G) < —0(0) and Li(g) > /M B(g) dy + MU(0) > MU(0),
0

since ¥; <0 in (0,1) and U > 0. Consequently,
U(G)? < 0(0)% = 32MT(0) + ¥(0)% — 32M U (0) < 32M L1 (g9) + pr,
and the proof of Lemma 3.2 is complete. g

As an obvious consequence of Lemmas 2.1 and 3.2 we have the following
result:

Corollary 3.3. Let a € C'((0,00)) be a positive function such that a € L'(1,00).
Fort € [0, Tmax) and y € [0, M], we have

0 < U(f(t,y)) < (32M max {L1(fo),0} + par) /.
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Proof of Corollary 3.3. Clearly

Li(f(t) = L1(t) < L1(0) = L1(fo) < max{L1(fo),0}

for t € [0, Timax) by Lemma 2.1 and Corollary 3.3 readily follows from Lemma 3.2.
O

Remark 3.4. Corollary 3.3 provides an L*-bound on f ouly if ¥(r) — oo as
r — oo, that is, if @ ¢ L'(0,1). In that case, it gives a positive lower bound for u
by (2.3).

We next turn to the proof of the second part of Theorem 1.1 for which we
develop further the arguments from [4, Theorem 10].

Proof of Theorem 1.1 (i), Part 2. Assume now that a € L'(1,00) and satisfies
(1.6). We fix M >0, ¢ > 2, and ) € (0,1) such that

5+ 39 qlg+1) [ 1
S < — .
q>max{3+19,a(19+1)_19} and e /1 a(s)dsi2, (3.11)

/em
the existence of €5 being guaranteed by the integrability of a at infinity.
For
§e (o,min{1,2M, (2M)_1/q}> : (3.12)
we put
_2(1— M) a q
foly) == ——5—= (0 —y)+ +072457>0, ye0,M]. (3.13)
Then
M
2(1 — M4 2
fo(y) dy =1, |/ follLee(o,mr) = % +d61< 5 (3.14)
0

Denoting the corresponding solution to (2.4)—(2.6) by f we next introduce

M
mg(t) ::/O yif(ty) dy, tel0,Thax),
and we have
(0) ( 2(1— Més9) Mt
m =
! (g+1)(g+2) q+1

o <2 +(g+ 2)M‘1+1>
B (¢+1(g+2)
It follows from (2.4), (2.5), and the non-negativity of ¥ that

) 59 < 169 (3.15)

with

dmyg M g—1a & Matl

ame _ _ 0,0 (f) dy + Mmy — ——

g q/o Y10V (f) dy + Mmyg P
dmy, M - M+l
— 2 <qglg—1 2Y(f) dy + Mmg —

T <ale=1) [y dy Mm-S

(3.16)
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We shall now estimate the integral on the right-hand side of (3.16): to this end,
we split the domain of integration into three parts which we handle differently. As
a preliminary step, we notice that, by (1.6),

U(r) <y9r” and W(r) < 197—_:_91 Tl <y T >0 (3.17)

We next define
Ko == (32M max {£1(fo), 0} + par) /23T > 1,
and consider (t,y) € [0, Tinax) % [0, M].
o If f(t,y) € (0,en], it follows from (3.11) and the monotonicity of ¥ that

~ ~ o0 M2
(7)< Few) = | ) ds < g (3.18)
o If f(t,y) € (ear, Ko), then (3.17) and the monotonicity of ¥ yield
; _ (/) (ko) — ¥(0)
U(f(t,y) = ) f(ty) < e f(t,y)
< v Kot — w(0) F(t,y).
EM
(3.19)
o If f(t,y) > Ky, Corollary 3.3 ensures that
N i 9+2
sty = I py ) < B0 p ) < k0t sy, 320)

f(tvy) KO

Consequently, recalling that Ko > 1 and ¥(0) < 0, we deduce from (3.16) and
(3.18)—(3.20) that

dmy

M ~
- < q(q—1) /0 YIPU(f) Lo,e0(f) dy

M
+alg—1) /0 YIE(F) 1oy, i (f) dy

Mo M+l
talg—1) / YI2E(f) Lo () dy + Mimg — 2L
0 q+1

(g —1)M? /M ,2 Yo KT —W(0) /M Ly
<2 =2 gy +q(qg—1) L= =2f 4
T ES I y+qlg—1) o Y fdy

Mt
q+1

M
+q(g— 1)KJH / Y2 f dy + Mmg —
0

9+1 M q—2 Mqul
< Cy K| ““fd Mmg;— ———
>~ L2 0 A Yy f y+ mg 2(q+1)7
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with C2 := q(qg — 1)(y9 — U (0) + epr)/enr. We next use Holder’s inequality and
(2.8) to conclude that
dm, Mot
dt 20 +1)
It remains to estimate Ky and in fact £1(fo). Since ¥ is negative on (0,1) and ¥,
is bounded from below by ¥1(0), it follows from (3.12) and (3.13) that

< C K79+1 Z(IQ*2)/Q + Mmq _ (321)

)
La(fo) < = (1 — M§9)? / W (fo)? dy + / U(fo) dy — MW, (0)

<2 / W (fo)? dy+/ (fo) dy — MW (0).

On the one hand, we infer from (3.14), (3.17), and the monotonicity of ¥ that

)
2
/ U(fo)dy<oWw (g> < 20t 577
0

On the other hand, we have
1—41
>1 f ith =0 ————§2
folw) 21 for Y€ [0.ys] with s =8~ g > 0.
foly) € [6%,1] for y € [ys,0],
so that, if y € [0, ys],

U (fo(y)? <v3fo(y)?” < ypd? 672
by (3.14) and (3.17), while, if y € (ys, 0],

/ 2 1 1 ? 2 2(—2) 2 s—2¢(2—a)
¥ (foly))? < —f0<y>4“( fo(y)) < CZ, foly)2oD < C2 52

by (1.6) since o < 2. Therefore,

2 ve 9 29 ° 2 2q(2
L1(fo) = 55 U Yod” 67 dy+/ C2, 57237 dy
0 Ys
+ ’719219+1 6719 _ M2\Ijl(0)

1—44
< 419-1—1 5 3—29 2 6—2—2q(2—a)
=70 T O 3=t

+,719219+1 6—19 _ MQ\I’l(O)
< ypd?TT 5720+ +C2 §7220(20) |y o0+l 5=0 N2y ()
<Oy (5—2(2+19) +6—2—2q(2—o¢))
with C3 := v94"*+2 + C2 — M?W¥,(0). Therefore,
KM <oy (5—(19+1) i 5—<ﬂ+1><1+q<2—a>)/w+2>> (3.22)

for some constant Cy > 0 depending only on M and a.
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For Cy := Cy,Cy we define

—(0+1) | s—(0+1)(1+a(2—a))/(042)) , (a-2)/q Mt
Aé(mq) = 05 (5 +5 ) mq JrMmqu
Combining (3.21) and (3.22) yields
d
T < As(my) (3.23)

dt

for t € [0, Tiax)- At this point, we note that the monotonicity of As and (3.23)
imply that As(mg(t)) < As(mg(0)) for ¢ € [0, Thax) if As(mq(0)) < 0, the latter
condition being satisfied for § small enough since

_ Matt
A <a=2)/a §1-3=0 4 5(a(a(@+1)=9)=30-5)/(9+2)\ L A1 59—
5(my(0)) <O/ (517377 4 )+MCy a1
by (3.11) and (3.15).
Summarizing, we have shown that, if ¢ satisfies (3.12) and
+1
(a—2)/q 5(]—3—19 5(q((x(19+1)—19)—319—5)/(19+2) M 54 ! 24
ol ( + )+ €18 < gy (329)
we have
dmy
T 1) < Aalmg(1)) < As(mg(0)) <0, 1€ [0, Tra),

an inequality which can only be true on a finite time interval owing to the non-
negativity of m,. Therefore, T},.x < 0o in that case and, for any M > 0, we have
found an initial condition ug given by (2.2), (2.3), and (3.13) (for J small enough
according to the above analysis) such that (up) = M and the first component u of
the corresponding solution to (1.1)—(1.4) blows up in finite time. O

4. Global existence

The proof of Theorem 1.1 (ii) also relies on the study of the function L; defined in
Lemma 2.1. For that purpose, we first recall another property from [4]. We define
the function E; by

1 M
Ey(h) = §||8thL2(O,M) +/ 1—oo0)(h(y)) h(y) dy, he€H'(0,M), (4.1)
0
for which we have the following lower bound.

Lemma 4.1. [4, Lemma 9] For M > 0, we have

1 1
Ey(h) =2 1 10yl L2g0,00) — M? — M ‘\If (M) , (4.2)

and

1
Itlzsonny < M0, 000+ 24 |9 (5 )| (43)
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for every h € H*(0, M) satisfying

M
|t a-t. (1.4)

We now show that the non-integrability of a at infinity allows us to show
that Thax = 00. To this end, we use the alternative formulation (2.4)—(2.6) as in
[4] and prove that f cannot vanish in finite time.

Proof of Theorem 1.1 (ii). Owing to (2.6) and the assumptions made on wg, we
have
1
0< foly) < —, yelo,M]
mo
Introducing X(t) := M~ + Mt (mg' — M~1) for t > 0 we have

1
8t2—8§W(E)—ME+1=M<E—M> - MY +1=0,

$(0) = mi > foly), e (0. M),

and the comparison principle warrants that
flty) <), (ty) € [0, Tmax) x [0, M]. (4.5)

We now follow the strategy of the proof of [4, Theorem 5] and first use the
properties of ¥, ¥y, and (4.5) to estimate the function L; (defined in Lemma 2.1)
from below. Indeed, since ¥ > 0 on (1,00) and ¥; <0 on (0,1) we arrive at

L4(0) 2 La(t) = 5 10,0 (T2 0 a1
M
+ [ ()@ = M) dy
[ Lo () (¥ = M) () dy
1 : 2 M
> S IO a0+ [ Lm0 0.0) dy

M
M / 101,00) (F(£,9)) U1 (£ (t,y)) dy
> Ei(W(f(1)) - M>U1(2(0)),

where Ej is defined in (4.1) and we have used (4.5) to obtain the last inequality.
Next, by Lemma 4.1 and (2.8), we have

14(0) > {10, BNy~ 0° = M | (57 )| - 32932000,
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whence
i 10, U (F(E) 20,00y < L1(0) + MP + M ‘w (%) ‘ + MU, (S(t).  (4.6)

Using again Lemma 4.1, we have

IO 0nr) < M2 10,9 (W) oo any + M 'q, (%)

< 2M3/? (Ll(()) +M*4+ M ‘qf (%) ’ + M2\111(Z(t)))1/2 +M ‘\If (%)‘ .

Combining the previous inequality with (4.6) and the Poincaré inequality leads us
to the bound

||\Ij(f(t))||H1(07M) S CG(T) 9 t € [O7T] n [O7Tmax) ) (47)

for all T > 0. Together with the continuous embedding of H'(0, M) in L>°(0, M),
(4.7) gives

—C7(T) < ¥(f(t,y) < Co(T),  (t,y) € ([0,T] N0, Tinax)) x [0, M].
Since
1in}) U(r) =—o0
due to a € L*(1,00), the above lower bound on W(f) ensures that f(¢) cannot

vanish in finite time, from which Theorem 1.1 (ii) follows as already discussed in
Section 2. O
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Abstract. We give some perturbation theorems for multivalued linear opera-
tors in a Banach space. Two different approaches are suggested: the resolvent
approach and the modified resolvent approach. The results allow us to handle
degenerate abstract Cauchy problems (inclusions). A very wide application of
obtained abstract results to initial boundary value problems for degenerate
parabolic (elliptic-parabolic) equations with lower-order terms is studied. In
particular, integro-differential equations have been considered too.
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1. Introduction

Degenerate evolution equations in Banach spaces and their applications to par-
tial differential equations constitute a very wide field of mathematical research.
Many different methods exist to handle this subject (see, e.g., [11]). Two different
approaches were introduced in [6]. The first one relates to multivalued linear opera-
tors, while the second uses a modified resolvent and operational method, extending
G. Da Prato and P. Grisvard’s approach (see also [7] for applications to nonlinear
equations). In whichever case, a basic role is played by the resolvent estimates of
the operators involved. A number of applications to singular linear parabolic dif-
ferential equations has been given in [4], [5], which improved the previous results in
[8] and [6]. In particular, [5] deals directly with second-order differential operators
with lower-order terms.

The second author is a member of G.N.A.M.P.A. and the I.LN.D.A.M.; the third author is sup-
ported by I.N.D.A.M. and the Israel Ministry of Absorption.
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In this paper we obtain the relevant perturbation theorems for such equations.
To the best of our knowledge, such perturbation results have not appeared in the
existing literature.

More precisely, Section 2 describes the resolvent approach of perturbing a
multivalued linear operator by another (possibly) multivalued linear operator and
satisfying some estimate. This goal is reached by some arguments from [1]. Section
3 deals with the modified resolvent approach which is, on the other hand, strictly
related to the first type. Section 4 furnishes a large number of concrete examples
from partial differential equations to which the developed abstract theory applies.
We note that in Examples 5-7, an alternative approach to certain equations of [5],
related to gradient estimates, is indicated.

2. Resolvent approach

Denote by X, Y Banach spaces, by £(X,Y") a space of all bounded linear operators
from X into Y, by ML(X,Y) a space of all multivalued linear operators from X
into Y, by A, B multivalued linear operators from ML(X,Y). If X = Y then
denote £(X) := L(X,Y) and ML(X) := ML(X,Y). The norm of Au is defined
as follows

|Au|| := inf{||y|ly : v € Au}, VYu € D(A),
and

[Allarecx,yy == sup || Aully.
lullx <1

By Ao we denote a selection (or a single-valued linear part) of A, i.e.,
A=Ap+A— A, D(Ap) = D(A).

Obviously,
Au = Aou + A(0), Yu € D(A).
Here and everywhere, A(0) stands for AQ.

Definition 2.1. Given an operator A € ML(X). By p(A) C C we denote the
resolvent set of A, i.e., A € p(A) if and only if the inverse operator (\] — A)~! is a
linear bounded single-valued operator defined on the whole space X. In this case
we denote R(\, A) := (M — A)~! and call it the resolvent of A.

Let E be a linear subspace of X. Denote by Pg the multivalued linear projec-
tion given by Pgx := E for any € X. Thus the graph of Pg, G(Pg) = X x E. Ob-
viously, the kernel of Pg, N(Pg) = X and Pg(0) = E. Next, define I € ML(X)
by Ig := I + Pg. Then, we have a series of simple facts: N(Ig) = E, the image
R(Ig)=X,Ig(0)=FE, G(Ig)={(z,z+¢):x € X,e € E}, Igx =z + E, for all

el = sup It 2l <1 (since [|[Tpa| = |2+ B = inf{[lz+y] -
x

z € X, ||Ig| = sup
x#0
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y € E}), and the minimum modulus (cf. [1, I1.2.2])

oo, if E is dense in X, o, ifE=X,
YUE) = =

Ilélfﬁ Tz B Otherwise 1, if E+#X.

Proposition 2.2. Let S € ML(X) satisfy D(S) = X and ||S|| < 1. Then, the
operator I — S has a dense range.

Proof. Write E := S(0) (it is known, [1, 1.2.4], that S(0) is a linear subspace of
X). Since y(Ig) > 0, Ig is open (see [1, I1.3.2(b)]). Also, R(Ig) = X, S(0) = E =
I5(0), and ||S|| < 1 < ~(Ig). Hence, by [1, II1.7.5], Iy — S has a dense range. Since
I -5 =1 — S, the result follows. O

Obviously, if X is finite dimensional, then D((I — S)~1) = X.

Proposition 2.3. Let S € ML(X) satisfy D(S) = X and ||S]| < 1, and let S(0) be
closed. Then, (I —S)~t € ML(X) is continuous if and only if R(I — S) is closed.

Proof. By Proposition 2.2, if R(I —5) is closed then I — S is surjective, therefore,
D((I — S)™1') = X which implies, by the closed graph theorem (see [1, 111.4.2]),
that (I —S)~! is continuous. Conversely, if (I — S)~! is continuous then I — S is
open (see [1, I11.3.1]) and, by [1, I11.4.2(b)], R(I — S) is closed. O

Let us now prove the main proposition.

Proposition 2.4. Let S € ML(X) satisfy D(S) = X and ||S|| < 1, and let S(0) be
closed. Then, (I —S)~' € ML(X) is everywhere defined and continuous.

Proof. In order to prove that the operator (I —S)~! is continuous, it is enough,
by Proposition 2.3, to show that R(I — S) is closed. By [1, II1.4.4], R(I — S) is
closed if and only if the range of the adjoint R((I —S5)’) is closed. By [1, ITIL.1.5(b)],
(I —S) =1-5" Thus, we are going to show that R(I —S’) is closed.

By [1, 11.3.2(a)] and [1, TI1.1.13], the adjoint operator S’ is continuous. Then,
by [1, II1.4.2(a)], D(S’) is a closed subspace of X'. Since D(S) = X then, by [1,
I11.1.4(b)], S’ is single-valued. By [1, III.1.13], ||S’|| < ||S|| < 1. Denote ||S’| =
1 —d, where 0 < d < 1. Some trivial calculations show that the operator I — S’
is injective. Indeed, let (I —S")a’ = 0. Then, 0 = ||(I — S")z'|| > ||2'|| — ||S’2'|| >
|2’ = 1S |||=’]| = d||«’|| > 0, i.e., 2’ = 0. Let us now show that I — S’ is open. By
[1,I1.2.1], since I — S’ is injective, v(I - S") = inf W > d > 0. This

x/#0,2’€D(S") -

proves, by [1, I1.3.2(b)], that I — S’ is open as a map from D(I —S’) = D(S’) onto
R(I — §'), i.e., the inverse (I — S’)~! is continuous, by [1, I1.3.1] and, therefore,
D(S") and R(I —S") are isomorphic. This implies, in turn, that R(I —S’) is closed
since D(S’) is closed. Therefore, as mentioned above, R(I — S) is closed and, by
Proposition 2.3, the operator (I — S)~! is continuous.

Combining Proposition 2.2 with the fact that R(I — S) is closed, we conclude
that R( — S) = X. O
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Note that for I — S to be only surjective one should not claim that S(0) is
closed or ||S]| < 1. Let us give some other sufficient conditions for that.

Proposition 2.5. If S € ML(X) (with D(S) = X) has a continuous selection Sy
such that ||So|| <1 then I — S is surjective.

Proof. Tt ||Sp|| < 1 then I — Sy is surjective (from the single-valued theory). On
the other hand, I - S=1—-S,+5 -5, ie, (I —S)z= (I — So)x + S(0) for all
x € X. Hence, R(I —S) D R(I— Sp) =X. O

Proposition 2.6. If S € ML(X) (with D(S) = X), ||S|| < 1, and there exists a
linear projection, with the norm equal to 1, defined on R(S) with kernel S(0), then
I — S is surjective.

Proof. Let P be the norm-1 projection and let Sy = PS. Then, by [1, 11.3.13],
1Soll = [I1PS|| < ||P|||IS|I = |IS]| < 1. Now apply Proposition 2.5. O

Note that if X is a Hilbert space then there exists a norm-1 linear projection
defined on R(S) with kernel S(0).
We now pass to the main perturbation theorems.

Theorem 2.7. Let the following conditions be satisfied:
1. A€ ML(X) and, for some n € (0,1],

|R(X, A)|| < CIA|™",  for sufficiently large X € T,

where T' is an unbounded set of the complex plane;
2. Be ML(X), D(B) D D(A), B(0) is closed, and, for any € > 0, there exists
C(g) > 0 such that

|Bull < el Aul"[[ull*~" + C(e)ull, Vu € D(A).

Then, for every sufficiently large X\ € T, the multivalued linear operator (A — A —
B)~1! is defined on the whole space X and

A —A—DB) Y| <CIN™", for sufficiently large X € T'.

Proof. By, e.g., [6, Theorem 1.7, p. 24], —I + AR(A\, A) C AR()\, A), YA € p(A).
Then, for sufficiently large A € T, by condition (1),

[AR(A, A)l| < 1+ MR, A)|| < CIAF.
Hence, by conditions 1 and 2, for sufficiently large A € " and for any v € X,
IBR(A, Aol < e AR(A, Ao RN, A)o[|'=" + C(e)|R(A, A)]|
< (eCHCE)Av]-

Therefore,
IBR(A A)|| < q<1, for sufficiently large A € T'.
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Then, by Proposition 2.4, the multivalued linear operator (I — BR(\, A))~! is ev-
erywhere defined and continuous for the same A, i.e., by [1, I1.3.2(a)], the operator
has a bounded norm

(I = BR(X\, A))™|| <O, for sufficiently large A € T. (2.1)

Further, since AI — A is injective (see, e.g., [1, Exercise VI.1.2, p. 220]) then,
by, e.g., [1, formula 1.1.3/(9), p. 3] and [9, Proposition A.1.1/(e), p. 281], on D(A4),

(I-=BRMNA)YWMN —A)Cc AN —A—BRMA)M -A)=X—-A-B. (22)
Then, by the definition of the inverse operator of multivalued linear operators (see,
e.g. 1, p. 1])

[(I — BRI\ AN —A))Pc(M—-A-B)"h

From this, taking into account, e.g., [9, Proposition A.1.1/(a), p. 280], we get, for
sufficiently large A € T,

R\ A)I —BR(MA) Pc(M—-A-B)™L (2.3)

In fact, the left-hand side operator is defined on the whole space X, which means
that the image of the left-hand side operator in (2.2) is X, i.e., also the image
R(M — A— B) = X. This says that the operator (A\I — A — B)~! is defined on the
whole space X for sufficiently large A € T'. On the other hand, by (2.1), (2.3), [1,
Corollary I1.3.13, p. 38], and condition 1, we get

IAL = A= B)7H < [R(\ A (T = BR(A, )~
< C|A7",  for sufficiently large A € T. O
Conditions of Theorem 2.7 do not guarantee that the operator (A\I — A— B)~!

is single valued, that is why we could not say that (\[ — A — B)~! = R(\, A+ B).
Let us now formulate the results which state that (Al — A — B)™! = R(\, A+ B).

Theorem 2.8. Let the following conditions be satisfied:
1. Ae ML(X) and, for some n € (0,1],
|R(X, A)|| < CIAN™",  for sufficiently large X € T,

where T' is an unbounded set of the complex plane;
2. Be ML(X), D(B) D D(A), B(0) is closed, and, for any e > 0, there exists
C(e) > 0 such that

[Bul| < el| Aul|"|[ull*™" + C(e)lull, Vue D(A);
3. For sufficiently large X\ € T, the operator (I — R(\, A)B)~! is single valued.
Then, every sufficiently large A € T belongs to p(A + B) and
|RXN, A+ B)|| < C|N™", for sufficiently large A € T.
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Proof. From I C (Al — A)R()\, A) and [9, Proposition A.1.1/(d) and (e), pp.280-
281], for sufficiently large A € T',

M —A—BCA—A— (A — AR\ A)B c (M — A)(I — R\, A)B).

Then, by the definition of the inverse operator of multivalued linear operators (see,
e.g., [1, p.1]) and, e.g., [9, Proposition A.1.1/(a), p.280],

(M —A—B)™' c(I-R(\ A)B)'R(\ A), (2.4)

for the same \. Since the right-hand side operator is single valued, for sufficiently
large A € ', then (A — A — B)~! is also single valued for the same A. Combining
this with the result of Theorem 2.7, we get that these A belong to p(4 + B) and
(M —A-B)"'=R(\ A+ B). O

Theorem 2.9. Let the following conditions be satisfied:
1. Ae ML(X) and, for some n € (0,1],

|RN,A)|| < CINTT,  for sufficiently large X € T,

where I' is an unbounded set of the complex plane;
2. B is a single valued linear operator in X, D(B) D D(A), and, for anye > 0,
there exists C(e) > 0 such that

1Bull < el Aul"[[ul'=" + C(e)llull,  Vu € D(A);

3. There exists a Banach space Z, D(A) C Z C D(B), such that, for some
0 € (0,1],

RN, Al zx,z) < CIN™?,  for sufficiently large X € T.
Then, every sufficiently large A € T’ belongs to p(A + B) and
|RXN, A+ B)|| < C|N™",  for sufficiently large A € T.

Proof. From conditions 1 and 2 we get conditions 1 and 2 of Theorem 2.7. There-
fore, the result of Theorem 2.7 is true. Thus, in order to get the assertion of
Theorem 2.9, it is now enough to show that the operator (A — A — B)~! is single
valued.

Since B is single valued then, for sufficiently large A € T, R(\, A)B is also
single valued. On the other hand, by condition 3,

IR\ A)Bllez) < 1RO Al x| Bllezxy < CINT? < 1,

for sufficiently large A € T'. Therefore, I — R(A, A)B has a bounded single valued
inverse operator (I — R(\, A)B)~! in £(Z). Then, since the image R((A\] — A —
B)™') = D(A) and the image R(R(\, A)) = D(A), we obtain, by (2.4), that
the operator (A\I — A — B)~! is single valued (in fact, (\] — A — B)™! = (I —
R(\, A)B)1R(\, A), for sufficiently large A € T). O
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Remark 2.10. The same conclusion, as in Theorem 2.9, holds if instead of the
inequality in condition 2 it is assumed that, for some ¢ > 0,

|BR(A, A)|| < CIA|77, for sufficiently large A € T. (2.5)

The proof is the same as that of Theorem 2.9, where the inequality in condition
2 is needed in order to apply Theorem 2.7. In turn, the inequality in Theorem 2.7
has been only used for the proving that | BR(X, A)|| < ¢ < 1, for sufficiently large
A € I'. The latter inequality is now obvious due to (2.5).

3. Modified resolvent approach

Definition 3.1. Let M and L be two single-valued, closed linear operators in a
Banach space X, D(L) C D(M), 0 € p(L). The set {A € C : AM — L has a single-
valued and bounded inverse defined on X} is called the M modified resolvent set
of L (or simply the M resolvent set of L) and is denoted by pps(L). The bounded
operator (AM — L)~! is called the M modified resolvent of L (or simply the M
resolvent of L).

Theorem 3.2. Let the following conditions be satisfied:

1. Operators M(t) and L(t) are single valued, closed linear operators in a Ba-
nach space X which depend on a parameter t, D(L(t)) C D(M(t)), every
AeT, [N = oo, belongs to prr)(L(t)), and, for some n € (0,1],

| M) (AM(t) — L(t))" | < CIA\™",  for sufficiently large A € T,

uniformly on t, where ' is an unbounded set of the complex plane;
2. An operator L1 (t) is a single-valued, closed linear operator in X, D(L(t)) C
D(L4(t)) and, for any e > 0,

L1 (8yull < el L@u"IM (ull'=" + Ce)M ()ull, Vu e D(L(1)),

uniformly on t.

Then, every sufficiently large A € T belongs to par)(L(t) + L1(t)) and
| M(£)[AM(t) — (L(t) + L)Y < CIN™",  for sufficiently large X € T,
uniformly on t.
Proof. Since, for A € parr)(L(1)),
L(t)(AM(t) = L(t) ™" = (=(AM(t) = L()) + AM () (AM (t) — L(t)) ™"
=T+ AM(t)AM(t) — L(t)) "
then, by condition 1, for sufficiently large A € I'; we have
ILE)AM () = L) M < CIA,
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uniformly on ¢. Hence, by conditions 1 and 2, for sufficiently large A € I" and for
any v € X,
[L1()(AM(2) — L(t) " o]| < el LE)AM(t) — L))~ ol 7| M () (AM (2)
— L()) o'+ Ce) IM(£)(AM(t) — L(1) ™Mo
< ECHCEIANT],
uniformly on ¢. Therefore,
|Li(&)(AM(t) — L(t))"'| < ¢ < 1, for sufficiently large A € T,

uniformly on ¢, which implies, for the same A,

I = La()(AM(2) — L(t)) 17 < C, (3.1)

uniformly on ¢.
On the other hand, for A € pyr(4)(L(2)),

AM () = (L(t) + La(t)) = [I = Ly () (AM () — L(t)) T T(AM () — L(t)),
i.e., for sufficiently large A € T,
AM(t) = (L(t) + L1 ()] 7 = (AM(t) — L(t) 'L — La()(AM(t) — L(t) ™17

M(#)[AM (8) — (L(#) + La ()]~
= M()(AM(t) = L(t)) "' [I = L1 () (AM (1) = L(t)) ']~
which, by condition 1 and inequality (3.1), completes the proof. O

Remark 3.3. The same conclusion, as in Theorem 3, holds if instead of condition (2)
it is assumed that Ly () is a single-valued, closed linear operator in X, D(L(t)) C
D(L4(t)), and, for some o > 0,

|Ly(t)(AM (t) — L(t)) 7| < C|A|~°, for sufficiently large \ € T,
uniformly on ¢. In this case, the proof of (3.1) is obvious since

|Li(&)(AM(t) — L(t))"'| < g < 1, for sufficiently large A € T,
uniformly on ¢.

Corollary 3.4. Let the following conditions be satisfied:

1. Operators M(t) and L(t) are single valued, closed linear operators in a Ba-
nach space X which depend on a parameter t, D(L(t)) C D(M(t)), every
sufficiently large A € T' belongs to par) (L(t)), and, for some n € (0,1],

[M(E)AM ) — L) < CIN™",  for sufficiently large X € T,

uniformly on t, where I' is an unbounded set of the complex plane;
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2. An operator L1(t) is a single-valued, closed linear operator in X, D(L(t)) C
D(L+(t)) and, for some p € [0,7n),

IL1()ull < COLEull*| M Eul*~* + M (t)ul),  Yu e D(L(#)),
uniformly on t.
Then, every sufficiently large A € T' belongs to pary(L(t) + L1(t)) and
| M(E)AM(t) — (L(t) + Ly () | < CIA|7",  for sufficiently large A € T,
uniformly on t.
Proof. By the Young inequality, we have
L@ yull ™| M (@l 4 = M @Eul| | LEul || M (]
< M @ull' (| LE)u]" + Ce)| M (t)ul™)
< e[| L(yul| " M (E)ul| '™+ Cle) | M (t)ul,
which implies that the assertion follows from Theorem 3.2. g

Theorem 3.5. Let M(t) and L(t) be single valued, closed linear operators in a
Banach space X which depend on a parameter t, D(L(t)) C D(M(t)), and

M) AM () — L) M| < KN, argA =, X sufficiently large,

uniformly on t.
Then, for some a > 0,

|M(E)AM(t) — L(t)) 7Y < CINTY, arg A — @] < o, A sufficiently large,
uniformly on t.
Proof. If i € pary(L(t)), then
AM(t) — L(t) = pM(t) = L(t) + (A — ) M (t)
= (I — (u = NM(&)(uM(t) = L(t) ] (M (t) — L(t))-

Then, for [A — p| < [|M(t)(uM () — L(t)) 17,

M(t)(AM(t) — L(t) ™"

= M(t)(uM(t) = L))" I = (= MM (&) (uM () — L(t)) "7,

(
(

or

M@OOME - L)
= MM (E) = L))" S M) (M) — (1) 71 (e = V)

k=0
Fix ¢ < 1. Therefore, in the circle |A — s| < K~!|s|g, with a center point s €
pr)(L(t)) on args = ¢ and s is large enough, by the condition of the theorem,

we have
oo

1M (8)(AM () = L(£) M| < Kls| ™t (K sl ™) (K sla)* = K]s| 7 (1 —a) 7,

k=0
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uniformly on t. Since K ~![s|g > |\ —s| > |\| — |s], then |s|} < (K~1g+ 1)|A]7L.
So, in the circle |\ — s| < K~1|s|q, for sufficiently large s on args = ¢, we have

IM @AM (1) — L) < K(1 - )~ (Kl + DA™ < O,

uniformly on ¢. Since the circles |\ — s| < K ~![s|q cover the angle |arg A\ — ¢| < a,
where o = arctan(K ~1q), then, for a = arctan(K ~!q), the necessary estimate is
ulfilled. 2

4. Application to PDEs

We give various examples of possible applications of the obtained abstract pertur-
bation results.

Example 1. Consider an initial boundary value problem for an equation of parabolic
type in the domain [0,1] x [0,T]

2 Bv"c g v i
%{(1_%) U(J),t)} ( ) +Zg OZZ lbﬂ( ) 1(()01#(1) 2
+Z? OfolB':z:, ‘9”(yt)dy+f(xt) 0<z<1l, 0<t<T,
0(0,8) = v(1,8) = L5(0,¢) = £4(1,6) =0, 0<t<T,

(1 — 59%) v(x,0) =up(z), 0<z<1,

(4.1)

where bj;(z) € L?(0,1), p;i(x) are functions mapping the segment [0,1] into
itself and belong to C[0,1], B;(x,y) are kernels such that, for some o > 1,
1 - 1 -
Jo 1Bj(z,y)|7dy + [y 1B (z,y)|7dx < C.
Denoting X := L%(0,1), M = I — 2 with D(M) := H?(0,1) N H}(0,1),
L= —-& with D(L) := H*(0,1;u(0) = u(l) = u”(0) = u”(1) = 0), and

Lyu —Zzbﬂ ul (pji(x +Z/ M (y)dy

7=0 =1

with D(L1) = D(L), and, using [6, Example 3.1, p. 73], [12, Examples 3 and 4, p.
201], [12, Lemma 1.2.8/3], [6, Theorem 3.8], and Theorem 3.2 (with n = 1), one
can get that for any f € C*([0,T]; L?(0,1)), 0 < s (< 1), and any ug € L?*(0,1),
there exists a unique strict solution v(z,t) of problem (4.1) such that

Mv € CY((0,T]; L*(0,1)), Lv, Lyv € C((0,T]; L*(0,1))
provided that Mov(z,0) = ug(z) is understood in the seminorm sense, i.e.,
|| M (M — L)_I(Mv(~,t) — u0(~))||L2(o71) —0 as t—0,

where v > 0 is sufficiently large.
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Example 2. Modify now the boundary conditions in (4.1) and consider, e.g., the
following problem

(1) v ﬂ} ~ 3 by ) 55

+Zj ofo 8U(yt)dy+f(x,t), O<z<1,0<t<T,
4.2
v(0,8) = v(1, 1) = 8v<0t>fg;;<u>fo 0<t<T, (4.2)

(1——) v(x,0) =up(z), 0<z<l,
where bj(x) € L>(0,1), Bj(z,y) € L?((0,1) x (0,1)).
Denotmg X = L2(0,1), M := I — <5 with D(M) := H2(0,1) N H(0,1),
L= -4 with D(L) :== H*(0,1;u(0) = u(1) = v/(0) = v/(1) = 0), and

2 1
L —Zb WD)+ / Bj(z, y)u (y)dy
j=0"0

with D(L;) = D(M), and7 using [6, Example 3.2, p. 73], [6, Theorem 3.8], and
Corollary 3.4 (with n = % and any p € [0, %)), one can get a similar result as in
the previous example also for problem (4.2). Note only that, for any v € D(L),
obviously

1L1ull 20,1y < Cllullz0,1) < Cllullyaop) el 2o 1y
= C(HLUH 201t ||U||L2 0,1 )”MUHLz(o’l)
< (1 Lullfago gy + 12Ul ) IDLUI
< O Lullao 1y | Mull 2o 1) + 1M ull20,1))-

Example 3. Consider now an initial boundary value problem for an equation of
parabolic type in the domain [0, £7] x [0, T

2
G (1 ) et} = T+ ala) 7 (vls,0) + T2 ) ds

+f(x,t), O<z<lm 0<t<T,
v(0,t) = v(lr,t) =0, 0<t<T,

(1 + %) v(z,0) = (1 + @a—;> vo(z), 0<z</{m,

where { is a positive integer, a(z) is a continuous function on [0, ¢].

Denoting X := C([0, ¢n];u(0) = u(¢r) =0) and M := I + %;2 with D(M) :=
C?([0, £x);u(0) = u(fw) = v’ (0) = v”(¢r) = 0), and, using [6, Example 3.10, p.
86], the corresponding calculations in [6, p. 85], [6, Theorem 3.8], and Corollary
3.4 (with n = 1 and p = 0), one can get that for any f € C*([0,7]; X),0< s <1,
and any vg € D(M), there exists a unique strict solution v(x,t) of problem (4.3)
such that

(4.3)

Mv € CY((0,T]; X)
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provided that Mwv(z,0) = Muvg(z) is understood in the seminorm sense, i.e.,
IM(yM +1)" M(v(-,t) = vo()llx — 0 as t —0,
where v > 0 is sufficiently large.
Example 4. Consider an initial value problem
{ %(t%(t))é: Lo(t) + Li(t)v(t) —av(t) + f(t), 0<t<T, (4.4)
lim; o+ (t*v(t)) = 0.
Theorem 4.1. Let the following conditions be satisfied:

1. The operator L is a single-valued, closed linear operator in a Banach space
X, D(L) is dense in X, the resolvent set p(L) contains the region {\ € C :
ReX > —c(|SmA| + 1)}, and, for these A,

C

RN L[ < )
1RO D < (3

for some positive constants ¢ and C;
2. The operator Li(t), for any t € [0,T], is a single-valued, closed linear op-
erator in X, D(L) C D(Li(t)), Li(-) € CY™#([0,T]; B(D(L), X)), where
w=min{l — 1,1}, and, for any e > 0,

L1 ()ul| < el Lul| + C(e)[|ull, Vu e D(L),

uniformly ont € [0,T);
£>1;a=0if L1(t) =0, otherwise a > 0 is sufficiently large;

4. feC7([0,T]; X) with 0 < o < p(1 — §).

Then, there exists a unique strict solution of (4.4) such that t'v € C*+° ([0, T7;
X) and v € C?(]0,T); D(L)). Moreover, for the solution, lim+ 4 (t'(t)) = 0 and
t—0

Lv(0) + L1(0)v(0) — av(0) + £(0) = 0.
Proof. If Ly1(t) = 0 (i.e., by condition 3, also @ = 0) then the theorem has been
proved in [6, pp. 111-112]. So, a new case is a perturbed equation in (4.4), i.e.,

Li(t) # 0. In this case, by conditions 1 and 2, from Theorem 3.2 (with M (¢) = I,
n=1), we have

et

C
Al 417
uniformly on ¢t € [0,T], in the region {A € C : Re(A —a) > —c(|SmA| + 1)}, for
a > 0 sufficiently large, or, equivalently,

IR\ L+ Li@)] <

¢
IA[+1°
uniformly on ¢ € [0,T], in the region {\ € C : ReX > —c(|SmA|+1)}. Therefore,
M(t) := t‘I and L(t) := L + L1(t) — al satisfy [6, formula (4.14), p. 106] with
a = =1 and v = 0. Moreover, from
Cctt! C

< T
A +1 7 N\t

IR\, L+ L(t) —al)|| <

(M = (L + La(t) —al)) 7Y <

ReX > —co(|SmA| + 1),
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uniformly on ¢ € [0, T], where ¢o > 0 is some suitable constant, [6, formula (4.19),
p. 108] is verified with 7 = 1 — 4. Formula (4.20) in [6, p. 108], by condition 2 and
that M(t) = t‘I, is obvious with y = min{¢ — 1,1}. Then, the proof is completed
by using [6, Proposition 4.15]. O

Remark 4.2. Using Example 1, for application of (4.4), we can take, in X :=
L?(0,1), an operator L := —% with D(L) := H*(0,1;u(0) = u(1) = «"(0) =
u”(1) = 0) and, e.g., an operator

La(t Zzbﬂ u(J) (pji(z +Z/ sy J) (v)dy

j=0i=1

with D(L1) = D(L), where b(t) € C**#[0,T], and, by Theorem 4.1, get the corre-
sponding result.

The following examples are variations of initial boundary value problems of
the type

%(m(m)u(m,t)) + Lu(z,t) = f(x,t), (x,t) € Qx(0,7],
u(@,t) =0, (w,t) €02 x (0,7],  (4D)
m(z)u(z,0) = vo(x), x €,
where  is a bounded domain in R, n > 1, with a smooth boundary 052,

0
£== 3 5 (o )+zaz )
aij, ai, ao are real-valued functions on Q such that aj; = a;; € C’(ﬁ); %7 aq, %,
ag € L*(Q), i,5=1,...,n;

n

Z gzgjzc()Zgj, Ve e Q, Jeg > 0;
j=1 j=1
ao(z) > c1 >0, Vz € Q, Iy > 0; m(z) >0, m € L>=(Q); and the initial condition
in (4.5) is understood in the seminorm sense |[mL~'(mu — vo)| rr() — 0, as
t— 0T,

Generalizing to the degenerate case the well-known classical result in [2,
Theorem 4.43], it is shown in [4] that if D(L) := W2P(Q) N W, *(Q), Lu := Lu,
ai(r) =0, fori=1,...,n, D(M) := LP(Q), Mu := m(-)u, and m is p-regular in
the sense that m € C*(Q) and, for some p € (0,1),

Vm(z)| < Cm(z)”, VzeQ, (4.6)
then, for p > 2, the estimate

__2
MM — L) £y < CA+ A 70 (4.7)
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holds in the sector 31 := {A € C : ReX > —¢(1 + |SmA|)}, for some ¢ > 0. Note
that, in [5], it was considered the general problem (4.5) also with Robin boundary
condition 7', aij(x)l/j(:c)au(z D 4 p(x)u(z,t) = 0 on IQ x (0,7] (instead of
the Dirichlet boundary condltlon) where v(z) = (v1(x),...,vn(x)) is the unit
outer normal vector at  on 99, b € L (9Q). Under some additional restrictions

on the coefficients of the problem, like ag(z) — %2;1 a‘gx(f) > >0, b(z) +
% St ai(@)vi(z) > 0, Vo € 09, estimate (4.7) was again proved.

In what follows, we indicate different types of conditions on the lower-order
terms which allow us to apply the perturbation results in Sections 2 and 3.
Example 5. We introduce now a problem, to which the resolvent approach (see
Section 2) can be applied. Consider an initial boundary value problem for an
elliptic-parabolic equation of the type

%(m(m)u(@t)) = Ve(a(z)Vu(x,t)) + Zal w
+ co(z)u(z,t) —|—f(ac,t), (x,t) € Q x (0,7], (4.8)
u(z,t) =0, (x,t) € 0Q x (0,7], (4.9)
m(z)u(x,0) =vo(z), =z €. (4.10)

Here, € is a bounded domain in R” of class C?, n = 2, 3; V denotes the gradient
vector with respect to z variable; m(z) > 0 on Q and m € C?(Q); a(x), a;(z),
co(x) are real-valued smooth functions on Q; a(z) > 6 > 0 and cy(z) < 0 for all
x € Q, there exists § > 0. Moreover, (4.6) is satisfied.

Take the space X := L2(Q), the operators Mu := m(-)u, D(M) = X,
Lu = Ve(a(-)Vu) + co(-), D(L) := H*(Q) N H}(Q). Introduce the new unknown
function v := Mwu and, in X, consider the operators

A:=LM, D(A) = M(D(L)),

Bu := Zal 8% D(B) := HY(Q).

Note that A is a multivalued hnear operator. Then, problem (4.8)—(4.10) is reduced
to the multivalued Cauchy problem (inclusion)

% € Av+ Bv+ f(t), te(0,1],

v(0) = wo,

where f(t) := f(¢,-) and vo := vo(+).
We are going to use Theorem 2.9 together with Remark 2.10 for the multi-
valued linear operator A + B. We get, from (4.7), that
IR D2y = IMOAM = L) x) < CL+[A) "2

holds for any A in the sector Xy, i.e., condition 1 of Theorem 2.9 is fulfilled with
1N = 5—. Further, using arguments in [7, pp. 443-444], introduce the Hilbert space

(4.11)
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Z = H**(Q), 0 < ¢ < 3. Obviously, Z = [L*(Q2), H*(Q)] = yz. Then, by the
interpolation theory (see [7, p. 444] for the details), it can be shown that

RN, Al ex,z) = IMOAM — L) M gx,2) < C(1+ A)FtE—as

in the sector ¥1. If n = 2 then for any p € (0, 1) there exists € > 0 such that the last
exponent will be negative, while if n = 3 then for any p € (%, 1) there exists € > 0
such that the last exponent will be negative. Therefore, condition 3 of Theorem

2.9 is fulfilled with 6 = ﬁ — 2 — £ > 0. Observe now that Z C H'(Q) and B is
bounded from H'(Q) into L?(2). Therefore, the operator BR(\, A) satisfies the

estimate in Remark 2.10 (with 0 =0 = 21,0 — 4 — 5) and thus, by Theorem 2.9,

[R(A A+ B)lzx) < CIA[TF

for any sufficiently large A in the sector ¥;. Without loss of generality, we can
assume this estimate to be hold for all A in the sector ¥; and not only for ||
big enough. To this end, it is enough to make a change of the unknown function
u = ektw, for k > 0 big enough, in problem (4.8)-(4.10). In this way, A — kI
substitutes A.

We now apply [6, Theorem 3.7] (with a = 1,8 = QL) and conclude that,

for any f € C9([0,7]; L*(2)), ;%Z <o <1, and vy € L*(Q2), there exists a unique
strict solution w(z,t) of problem (4.11) and, therefore, of problem (4.8)—(4.10),
ie., m(@)u € CY((0,7); L)), V o (a(z)Vu) + Y7 a;(2) L2 4 co(a)u €
C((0,7); L3(Q)), u satisfies (4.8)—(4.9), and (4.10) holds in the seminorm sense
[m(L + Ly) ™ (mu — vo) || L2(2) — 0, as t — 0T, where Lyu := Y1 | a;(- )8(739(6)"),
D(Ly) :={u € L3() : mu € H'(Q)}. Note that we assume (4.6) to be fulfilled
for0<p<1,ifn:2,whilefor§<p<1,ifn:3.
Example 6. In this example, we show how using new gradient estimates we can
perturb the main operator of the equation. To this end, for the sake of simplicity, we
detail the case n = 1. Consider the following resolvent equation with the Dirichlet
boundary conditions

Am(z)u(z) —u"(z) + c(z)u(z) = f(z), =z €(0,1), (4.12)
u(0) =u(l) =0. (4.13)
In the space X = L?(0,1), denote by Lu := u” —c(-)u, D(L) := H*(0,1)NH}(0,1)

and Mu := m(-)u, D(M) := X. Assume that m € C[0,1], m(z) > 0, |m/(x)| <
Cm(x)”,0 < p < 1, and ¢ is a measurable, bounded function on [0, 1], ¢(z) > ¢ > 0.
Multiplying (4.12) by u(x) and integrating the obtained equality on (0, 1), we easily
get (integrating by parts the second summand in the left-hand side of the equality
and using (4.13))

AVl + e+ [ ewlu@)Pas = [yt
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implying
1 1
RVl + [y + [ eloute)Pde = Re [ flayutoids
0 0
1
ImA||vmul/%k = %m/ f(@)u(z)dx
0
Therefore,

1
(ReA + [SmA[[Vmau % + [[o/]% +/O c(@)u(x)|*dz

o [ s o [ 05

Then, by using Poincaré’s lemma and Cauchy-Schwartz inequality, there is a pos-
itive constant ¢y > 0 such that

1 1
(Red + [SmA| + co)llvVmullk + 5llv'I% +/ c(@)|u(x)*dx

<§Re/f dx+‘\sm/f

<2[flixllullx-

Take A € C, ReA + |SmA| 4+ ¢o > ¢; > 0. Hence, for all such A,

2
w5 < 4l flixlullx, llullk < S1Flxluelx
and thus, there exists C' > 0 such that, for A € C, Re + |SmA| + ¢o > ¢1 > 0,
lullx <Clfllix,  lv'llx < Cllflx- (4.14)

Multiply now (4.12) by m(z)u(x) and integrate the obtained equality on
(0,1). Then,

1
)\HMuH%(—/ m(z)u” (v dac—l—/ m(x)c(x)|u(x \dm—/ m(x u(z)dz
0

gives, after integrating by parts in the first integral and using (4.13),

M Mull% + /m e \d:n—i—/ m(@)e(z)u(z) Pde

- / () f (2@ do — / ! (2)d (2 @) do

(4.15)
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Further, from (4.15), we have

/ m(z)|u (z)2de = — \||Mu||% — / m(x (z)|*dx

/ m(z) f(2)u(@)de — / (@) (2)u(@) da.

On the other hand, using (4.6) (for n = 1) and the Holder inequality, we get

/0 (el () )

(4.16)

of < ([ P s

1

(/ (e futo)dz ) |

_ ( () () () >~ 2de> 1

<o ([ mriute |dx) ([ wtrear) = el

= C||Mull Jull x| x- (4.17)
Note that there exist ¢ > 0 and ¢ > 0 such small that
S1:={AeC : ReX>—¢(1+|SmA)} C 2y,
S Cc{AeC : Reh+|SmA| +¢o >é > 0)

NI

Therefore, (4.7) and (4.14) hold in ¥1. Then, from (4.16), using (4.7), (4.14), and
(4.17), for A € 31, we get

/0 m(a) (2)Pdz < — | Mull + / () f (e u(@)dz — / ! (@)l (2)ulz) de

< A|||Mu||%(+\ | e eyatias| + () d
N

(14 )7
+ CIIMUIIXIIUII llllx

< cw = f% + 1+ )T SR
C+ )= | FI%IFIR I f Il x
< C(A"TF + =) f11%,

<C ||f||x+||MUlel|f||x

ie.,

1
/ m(@)l (@) 2de < CIA~=5 || f%, A€ i, A > 1.
0
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Therefore, the gradient estimate reads

1
1 2
</ m($)|u'(z)|2df”> SCATT= | fllx, A€y, A=, (4.18)
0
extending the well-known result for the regular case (see [10, Theorem 3.1.3]).

This argument extends to an arbitrary bounded domain 2 € R™ with the
smooth boundary 052, in view of Green’s formula (and v = 0 on 0f2)

mAuudr = —/ V(mu) e Vudr = — m|Vu| dx — Z/ ——uy—dz,
Q Q

where m satisfies (4.6). So, if (Am(z) —A+c(z))u=f € LQ(Q)7~U =0 on 09 (as
(4.12)—(4.13)) then, similarly to (4.18), for sufficiently large X € X1,

( / m<x>|w<x>|2da:) C < O TE | o, (4.19)

As a consequence, consider the initial boundary value problem

2 (m(ayute, 1) = Aue, 1) + /m _Z 2D ey,

+ [z, 1), (2,1) € i (0,71, (4.20)
u(z,t) =0, (x,t) €00 x (0,7], (4.21)
m(z)u(z,0) =vo(z), =z €. (4.22)

Suppose that m,a; € C*(2), (4.6) is satisfied, c is a measurable bounded function
on Q, c¢(x) > 8§ >0, f € C0,7]; L2()), ;775 <o <1,and vy € L?(Q). In
X := L?(Q), consider the operator Mu := m(-)u, D(M) X, Lu:= Au — ¢(-)u,
D(L) :== H?() N H3(Q), Liu := /m(:) > ai(- (%1 D(L;y) := HY(Q). Then,
from (4.7) (which is true in %), we get condition 1 of Theorem 3.2 (with 1 =
Q—ip) and, from (4.19), we get the estimate in Remark 3.3 (with o = 2(2—[)—;;))'
So, the conclusion of Theorem 3.2 for the operator L + L is true. Hence, by [6,
Theorem 3.8] (with a = 1, 8 = , 7 > 0 big enough), problem (4.20)—(4.22)
admits a unique strict solution u(ar t) i.e., m(z)u € C1((0,7]; L2(Q)), (L+ L1)u €
C((0,7]; L*()), u satisfies (4.20)—(4.21), and condition (4.22) is understood in the
seminorm sense [[m(L + L1) ™" (mu — vo)|| 120) — 0, as t — 0F.

Example 7. In the last example, we use the result in [3, Theorem 4.4]. Given an
unbounded domain Q in R®, n > 2, with a boundary 9 of class C? and an
admissible domain according to [3, Definition 4.1]. We consider the linear second-
order differential expression in divergence form

Az, D,) = f: a% <aij(x)£j) — ap(z)

ij=1
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with ;5 = aji € Cg(g), ,j=1,...,n,a9 € Cb(ﬁ), ag > vy >0,3dv; >0,
volé]? < Z aij(2)6:& < wlé?, V(z,€) € AxR", g, vz >0,
ij=1
m € CZ(Q) is non-negative and |Vm(z)| < Km(z), (A(z, D), m) is an admissible
pair according to [3, Definition 4.2]. Note that m = e?, where v € C%1(Q) and

sup v(x) < +oo satisfies the assumptions above.
€N

According to the quoted [3, Theorem 4.4], for all p € (1,+00) there exists
wp > 0 such that if A € w, + X, where again 31 :={A € C : ReX > —c(1 +
|SmA|)} for some ¢ > 0, the spectral equation Am(x)u—A(x, D, )u = f, f € LP(Q),
admits a unique solution u € W2P(Q) N Wol’p(Q) satisfying the estimates

lmul| r o) < C'|>\|7ﬁ||f||m(9)7 (4.23)
[m|Vaul|| Loy < CIN P2 fll Lo () (4.24)

where

1, i pe(1,2],
B= %, if pe2,+00).
Consider now the following initial boundary value problem

0 "9 ou(x,t " ou(z,t
Grm@ule.) = Y- (o (0) ) () Yoo T

ij=1 i=1 Oz
— ao(x)u(x,t) + f(z,t), (z,t) € Qx(0,7], (4.25)
u(z,t) = (x,t) € 09 x (0, 7], (4.26)
m(x)u(z,t) = 110( ), x€Q, (4.27)

where a; € Cy(€2). Moreover, assume 1 < p < 4 (so that 1 > 3 > 1). Take X =
LP(2) and denote D(M) := X, Mu := m(-)u, D(L) := W27P(Q)QW1*’(Q), Lu =
A(z, Dy)u, D(Ly) := WI’I’(Q)7 Lyu :=m() Y1, ai() #%. Then, the inequalities
(4.23) and (4.24) provide the conclusion of Theorem 3.2 for the operator L + L.
More precisely, the inequality (4.23) implies condition 1 of Theorem 3.2 (with
n = () and the inequality (4.24) implies the estimate in Remark 3.3 (with o =
08— %) Therefore, using [6, Theorem 3.8] (with o =1, 8 = 3, v = wp), we get the
following result. For all f € C7([0,7]; L?(R?)), 1 — 8 < 0 < 1, vy € LP(f2), problem
(4.25)—(4.27) has a unique strict solution u(x,t), i.e., m(x)u € C1((0,7]; LP(2)),
(L+ Li)u € C((0,7]; LP(2)), u satisfies (4.25)—(4.26), and (4.27) is satisfied in the
seminorm sense [[m(L + Ly) ™" (mu — vo)| o) — 0, as t — 0.
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Semilinear Stochastic Integral Equations in L,

Wolfgang Desch and Stig-Olof Londen

Dedicated to Herbert Amann on the occasion of his T0th birthday

Abstract. We consider a semilinear parabolic stochastic integral equation

u(t,w,z) = Aaq * u(t,w,x) + Z ag* G* (t,w, u(t,w,))(x)
k=1
+ ay * F(t,w,u(t,w,))(x) + uo(w, x) + tui (w, x).
Here t € [0, T], w in a probability space 2, z in a o-finite measure space B with
(positive) measure A. The kernels a,(t) are multiples of ¢*~'. The operator
A : D(A) C Ly(B) — Lp(B) is such that (—A) is a nonnegative operator.
The convolution integrals ag % G* are stochastic convolutions with respect
to independent scalar Wiener processes w®. F : [0,T] x Q x D((=A)%) —
Ly(B) and G : [0,T] x Q x D((—A)?) — L,(B,l2) are nonlinear with suitable
Lipschitz conditions.
We establish an L,-theory for this equation, including existence and
uniqueness of solutions, and regularity results in terms of fractional powers of
(—A) and fractional derivatives in time.

Mathematics Subject Classification (2000). 60H15, 60H20, 45N05.
Keywords. Semilinear stochastic integral equations, stochastic fractional dif-

ferential equation, regularity, nonnegative operator, Volterra equation, singu-
lar kernel.

1. Introduction

Since our equation (i.e., (1.1) below) reads somewhat complicated and involved,
let us start with a casual motivation. The setting of spaces, domains and operators
will be given more precisely as soon as we state (1.1). The prototype of an equation
for modelling diffusion processes is the heat equation

0
au(t, r) = Au(t,z) + f(t, ).



132 W. Desch and S.-O. Londen

The operator A, as usual, denotes the Laplacian in space. Instead of the source
term f(¢,x) one might consider white noise. Then the equation turns into the
stochastic heat equation

%u(t,x,w) = Au(t,w,z) + g(t,w,x) W,.

Here, typically, W; is standard Brownian motion, although fractional Brownian
motion has also been considered ([2]). There is an abundance of literature on the
stochastic heat equation and its generalizations. Frequently A is replaced by a
general elliptic partial differential operator or even an abstract operator A (where
(—A) is a positive operator), in Hilbert space as well as (more recently) in L, or
general Banach spaces. The key issues in handling such equations are stochastic
integration in Banach spaces, and exploiting the regularity properties of parabolic
partial differential equations.

Diffusion according to the heat equation, i.e., according to Fick’s law, has the
property of exponentially decaying memory in time. However, many processes in
physics, chemistry and finance exhibit time memory decaying only at a power law
rather than exponentially. For a survey of such phenomena see [19, Chapter 8].
Such anomalous diffusion is frequently referred to as subdiffusion or superdiffu-
sion, depending on whether the net motion of particles happens more slowly or
quickly than random diffusion according to Fick’s law. Anomalous diffusion can
be modelled by a fractional differential equation

Diu(t, z) = Au(t,z) + f(t, ).

Here, D means the fractional derivative of order « € (0,2) with respect to time.
The case a < 1 describes subdiffusion, while & > 1 corresponds to superdiffu-
sion. The limiting case a = 2, of course, yields the wave equation. Deterministic
fractional differential — partial differential equations with parabolic differential op-
erators in space and fractional derivatives in time have been subject to thorough
investigations, both from theory and applications ([19], [24], [25]). Notice that the
equation may be integrated to give

u(t, ) = up(z) + /0 ﬁ(t —8)* 'Au(s, x) ds + /0 ﬁ(t —8)* L f(s,x) ds.

(If « > 1, we need an additional term tu;(z) to take care of the initial condition
%u(O) = wuy.) This equation can be considered as a parabolic abstract evolutionary
equation. An extensive theory is available to treat such equations ([29]).

Again, the source term can be replaced by a stochastic additive perturbation

of the system. The equation now turns into
Du(t,w, ) = Au(t,w,z) + DY~ *g(t, w, z)W;.

Here W; is Brownian motion, but the introduction of the fractional derivative or
fractional integral D~ allows us to model smoother (3 < a) or rougher (3 > a)
stochastic perturbation. To our knowledge, the first attempt to tackle this equation
in LP with p # 2 was made in [11] and extended in [13].
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In this paper we go a step further and investigate state dependent forcing,
i.e., semilinear equations. The prototype of the equation to be treated here is

D¢ u(t,w, z) = Au(t,w, z) + G(t, u(t,w, z)) Wy (w) + F(t,u(t,w, x)).

We treat semilinear feedback on the stochastic (volatility) term as well as on the
deterministic forcing (drift). Semilinear stochastic heat equations (with 4 instead
of the fractional derivative D) in spaces more general than than Hilbert spaces
have been recently in the center of interest of several research groups, just to
mention a few, we refer to [21], as well as work based on abstract stochastic
integration in Banach spaces like [4], [27], [38] and others. To our knowledge, the
present paper is the first attempt to deal with the fractional derivative case in L,
with p # 2.

One of our central tasks is to balance space and time regularity. To have as
much freedom as possible, we put again fractional integrals in front of all forcing
terms:

Déu(t,w,z) = Au(t,w,z) + DGt w, u(t,w, z)) Wy + D] “F(t,w,u(t, w, z)).

Regularity in space will be expressed by fractional powers of (—A). In integrated
form and full generality, our equation finally reads:

u(t,w,z) = A/O ao(t — s)u(s,w,z) ds
i — 8)G*(s,w,u(s,w,-))(x) dw®
#3 [ anlt = Gt (o) (1)

+ / ay(t — $)F(s,w,u(s,w,"))(x) ds + uo(w, ) + tui (w, z).
0

The real scalar-valued solution u(t,w,z) depends on ¢ € [0,T], w in a probability
space {2, and z in a measure space B. The convolution kernels a,, are defined by

1
w0 = )
We assume « € (0,2), 5 > %, and v > 0. While the parameter « is the order
of the fractional time derivative, the parameter 3 regulates the time regularity
of the stochastic semilinear feedback, and =~ regulates the time regularity of the
deterministic feedback. The operator A : D(A) C L,(B;R) — L,(B;R) (with 2 <
p < 00) is such that (—A) is a nonnegative linear operator (see Section 2 below).
In particular we have in mind elliptic partial differential operators on a sufficiently
smooth (bounded or unbounded) domain B C R", but formally we require only
that (—A) is sectorial and the state space is an Ly-space on some measure space B.
The processes w” are scalar-valued, independent Wiener processes. F' and G* are
nonlinear and satisfy suitable Lipschitz estimates with respect to u. The functions
up and u; are given initial data. For the precise conditions, see Section 3.

th (1.2)
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Our goal is to establish existence and uniqueness of solutions for the semilin-
ear equation (1.1) in an L,-framework with p € [2, 00). Regularity results will be
stated in terms of fractional powers of —A (for spatial regularity) and fractional
time integrals and derivatives as well as Holder continuity (for time regularity).

Technically we rely primarily on results concerning a linear integral equation
where the forcing terms F' and G are replaced by functions independent of u, i.e.,
(5.1). In recent work [13] we have developed an L,-theory for (5.1), albeit without
the deterministic part and without the ui-term. These results need, however, — for
the purpose of analyzing (1.1) — to be extended and to be made more precise.

Our linear results build on an approach due to Krylov, developed for para-
bolic stochastic partial differential equations. This approach uses the Burkholder-
Davis-Gundy inequality and estimates on the solution and on its spatial gradient.
To analyze the integral equation (5.1) we combine Krylov’s approach with trans-
formation techniques and estimates involving both fractional powers of —A, and
fractional time-derivatives (integrals) of the solution. Krylov’s approach is very
efficient in obtaining maximal regularity, however, it relies on a highly nontrivial
Paley-Littlewood inequality [20]. A counterpart of this estimate can be given for
general sectorial A by straightforward estimates on the Dunford integral, when we
allow for an infinitesimal loss of regularity.

We also include results for the deterministic convolution and for the uq-term.
Obviously, no originality is claimed for these results.

To obtain result on the semilinear equation (1.1) we combine our linear theory
with a standard contraction approach.

The paper is organized as follows: Before we can state our main results, we
need to collect some facts about sectorial operators and fractional differentiation
and integration in Section 2. Section 3 states the hypotheses and results for the
semilinear equation. In Section 4 we provide the tools to define a stochastic in-
tegral and a stochastic convolution in L,-spaces. The central part of this section
is an application of the Burkholder-Davis-Gundy inequality to lift scalar-valued
Ito-integrals to stochastic integrals in L,. This approach is adapted from [21]. Sec-
tion 5 deals with the linear fractional differential equation. In the beginning we give
the results on existence and regularity which are basic to obtain similar results on
the semilinear equation. We construct the solution via the resolvent operator and
a variation of parameters formula. The contribution of the initial data and of the
forcing F', which enters as a Lebesgue integral, are well known ([29], [39]). The con-
tribution of the stochastic integral containing G is handled by a recent result [13].
We collect these results in a unified way to allow a comparison of the various re-
quirements on regularity. In Section 6 we arrive at the proof of our main results on
the semilinear equation by a standard contraction procedure. In Section 7 we make
some comments on available maximal regularity results for the linear equation and
their implications for the semilinear equation. Finally, in Section 8 we compare
our results to some recent results on parabolic stochastic differential equations ob-
tained recently using an abstract theory of stochastic integration in Banach spaces.
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2. Fractional powers and fractional derivatives

In this paper A : D(A) C L,(B;R) — L,(B;R) will be a linear operator such
that (—A) is nonnegative. Here p € [2,00), but fixed. Regularity in space will be
expressed in terms of the fractional powers (—A)? of A. Regularity in time will be
expressed in terms of fractional time derivatives D} f. In corollaries we will also
give regularity results in terms of the function spaces h{_ ([0, T]; X), i.e., the little
Holder-continuous functions with f(0) = 0.

In this section we summarize briefly the definitions and some known results
about nonnegative operators, their fractional powers, and about fractional inte-
gration and differentiation.

Let X be a complex Banach space and let £(X) be the space of bounded
linear operators on X. Let B be a closed, linear map of D(B) C X into X. The
operator —B is said to be nonnegative if p(B), the resolvent set of B, contains
(0,00), and

sup |[MAI — B)_1||L(X) < 00.
A>0

An operator is positive if it is nonnegative and, in addition, 0 € p(B). For w €
[0, 7), we define

Yo ={AeC\{0}] |arg A\ <w}.
Recall that if (—B) is nonnegative, then there exists a number 1 € (0, 7) such that
p(B) D X,, and

sup [AA — B) ™| zx) < oo (2.1)
PEHN

The spectral angle of (—B) is defined by

$(_p) = inf{w € (0,7] | p(B) D Bpw, sup |IAA — B)"Y|x) < oo}.
)\Ezﬁ—w

We will rely on the concept of fractional powers of (—B): Let (—B) be a
densely defined nonnegative linear operator on X, and 6 > 0. If (—B) is posi-
tive, then (—B)~! is a bounded operator, and (—B)~% can be defined by integral
formulas [5, Ch. 3] or [22, Section 2.2.2]. As usual,

(=B == ((-B)""7!, 6>o0. (2.2)

If (— B) is nonnegative with 0 € o(—B), we proceed as in [5, Ch. 5]: Since (—B+-e€l)
is a positive operator if € > 0, its fractional power (—B + eI)? is well defined
according to (2.2). We define

D((-B)?%)) := {y e () D(-B+eDn)”) | lim (=B + el)?y exists } (2.3)
0<e<eg

(=B)ly := 61_i)161_~_(fB + el fory € D(((—B)?)). (2.4)
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Lemma 2.1. Let —B be a nonnegative linear operator on a Banach space X with
spectral angle ¢_p), and let 6 > 0.
1) (=B)? is closed and D(((—B)?)) = D((—B)).
2) Assume that 0¢_py < m. Then (— )¢ is nonnegative and has spectral angle
9@5(_3) .

Proof. For (1) see [5, p. 109, 142], also [8, Theorem 10]. For (2) see [5, p. 123]. O

Lemma 2.2. Let —B be a nonnegative linear operator on a Banach space X with
spectral angle ¢(_py. Then for n € [0, — ¢_p))

sup 1(=B)° "~ (uI — B) M| 2(x) < o0. (2.5)
[arg pl<n, u#0

Proof. In case n = 0, see [5, Th. 6.1.1, p. 141]. The general case can be reduced to
the case p > 0, [15, p.314]. See also [13, Lemma 3.3]. O
We turn now to fractional differentiation and integration in time:
Definition 2.3. Let X be a Banach space and « € (0,1), let w € L1((0,T); X) for
some 1" > 0.
1) Fractional integration in time of order « is defined by D, “u := ﬁta_l * U.
2) We say that u has a fractional derivative of order av > 0 provided u = D; * f,
for some f € L1((0,7); X). If this is the case, we write Dfu = f.

Remark 2.4. Suppose that u has a fractional derivative of order o € (0,1).
Then ﬁt*a x u is differentiable a.e. and absolutely continuous with Dffu =

4 (ryt *u).

For the equivalence of fractional derivatives in L, and fractional powers of
the realization of the derivative in L,, we have the following lemma.
Lemma 2.5. [9, Prop.2] Let p € [1,00), X a Banach space and define

D(L) := {u € W'"P((0,T); X) | w(0) =0}, Lu =" for u € D(L).
Then, with 8 € (0,1),
LPu = DPu, ueD(LP), (2.6)

where D(LP) coincides with the set of functions u having a fractional derivative

in Ly, i.e.,

D(L?) = {u € Ly((0,T); X) | 0w u € WEP((0,7); X))

INCEC)
In particular, Dtﬁ is closed.

We refer to [9] for further properties of the operator Dtﬁ .
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3. The main result

Hypothesis 3.1. Let (B, .4, A) be a o-finite measure space and fix 2 < p < co. Let
(—A) : D(A) C L,(B;R) — L,(B;R) be a nonnegative linear operator with spec-
tral angle ¢(_ 4), and such that D(A) N L1 (B;R) N Lo (B; R) is dense in L,(B;R).
Hypothesis 3.2. Let (2, F,P) be a probability space with an increasing, right
continuous filtration {F; | t > 0} satisfying F; C F for all ¢ > 0. Let P denote
the predictable o-algebra on [0, 00) x Q generated by {F;}, and assume that {w? |
k =1,2,3,...} is an independent family of (scalar-valued) F;-adapted Wiener
processes on (Q, F,P).

Remark 3.3. On [0,7] x €, measurability will always be understood with respect
to the predictable o-algebra P, and the product measure of the Lebesgue measure
on [0,7] and P.
Hypothesis 3.4. For suitable € [0,1) and € € [0, 1), the function
F:[0,T] x Q x D((—A)?) — D((—A)°)
satisfies the following assumptions:
(a) For fixed u € D((—A)?), the function F(-,-,u) is measurable from [0, 7] x ©
into D((—A)°).
(b) There exists a constant Mp > 0, such that for all ¢t € [0,7], and all uj,us €
D((—A)?) the following Lipschitz estimate holds

[F'(t,w,u1) — F(t,w,u2)|p((-ay) < Mp|ur —uz|p—ay) forae weQ. (3.1)
(¢) For u =0 we have

T 1/p
Vﬂ/o IF (w0, 0l ayey dtdP| = Mg < . (3.2)

Hypothesis 3.5. For the same 0 € [0, 1) as in Hypothesis 3.4, the function
G:[0,T] x Qx D((—A)?) — L,(B;ly)
[G(t,w, u)](z) == (GF(t,w,u)(z))
satisfies the following assumptions:

(a) For fixed u € D((—A)?), the function G(,-,u) is measurable from [0, 7] x
into Ly (B;l2).

(b) There exists a constant M > 0, such that for all ¢t € [0,7, and all uj,us €
D((—A)?) the following Lipschitz estimate holds:

||G(t,w,u1) — G(t,w,UQ)”LP(B;l?) < Mg||u1 — u2||D((_A)6) for a.e. w € Q. (33)

o)
k=1

(¢) For u =0 we have
T 1/p
|Q/Q /0 ”G(t’w, O)H[l)’p(B;h) dt dP? = MG70 < 0. (34)
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Theorem 3.6. Let the probability space (2, F,P) and the Wiener processes (wf);ozl
be as in Hypothesis 3.2. Let p € [2,00), let the measure space (B, A, A) and the
operator A : D(A) C L,(B;R) — L,(B;R) satisfy Hypothesis 3.1. Let a € (0, 2),
B> 1 and~y > 0. Let T > 0 and assume that F : [0, T]xQxD((—A)?) — D((—A)°)
and G : [0,T] x Q x D((—A)?) — L,(B;la) satisfy Hypotheses 3.4 and 3.5 with
suitable 0,¢ € [0,1]. Let ug € Ly(Q;D((—A)%)), ur € Ly(;D((—A)%)), with
suitable 6; € [0, 1], both u; measurable with respect to Fo. Suppose that the following
iequalities hold:

af < v+ ae, (3.5)
1
5 +af < ﬁ, (36)
1
af < — + ady, (37)
p
1
af <1+ -+ ad;. (3.8)
p

Then there exists a unique function u € L,([0,T] x Q;D((—A)?)) such that for
almost all t € [0,T

t
/ aq(t — s)u(s,w,-)ds € D(A) for a.e. w € Q,
0

and (1.1) is satisfied for almost all t € [0,T] and almost all w € Q.

The following theorem provides additional regularity results in terms of frac-
tional power domains D((—A)¢) and of fractional time derivatives. However, de-
pending on the parameters, u(t) — 1o may sometimes exhibit more regularity than
u(t) itself. Similar considerations hold for u(t) — tu; and u(t) — ay * F(-,w,u). To
handle all cases in one term, we will introduce the function v in (3.13).

Theorem 3.7. Let the assumptions of Theorem 3.6 hold. Moreover, assume that
ne (=1,1), ¢ € [0,1] are such that

N+ al < v+ ae, (3.9)
1
3 +n+al < B, (3.10)
1
77+OZC < 2; +OZ50, (311)
1
77+OZC<1+1—)+04(51. (312)

With the notation 1(,~py =1 if a > b and 1y4~py = 0 if a < b, we put
v(t) = u(t) = Liso>cyuo — Lis,>¢ytun

t 3.13
— 1{€><}/0 ay(t — 8)F(s,w,u(s))ds. ( )
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(a) Then, if n > 0, the function v, considered as a Banach space valued function
v:[0,T] — Ly(;D((—A)°)), has a fractional derivative of order .
(b) If n < 0, the function v : [0,T] — L,(; L,(B;R)) has a fractional integral
of order —n. Moreover, Djv takes values in L,(€2; D((—A)%)).
(c) If n =0, of course, we denote DYv = v.
In any case, there exists a constant M,, depending on A, p, T, o, 3, v, 0;, €, C,
n, 0, Mg, Mg such that

Dol L, (10,11 2:D((—4)%)) (3.14)
< M, [HUOHLP(Q;’D((—A)‘;O)) + [Juill o, @ip((—a)1y) + Mo + MG,O} :

Corollary 3.8. Let the Assumptions of Theorem 3.6 hold. Let ¢ € [0,1]. Let u be
the solution of (1.1) and v be defined by (3.13).

(1) Let p < q < o0 be such that

1 1 1 1 1
- — - +af <7+ ae st-——-+ta(<p,
P q 2 p g
1 1
al — — < ady, al —— <14 ady.
q q

Then v € Ly((0,T}; L,( D((~ A)).
(2) Let p e (0,1— %) be such that

2
w~+ ad < ado, p+al <1+ ad;.
Then v € hl*_ (0, T); L,(Q: D((—A)S))).

Hypothesis 3.9. Let Fy, I, : [0,T] x Q x D((—A)?) — D((—A)¢) satisfy Hypoth-
esis 3.4, G1,G> : [0,T] x Q x D((—A)?) — L,(B;l) satisfy Hypothesis 3.5, and
suppose that there are nonnegative functions uar, pac € Ly([0,T] x £;R) such
that for all ¢ € [0,7] and u € D((—A)?), and almost all w € Q

| F1(t, w,u) — Fa(t,w,u)|p(—ay) < par(t,w), (3.15)

1G1(t, w, u) = Go(t,w,u)l| L, (Bi) < pac(t,w). (3.16)
Remark 3.10. The standard example of F;, G; satisfying Hypothesis 3.9 is (for
1=1,2):

1 1 1
5+M+OZC<’Y+OZ€7 —+§+M+04C<ﬂ7

Fi(t,w,u) = F(t,w,u) + fi(t,w),
Gi(t,w,u) = G(t,w,u) + g;(t,w),
where F' and G satisfy Hypotheses 3.4 and 3.5, respectively, and f; € L,([0,T] x
O D((—A)9)), gi € Lp([0,T] x Q; L,(B;l2)). Here we take
par(t,w) = [|fi(t,w) — fa(t, w)|lD((-a)),
pac(t,w) = [lg1(t,w) — g2(t, W)L, (B;1s)-
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Theorem 3.11. Let the probability space (Q, F,P) and the Wiener processes w”
be as in Hypothesis 3.2. Let p € [2,00), let the measure space (B, A, A) and the
operator A : D(A) C L,(B;R) — L,(B;R) satisfy Hypothesis 3.1.

Let T > 0, « € (0,2), 8 > %, v > 0, and &, 61, € € [0,1] be such that
(3.5), (3.6), (3.7), and (3.8) hold. Let n € (—1,1) and ¢ € [0,1] be such that (3.9),
(3.10), (3.11), (3.12) hold. Then there exists a constant Ma, > 0, dependent on
p,T,a,3,7,00,01,€¢(, Mp, Mg, such that the following Lipschitz estimate holds:

Let Fy, F5,G1, G2 satisfy Hypotheses 3.4, 3.5 and 3.9 with €,0 as above. For
i =1,2 let the initial data ug; € L,(Q;D((—A)%)) and u1; € Ly(;D((—A)%))
be Fo-measurable, and let ui(t,w,x), us(t,w,x) be the solutions of (1.1) with
F,G,ug,uy replaced by F;, G;,ug 4, u1,;. Let v; be defined according to (3.13) with
u replaced by u;. Then

IDfv1 = D{va| 1,0, 11 x:D((— 4)¢)) (3.17)

< Mau |lluo,1 = wo2llL, (= ays0)) T Ut — uiz2llL, @p(—a)y))

+lpar(t,w) + pact,w)llz,qo.rxom) |-

4. Stochastic lemmas

Lemma 4.1 ([21], Theorem 3.10). Let (2, F,P) satisfy Hypothesis 3.2. Let Y be a
dense subspace of L,(B;R), 0 < T < o0, and g € L,([0,T] x Q; L,(B;l2)). Then
there exists a sequence of functions g; € Ly([0,T] x €; L,(B;l2)) converging to g
in Ly([0,T] x Q, Ly(B;l2)) such that each g; = (gf)z":l is of the form

J ) _ k ; ;

Eltw,a) = § =t @@ Ole) k<] (4.1)
else,

where Tg < Tf < T]]

and g;-ii €Y. (Here, for any set A, Ix denotes its indicator function.)

Remark 4.2. We will apply Lemma 4.1 with Y = D(A) N L1(B;R) N Lo (B; R).

are bounded stopping times with respect to the filtration Fy,

Lemma 4.3. Let (2, F,P) and the Wiener processes wf be as in Hypothesis 3.2.
Let p € [2,00). Let Y be a dense subspace of L,(B;R), let T > 0, and let g; €
L,([0,T] x Q; L,(B;l2)) be of the simple structure given in (4.1). For t € [0,T],
let V(t) : Y — Ly(B;R) be a linear operator such that the function t — V (t)y is
in Lo([0,T); Lp(B;R)) for each y € Y. Then there exists a constant M, depending
only on p and T, such that for all t € (0,T]

Juls

<uf [ ( / NV~ )55, @ ds)g dP(w) dA(2).

g/ot[V(t—s)gf(S,w)](x)dwf dP(w) dA(z)

(4.2)
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Proof. First fix some ¢t € (0,T]. For x € B, r > 0 we define

(r,w,z) Z/r tfsgj(sw)](x)dwf.

By the elementary structure of g;,

/OT [Vt - 8)gt (5,)] ()| ds < oo

for almost all z € B, so that Y;(r,w, x) is well defined as an Ito integral for such
x, and it is a martingale. Since the Wiener processes w” are independent, the

quadratic variation of Yj(-,-, x) is

: ' 75’{:80) I’QS
§AHWt)%LHU|w

Now the Burkholder-Davis-Gundy inequality (see [18, p. 163]) yields for r € [0, ]
and each z € B,

V(t—s)g;(s,w)](x) (w)

s f([zw
=MA(Avwwm@mwmwfﬂw»

In (4.3), take » = ¢ and integrate over B:

Xj: t[V(t_S)gf(Syw)](l“)
2,
=1
< M/B/Q (/ot|[V(t—s)gj(s,w)](x)|l22 ds)g dP(w) dA(z). 0

Lemma 4.4. Let (Q, F,P) and the Wiener processes w¥ satisfy Hypothesis 3.2. Let
T>0,2<p<oo, and g € L,([0,T] x Q; L,(B;l2)), moreover, let {g;} be a
sequence approximating g in the sense of Lemma 4.1. Let 8 > %, n € [0,1) such
that B —n > % Then the functions

o0 t
mzAMmewmmm
k=1

converge in L,([0,T] x Q; L,(B;R)), as j — oo.

tﬂw@ww%@ dP(w) (4.3)

dP(w) dA(x)
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Proof. Put hﬁ = gf — gf . The stochastic Fubini theorem implies that

t

t
D;"/ ag—y(t — s)h¥ ;(s,w,x) dw} / ag(t — s)hy (s, w, ) dwk,
0 0

ie.,
t t
/ ag_n(t— s)hfj(s w, x) dw® D?/ ag(t — s)hf](s w, z) dwk.
0 0

We use Lemma 4.3 and the fact that a%_n € L1([0,T]; R):

/T/ / ]Dzi/taﬁu—s)h%m
LIS [t
<M/ // (/ a5 s)hi,j(s,w,x)@ds)%dp(w)dA(x)dt
<M// [/ a3 dsr VOTmM(s,w,x)m ds] dP(w) dA(z)

< Mlhill7,

(w)dA(x)dt

(w) dA(x) dt

([0, 7] L (Bsla))*

As i, j — oo, we have h; ; — 0in L,([0,T] x Q; L,(B;ls)), thus D "7, fot ag(t—
$)g¥ (s,w, ) dwk(w) is a Cauchy sequence in Ly([0,T] x €; L, (B; R)). O

Definition 4.5. Let (2, F,P) and the Wiener processes wf satisfy Hypothesis 3.2.
Let T > 0,2 <p < oo, and g € L,([0,T] x Q; Ly(B;l2)), moreover, let {g;} be a
sequence approximating ¢ in the sense of Lemma 4.1. Let § > % Then we define

(@3 9)(t:0) = Y [ aslt = 9)g"(5.,0) dut ()
k=170

e
= lim Z/ ag(t — s)gf(s,ww) dw?(w).
=170

j—o0

5. Linear theory

In this section we replace the semilinear inhomogeneity in (1.1) by inhomogeneities
independent of u, so that we obtain a linear integral equation:

t ot
u(t,w,x) = A/ ao(t — s)u(s,w,x)ds + Z/ ag(t — 5)g" (s, w, z) dw”
0 1 Jo

+ / ay(t —8)f(s,w,x)ds + uo(w,z) + tus(w, x). (5.1)
0
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We will prove the following propositions by a chain of lemmas:

Proposition 5.1. Let the probability space (2, F,P) and the Wiener processes w”

be as in Hypothesis 3.2. Let p € [2,00), let the measure space (B, A, A) and the
operator A : D(A) C Ly(B;R) — Lp(B;R) satisfy Hypothesis 3.1. Assume that
T >0 and let f € Ly([0,T] x Q; L,(B;R)), and g € Ly([0,T] x ; L,(B,12)). Let
uo € Lp(; Lp(B;R)) and u1 € Ly(Q; Ly(B;R)) be Fo-measurable.

Let a € (0,2), 8 > %, ~ > 0. Then there exists a unique function u €
L,([0,T] x ; L,(B,R)) such that for almost all t € [0,T]

¢
/ ao(t — s)u(s,w,-)ds € D(A) for a.e. w € Q,
0

and (5.1) holds for almost all w € Q and almost all t € [0,T].

Proposition 5.2. Let the assumptions of Proposition 5.1 hold. Suppose that f €
Ly([0, T) x Q; D((—A)9)), uo € Lp(SD((—A)%)) and uy € L,y(Q;D((—A)%)) with
suitable €,80,91 € [0,1). Let u be as in Proposition 5.1. Let n € (—=1,1), ¢ € [0,1]
satisfy

n+ o < v+ ae, (5.2)
%+n+a§<ﬁ, (5.3)
n+af < % + ado, (5.4)
n+a§<1+%—|—a61. (5.5)

With the notation 1(4~py = 1 if a > b and 1y4>py = 0 else, we put

t
v(t) = u(t) — 1sy>cyuo — L, >¢ptur — 1{6>C}/ ay(t —s)f(s) ds.
0

(a) Then, if n > 0, the function v, considered as a Banach space valued function
v:[0,T] — Ly(;D((—A)S)), has a fractional derivative of order .
(b) If n < 0, the function v : [0,T] — L,(Y; L,(B;R)) has a fractional integral
of order —n. Moreover, Djv takes values in L,(€2; D((—A)%)).
(c) If n =0, clearly D%v = v.
In either case, there exist constants Minic, M1 1eb, and Mt 1o depending on p, T,
Q, 67 o) 50; 51; €, C; n such that

DY v(t) |, (0,71 x 2D ((— 4)6)) (5.6)
< Minig [[[uoll 2, (:p((— ays0y) + lull 2, D ays1))]
+ Mrresl fllz, (o mxe((-a))) + MraeollgllL, o m1x0iL,(B,1))-

Moreover, the constants Mt 1.cn and My 1o can be made arbitrarily small by choos-
ing the time interval [0, T sufficiently short.
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The proof of the propositions above relies on the concept of a resolvent op-
erator (see [29]), introduced by the following definition:

Definition 5.3. Let A satisfy Hypothesis 3.1, let o € (0,2) and 8 > 0. For ¢ > 0
we define the resolvent operator S, g(t) : Lp(B;R) — L,(B;R) b

1
Sapt)r = — MNTENY — A) Lz d) (5.7)
27TZ Fp,¢
along the contour
(t— ¢+ p)e'® for t > ¢,
Lpo(t) = pe” for t € (-9, 9),

(—t—¢+ple”™® fort < —o,
with p>0,¢ > 5, ap+da <.

For 8 = 1, this definition coincides with the known notion of a resolvent op-
erator, c.f. [29]. For 8 > 1, S, g could be obtained by fractional integration of Sq,1.

Equation (5.1) is formally solved by the variation of parameters formula

u(t) = Sa,1(t)uo + Sa2(t)ur

/Savt—s (s)ds+/t§:5aﬂ(t—s)g(s)dwg. (58)
0 k=1

The task of the proof is to make sense of this formal expression in suitable function
spaces, and to show that it gives a solution of (5.1). Moreover, the estimates
claimed in Proposition 5.2 need to be verified. Since the equation is linear, all terms
ug, u1, f, g can be treated separately. This is done in the following Lemmas 5.6, 5.7,
and 5.9. Uniqueness can be proved by the standard reduction to a deterministic
homogeneous equation with zero initial data, which has only the zero solution by
the well-known theory of deterministic evolutionary integral equations (see [29]).

First we collect some basic facts about the resolvent operator:

Lemma 5.4. Let A satisfy Hypothesis 3.1, let a € (0,2) and 8 > 0. The resolvent
operator defined above has the following properties:

1) For all t > 0 and all ¢ € [0,1], the operator Sq g(t) is a bounded linear
operator L,(B,R) — D((—A)°).

2) For all x € L,(B;R), the function t — S, g(t)x can be extended analytically
to some sector in the right half-plane.
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3) For all x € Ly,(B;R) and all t > 0, we have
¢
/ aq(t — S)HSQ’,@(S)IHLP(B;R) ds < 00,
0

/0 ao(t — 5)Sa,p(s)xds € D(A),

t
Ses(t)z = A / ot — 8)Ses(s)z ds + ap(t)e. (5.9)
0
4) Let T >0, 6, €[0,1], and n € (—1,1) such that
n+al < B+ ad. (5.10)
Let x € D((—A)°) and put
_ JSapt)x if 0 <,
vlt) = {S’aﬁ(t)x —ast)r i8> C

(a) Then, if n > 0, the function v, considered as a Banach-space valued
function v : [0,T] — D((—A)), admits a fractional derivative of order

7.
(b) Ifn <0, the function v : [0,T] — L,(B;R), has a fractional integral of
order —n. Moreover, D'v takes values in D((—A)S).
(c) If n =0, we write Dv = v.
In either case, there exists some M > 0 (dependent on A, «,[3,(,0,m) such
that for all t € (0,T] and all x € D((—A)°),

ID10(t) |l p((—ayey < MEPTeD=0reO=1y 40 4y, (5.11)

Remark 5.5. In fact, if # € D((—A)°) with 6 > ¢ and 3 > 7, the function ¢ —
ag(t)z admits a fractional derivative Dj'agz = ag_,z in D((—A)°). In this case,
(5.10) holds, and both functions, S, g(t)x and Sy g(t)x — ag(t)x admit fractional
derivatives of order 1 in D((—A)%). On the other hand, evidently, if 3 < 1 or
x & D((—A)°), at most one of the two functions above can have a fractional
derivative of order 1 in D((—A)°).

Proof. All these results come out of standard estimates of the contour integral,
along with the usual analyticity arguments. Since the estimate (5.11) is crucial in
the sequel, we give a more detailed proof.

First we consider the case § < ¢ where we can utilize Lemma 2.2 with 8 =0
for p in a suitable sector:

— —6—
1(p = A~ zllp(—ayey < Mlpl* " |z[lp((— ays)-
Formally, the Laplace transform of D}'S, gz is A77*=8(X* — A)~1z. We show that
the contour integral
1

— At yn+a—pB/ya — A -1
w(t) = o /Fwe NHa=B(\ _ A)1zdx
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exists in D((—A)¢), if (5.10) holds.

/ eMATFTB (N — A)Tad
Fp«b

D((—=A))
5 nta—p @ 1
/Ft,w ‘ (%) ((%> - K ;dﬂ D((—A)¢)

/Fm e Nnﬂkﬁ ((%)a _ A)’lxd,u

— tﬁfafnfl

D((—A))

s [ ()

——nN— [e3 - /.l Q(C7571)
B e R
T'i,¢

|dpl
D((—A))

- tﬁfn*aCJraéflM”x”D((_A)é) / e%(u)|ﬂ|nfﬁ+a(&5) |dp).

F1,¢

Because of (5.10), w is locally integrable and admits a Laplace transform. It re-
quires some standard complex analysis, to show that w(\) = AT =B(\* — A)~1g.
Now we have to show that in fact w = DJ'S, gz.

First consider the case nn > 0: By the convolution theorem for Laplace trans-
forms we have

—

[Dy "w)(A) = AP — A)
whence w = D} S, gz. In case n < 0, the convolution theorem yields
DPSasz(A) = AN — A)~ 1z = ().
To handle the case § > ¢, we will use Lemma 2.2 with § = 1:
IA(p — A) 'z p((—a)e) < Mp<75‘|z||D((—A)5)-

Notice first that ag(A) = A=%, and

1
as(t) / M ATFdN.
pr¢

" 2mi
Therefore,
1
Sapt)r —agt)r = — M ATAONY — A) "t — AP dh
271—7, FP,dJ
1

=— MATPANY — A) e dA
77 Pp,¢e A (A ) dA



Stochastic Integral Equations 147

Now we estimate similarly as above

/ MANTTPANY — A) L d)
Fpﬁd>

D((-A)°)

I n—p i a(¢—9) 1
< [ B M B el
T
= MH:L'HD((—A)é) t‘ﬁ-‘rﬁ—a(-ﬁ-aé—l / eER(u)lu‘n—ﬁ_t,_aC_wg ‘d/L|.
I,

Thus, for ¢t > 0, the following integral exists in D((—A)¢):
1
wi(t) == —/ et )\n—ﬁA(/\a — A)lzd,
21 T,
[w1(t) D)) < MBFad)=(ntad)-1

In the end one verifies again that in fact wy (t) = Div(¢). O

Lemma 5.6 (Contribution of the initial conditions wg, w1). Let A satisfy Hypo-
thesis 3.1, let (2, F,P) be a probability space, p € [2,00). Let a € (0,2), 0 < T <
00, and ug, u1 € Ly(Q; Ly(B;R)). We define u(t) := Sa,1(t)ug + Sa,2(t)u1.

1) The function u exists in Loo([0,T]; L,(22 x B;R)). For all t > 0 we have
t
/ ao(t — s)u(s)ds € D(A),
0
t
u(t) = A/ ao(t — s)u(s) ds + ug + tu;.
0

2) Moreover, suppose that w; € L,(Q;D((—A)%)) with some &; € [0,1]. Let
¢ €[0,1], n € (—1,1) be such that

1
n+a¢ < > + ado, (5.12)

1
n+a(<1+5+a51, (5.13)

Put
v(t) = u(t) — lecs, o — lecs, tur.
Then v has a fractional derivative of order n (if n < 0: a fractional integral
of order —n) which is in L,([0,T] x Q; D((—A)%)) and satisfies
Do (t, W)l L, (0,11 x D ((—4)0))
< M{lluollz, @:p((~ayioy + vl @ ayny]
with a constant M depending on p, A, T, «, dg,01,(, 7.
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Proof. First let u1 = 0 so that u(t) = Sa,1uo. We will apply Lemma 5.4 with
B = 1. Notice that a;(t) = 1, so that v(t) = Sa,1u0 — l¢<s,uo. To prove Part (1),
put ¢ = dp = 0 and take any n < 1. By Lemma 5.4 (3) we have, pointwise for all
w E Q,

u(t,w) = A/O aq(t — s)u(s,w)ds + uo.

Moreover, with these parameters, v(t) = u(t), and (5.10) holds. By Lemma 5.4,
Part (4) and (5.11), u(-,w) admits a fractional time derivative of order n with
values in L,(B;R), such that the following estimate holds:
IDFu(t )L, Bimy < ME"uo(w) L, (B:m)-
Taking convolution with t7~!/T'(n), we obtain with a suitable constant M; inde-
pendent of t,
lu(t, W)z, Br) < Milluo(w)llL,Br)-

Integrating with respect to w we obtain

H“(t)“Lp(QxB;R) < Mllluolle(QxB;R)~

Thus u € Loo([0,T]; L,(2 x B;R)).

To prove Part (2), take again 8 = 1 and let (5.12) hold. Then (5.10) (with
Jdo instead of §) holds a fortiori. Let v(t) = Sa,1uo — le<s,to. Fix w € Q. By
Lemma 5.4 (4), v(-,w) has a fractional time derivative of order n which satisfies
an estimate

D v(t, )|l p(—ayey < ME*0™1fug (W) || p((— aydo)-
Since, by (5.12), adp —n — a > —%, the estimate above implies

| DY v (- @)l o,110((—a)¢)) < Malluo(w)llp(—a)s0)-

Integrating again with respect to €2, we obtain Part (2).
The case ug = 0, u1 # 0, u(t) = Sa,2u1 is treated similarly with 5 = 2. Notice
that a2(t) = t. In the end we can combine both cases. O

Lemma 5.7 (Contribution of f). Let A satisfy Hypothesis 3.1, let (Q,F,P) be
a probability space, p € [2,00). Let o € (0,2), v > 0,0 < T < o0, and f €
Ly([0,T] x @; Ly(B; R)).

1) For almost t € [0,T], the following integral exists in L,(B;R), pointwise for
almost all w € Q, as well as in L,(Q; L,(B;R)):

u(t,w) = /o Sa~({t—9)f(s,w)ds. (5.14)
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Moreover, u € L,([0,T] x ; L,(B;R)), and for almost all w € Q and almost
allt €10,T],

/o aq(t — s)u(s,w)ds € D(A),

¢ ¢
u(t,w) = A/ aq(t — s)u(s,w)ds + / a(t—s)f(s,w)ds.
0 0
2) Suppose, in addition, that f € L,([0,T] x ;D((—A))) with some € € [0,1],
letne(—1,1), ¢ €[0,1] be such that
n+al < v+ ae. (5.15)
Put
u(t) if¢>e,
(t) = t .
u(t) — [y ay(t—s)f(s)ds if ( <e.
Then, if n > 0, the function t — v(t) € L,(S;D((—A)%)) has a fractional
derivative of order 1 in L,([0,T] x Q;D((—=A)%)). If n < 0, the function
t—o(t) € Lp(2 Ly(B;R)) has a fractional integral of order —n with values
in Ly(Q;D((—A))). If n =0, we define Djv = v. In either case there exists
a constant Mt 1., dependent on A, T, p, o, 7, €,(,n such that
I Dol 0,71 x 2D ((—A)6)) < M7 Lebll fll L, (j0,77x2:D((—4)<)) -
Moreover, the constant Mt e, can be made arbitrarily small by taking the
time interval [0, T sufficiently short.

Proof. The function t — fot(t — $)Y M| f(s)|l L, (@x B R) ds is the convolution of an
Lq-function and an L,-function, therefore it is in L, ([0, 7], R). From (5.11) with
d = ¢ =mn =0 we obtain [|[So~()llz,(BR)—L,(BR) < MtY~1. Consequently, the
integral

u(t) = /0 Sur(t — 5)f(s) ds

exists as an integral in L,(Q2 x B;R) for a.e. t, and u € L,([0,T] x Q, L,(B,R)).
By standard arguments the integral (5.14) exists also in L,(B;R) for a.e. w € Q
and a.e. t € [0,T]. Now (5.9) implies (almost everywhere in 2 and [0,7])

u(t) — / 0t — ) (s,w) ds = / (o (t— )/ (5,) — st — 8)f (5, )] ds

_ /Ot A[/Ots 10 (0) S (t — 5 — &) f(5,w) do] ds.

We use the closedness of A and interchange the order of integrals to obtain

u(t) — /0 ay(t—s)f(s,w)ds = A/o aq(0)u(t — o,w) do.

This proves Part (1) of the lemma.
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To prove Part (2), let 1, (, € be such that (5.15) holds. For shorthand put

DnSa’ €T if € S Ca
Ve =9 purg
P Sa~({t)x —ayxz]  else.

From (5.11) with  replaced by ~, and é replaced by ¢, we have
IV (#) ]| p((—aye) < MEOTI=EO g5 ).
We obtain by a straightforward convolution argument that
t
| /0 V(t—s)f(s)dsllL,qomxap(—a)¢)) d8 < My ren |l fllz,@.D((—a)e))-
with
T
My rer = M/ tlrtee=(mtad)=1 gt
0

Clearly, M7 1,1, converges to 0 as T'— 0. All we have to show is that in fact

Div(t) = /0 V(t—s)f(s)ds.

We treat the case n > 0, € > (, the other cases are done similarly. The definition
of V(t)z yields

/0 an(s)V(t —s)xdr = Sa(t)x — ay(t)z.

Fubini’s Theorem implies

/an(s) 78V(t—s—a)f(a)d0ds: /7Uan(s)V(t—a—s)f(a)dsdo
0 0 0 Jo

- / [Soy(t — 0) — ay(t — 0)] f(0) do = ().

Thus v(t), considered as a function with values in D((—A)¢), admits a fractional
derivative of order n which is V % f. O

The following lemma is the key to estimate the contribution of the stochastic
integral:

Lemma 5.8. Let A satisfy Hypothesis 3.1, p € [2,00). Let a € (0,2), 8 > 1,
¢ €[0,1] and n € (—1,1), such that (5.3) holds, i.e., 3 +n+al < (3. Let T > 0.
Then there exists a constant MTMO > 0 depending on A,p,T,«, 3,1n,( such that
for all h € L,([0,T); L,(B;12)),

/OT/B (/0 (=A)°D}Sas(t = )h(s D, ds) dA () dt

T
< Mo / / (s, 2)[?, dA(z) ds.
0 B
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Moreover, the constant MTMO can be made arbitrarily small by taking the time
interval [0,T] sufficiently short.

Proof. Write V (t) := (_A)CD?Sa,ﬂ(t) and notice that by (5.11) (with 6 = 0),
||V(t)||Lp(B,lz)4>Lp(B,l2) < Mtﬂ—(n'i‘OtC)—l.

First assume that p > 2. Notice that § and ﬁ are conjugate exponents. Take
f:[0,T] x B— R* such that fOT I f72 (t,2) dA(x) dt = 1. We estimate

/()T/Bf(t,x) /Ot|V(t—s)h(s,x)|122 ds dA(x)dt
= [ [ [ st v st s asa
</OT/Ot [/B flt, )72 dA(x)rT UBW(t—s)h(s,x)ﬁ; dA () " dsdt

T t
< UM [ IV, IG5 s

p—2

S[/O 1/, )HLp(B]R) ]p

[/ [ IV = 01 a6 >|%p<3;12>ds|%dt]
Thus

VOT/B (/Ot|V(t—s)h(s,x)|122 dsf dA(:c)dt]

V [V 01 G >||%F<B;l2)ds|’z’dt]

For p = 2, the estimate (5.16) is obvious. In either case, we obtain (by estimating
the convolution with respect to s)

l /OT / ( / Vit 9hts )l ds)% dA@) dt]
_ (/OTV(S)H%IJ(B;lz)HLP(B;lZ)ds) (/OT 11 (s, M, sy s ),,

T
SMQ/O s A=(ntad)— dSHhHL ([0,T];Lp(Bsl2))"

kAN

S o

(5.16)

3
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By (5.3) we infer that s2(~(+2O=1) js integrable on [0, T] so that

P

2

T
Mt 110 := MQ/ g2(B=(ntad)=1) g¢
0

is finite and converges to 0 as T"— 0+. O

Lemma 5.9 (Contribution of g). Let A satisfy Hypothesis 3.1, and let the probability
space (Q, F,P) and the Wiener processes wr be as in Hypothesis 3.2. Let T > 0,
2<p<oo,a€(0,2), and f > 3. Let g € Ly([0,T] x Q; L,(B; 1)) and {g;} be
a sequence approximating g in the sense of Lemma 4.1, where the values of g;? are
in D(A) N L1(B;R) N Loo(B;R). Let ag * g be given by Definition 4.5. For j € N
put

t) = y tSm (t—s) f(s)dwf
;/0 ot~ )g

1) The limit w(t) = lim;_ o0 u;(t) exists in L,y([0,T] x ©; L,(B;R)). Moreover,
for almost all t € [0,T] and almost all w € Q,

t
u(t,w) = A/ ao(t — s)u(s,w)ds + (ag * g)(t,w).
0
2) Suppose 0 < ¢ <1 andn € (—1,1) are such that
1

Then, if n > 0, the function u : [0,T] — L,(Q,D((—A)%)) has a fractional
derivative of order n. If n < 0, then u : [0,T] — Lp(; L,(2,R)) has a
fractional integral of order —n with values in L,(;D((—=A)%)). If n =0, we
denote DYu = u. In either case there exists a constant M 110 dependent on
A, p,a, B,m,C such that

I D ull o, 1) x:D((=4)¢)) < M1 1eollgllL, ([0,77x 9L, (Bila))-

Moreover, the constant Mr 11, can be made arbitrarily small by choosing the
time interval [0, T] sufficiently short.

Proof. First, let h € L,([0,T] x Q; Ly(B;l2)) be of the elementary structure like
the g; in Lemma 4.1. Evidently, the following integral exists

Z/Swgt—shk ZZ/ Su.p(t — s)hF dw?

k=11i=1

where 7F are suitable stopping times, h¥ € D(A)N Ly (B;R)N Lo (B;R), and both
sums are in fact only finite sums. For n € (—1,1), ¢ € [0, 1], satisfying (5.17),



Stochastic Integral Equations 153

put V(t)x = (—A)SD} S, s(t)z. We apply Lemma 4.3 and integrate for ¢ € [0, T].
Subsequently we apply Lemma 5.8:
dP(w) dt (5.18)

[ LIS e mone]
<u | ' | ( / t|[v<t—s>h<s7w>]<x)|i ds)g dP(w) dA () dt

< MMTIto”h”L

[0,T)x %Ly (Bslz))"

In particular, with ¢ =7 =0, and h = g; — gm, we have

g = wmll 2, (o, 11x2L,(BR) < Mllg; — gmll 2,0, 71%2%1,(B12))

so that {u;} is a Cauchy sequence in L,([0,T] x Q;L,(B;R)) and has a limit
u. Without loss of generality, taking a subsequence, if necessary, we may assume
that u; converges also pointwise for almost all ¢ € [0,T]. Again we use the simple
structure of g;, in particular that g¥(t,w) € D(A). From (5.9) and the Stochastic
Fubini Theorem we obtain

[ nalt = 015k 0.) ~ aalt — o)t (o]
= [ Al a8t = o = s)gfo) ds]
—A/ /” Sap(t — 0 — 5)g"(0,w) ds duk
:A/o aa(s)/o S st — 0 — 8)g (0, w) duf ds.

Taking the sum over k =1,...,j we obtain

t
ui(t,w) —ag * g;(t,w) = A/ aa(s)u;(t — s,w)ds.
0

Taking limits for j — oo (pointwise a.e. in [0,7]), and using the closedness of A
we have for almost all ¢ € [0, 7]

u(t,w) —ag*xg(t,w) = A/o aq(8)u(t — s,w) ds.

Thus Part (1) of the lemma is proved.
To prove Part (2), let n € (—1,1) and ¢ € [0, 1] satisfy (5.17). With V(¢)x =
(—A)°D]S, gz and h = g;, we obtain from (5.18),

/OZVt—sgj dw

k=1

< Mrxeollgsll o, (0,11 x 9L, (Bila)) s

Ly ([0,T]xQ;Ly(B;R))
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with a suitable constant M7 1¢, which converges to 0 as T' — 0. We have to show
that in fact

E:A;V@—Swﬂ@dwfz(—AfD%ﬁ@)
k=1

First let n > 0. By definition we know that

/0 an(S)V(t — s)ads = (—A)Su s(t)r.

Taking integrals and using the Stochastic Fubini Theorem, we obtain

A)Suj(t) Z/ A)° Sy 5t — J)gj (0,w) dwk

_Z/ /” Vit — o — 5)g" (0, w) ds dut

t—s
:/0 an(s)z ; V(t—s—a)g}“(a,w)dwﬁ ds
k=1

Thus (—A)%u; has a fractional derivative of order 1 which is V % g;. Taking the
limit for j — oo we infer that D}(—A)Su = V x g. Now let n < 0. Similarly as
above, the Stochastic Fubini Theorem yields

- [ —0)gi (o wk:—cta s)u;(t —s)ds
;AWtMAma<m44nu>w

Again we take the limit for j — oo and use the closedness of A, to see that the
fractional integral D}u takes values in D((—A)¢) with (—A)SDJu =V xg. O

6. The semilinear equation
This section is devoted to the proof of Theorems 3.6, 3.7, 3.11, and Corollary 3.8.

Lemma 6.1. Let (2, F,P) be a probability space, let A satisfy Hypothesis 3.1, and
let F' and G satisfy Hypotheses 3.4 and 3.5. We define the operators

Nr : Lp([0,T] x & D((=A)")) = Ly([0, T] x ; D((—A))),
NG : Ly([0,T] x Q;D((—A)?)) — Ly([0,T] x Q; L, (B; 1))
by
Nev)(t,w) == F(t,w,v(t)), [Ngvl(t,w) := G(t,w,v(t)).

(1) Then Np and Ng are well defined and Lipschitz continuous with Lipschitz
constants Mp, Mg, respectively.
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(2) Let F1, Fy,G1,Gs satisfy Hypotheses 3.4, 3.5, and 3.9. Let v € L,([0,T] x
Q:D((—A)?)). Then

[NE v = NpvllL,o.mxep(—a)) < karllL,o.rxer),
[Nayv = Nayvllz, (om0, Bi2) < lbacllz,qo.rxoir)-

Here the constants Mg, Mg and the functions uar and puag are as in Hypothe-
ses 3.4, 3.5, and 3.9.

Proof. These are straightforward estimates. O

Lemma 6.2. Let the assumptions of Theorem 3.6 hold, in addition assume that
8o < 0,61 < 0. Forve Ly([0,T] x Q;D((—A)?)) let Tir,cupumv ¢ [0,T] x Q@ —
L,(B;R) be the unique solution u of

¢
u(t,w) = A/ aq(t — s)u(s,w) ds + ug + tug
0

00 4t
+ Z/ ap(t — 8)Gr(s,w, v(s)) dw®
k=170
t
+ / a~y(t — s)F(s,w,v(s)) ds.
0
in the sense of Proposition 5.1.

(1) Then Tip,Gu,uy) 5 well defined as a nonlinear operator from L,([0,T] x
Q; D((—A)?)) into L,([0,T] x 4 D((—A)?)). Moreover, T[r,G ug,u1) i globally
Lipschitz continuous with a Lipschitz constant dependent on A, p, T, «, 3,
Y5 € 0: MF; Mg.

(2) There exists an equivalent norm on L,([0,T] x Q;D((—=A)?)), such that the
Lipschitz constant of Tip,G ugu,) 8 smaller than 1. This norm depends on
T,p, A a,08,7,0,e, Mp, Mq.

(3) There exists a constant M, depending on A,T,p, Mp, Ma,«, (,€,0,00,01,
such that the following Lipschitz estimate holds:

If Fi1, F>,G1,Gy satisfy Hypotheses 3.4, 3.5, and 3.9, if ug1, ug2 are in
Ly(D((—A)%)) and uy 1,u1,2 € Lyp(Q;D((—A)%)), measurable with respect
to Fo, then for any v € L,([0,T] x ;D((—A)?)) we have

||7—[(F1,G1,u0‘17u1,1]lv - /T[F27G2,uo,2,u1,2]v”Lp([O’T}XmD((*A)Q))
< M ([lug,1 — uO,QHLP(Q;D((—A)“o)) +[lur,1 — u1,2||Lp(Q;D((—A)61))
+ lluarl,qo,rxor) + l1acl L, (o) x0r) |-

(4) Tip,Guo,ui] has a unique fived point up,G ugu,] € Lp([0,T] X O, D((—A)?)).
Moreover, there exists a constant M dependent on A, p, T, Mg, Mq, «, (3,
€, 0, dg, 61 such that the following Lipschitz estimate holds:
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If u; j, Fi, G; are as in (3), then
||u[F1,G17uo,17u1,1] — U[F;,G2,u0,2,u1,2] ||Lp([07T]XQ;D((_A)9))

< M {[luo,1 — o2l L, p((— a0y + w11 —ui2ll, p((—ay))

+ lluarlle, o xomr) + lracl,qo,rxom) |-

Proof. We recall Proposition 5.2 with n = 0 and ¢ replaced by 6. Notice that the
conditions (5.2), and (5.3), (5.4), (5.5) are satisfied. Let u solve

u=Aaq *u+ay*f+ag*g+u+tus,
Notice that with the present choice of coefficients the function v in (5.6) is simply
u. Thus u € L,([0,T] x Q;D((—A)%)) with
1wl 2, (0,11 x 2D ((— 4)9)) (6.1)
< Minis ||UO||LD(Q;D((—A)50)) + HU1||L,7(Q;D((—A)51))]
+ Mr el fllz, o0, mx0p(—ay) + MraollgllL, (o, mx00, (B.12))-
Given v € L,([0,T] x Q;D((—A)?)), we put f = Npv and g = Ngv as in
Lemma 6.1. Then f € L,([0,T] x ; D((—A)%)) and g € L,y([0,T] x Q; L,(B;l2)).
Thus, by (6.1), u = Tip,G,ug,u ]V € Lp([0, T] x € D((—A)?)). In particular for v = 0
we have
1 717,G 1uo,u1] (O) | . ([0, 77 x 2D ((— 4)9))
< Minit [HUO”LP(Q,D((—A)“O)) + Hul”LP(Q;D((fA)“l))] + Mr Leb MEo + M7 106 Mg o-
We could immediately get a Lipschitz estimate for 7z, g vy,u,] by (6.1), but we will
get a better (contraction) estimate in an equivalent norm below.
To prove (2), we recall from Proposition 5.2 that Mp ren, and Myr 1y, can be
taken arbitrarily small, if the time intervals are sufficiently short. In particular,

there exists m € N such that

1
Mrm LebMp + M) 100 Ma < 1

With some & > 0 to be specified below, we define for v € L, ([0, T] x Q; D((—A)?)),

m 1/p
TS S M A YR EE”
g=1 (g—1)/m

For g =1,...,m we put
Fy(t,w,v) == Ig_1yr/m<t<qr/m(t) F(t,w,v(t)),
Gty ) = g1y /mescgt/m(®) Glt, 0, (1))
If v,9 € Ly([0,T] x Q; D((—A)?)), then

,T[F,G,umm]v TFG Juo,u]V E :qu



Stochastic Integral Equations 157

where w, solves
Wg = Al * Wq + ay * [Fo(v) — Fy(0)] + ag x [Gq(v) — G4(0)].
Now w, = 0 on [0, %] Lemma 6.1(1) and (6.1) imply

Tq/m 1/p
(L7 [ttty ape) i)
T(g-1)/m J0

Tq/m 1/p
< Mt [ 7 folt) = 6000l oy aP) )

T(g-1)/m J

Tq/m 1/p
+ Moo [ o / Jo(t0) = 50,6) gy AP0 )

Tq/m 1/p
< (t,w) — o(t,w)]||> dP(w) dt) .
VAL

On the intervals [%, %} with r > ¢ we have the estimate

Tr/m 1/p
(L7 [ ety i)
(r—1)/m JQ
T 1/p
([ [ttty deoat)
Tq/m 1/p
gM(/ /m/ lo(t, w) — w)||%((A)9)d]P’(w)dt> .

with M = MpMrp pen, + MMy 1o We choose k € (0,1) sufficiently small, such
that M > 77, k" < ;. We have therefore

m Tr/m 1/p
ol =>>w| | SR AL ()|
r=q
1 "o Tq/m . ) 1/p
< {ZJFM Zlﬁ q} 4 [/T(ql)/ ||v(t,w)—v(t,w)||D((_A)9)dIP’(w)dt}
r=q-+ m

1 Tq/m _ 1/p
< 3 K4 [/ |v(t, w) — U(taw)H%((,A)e) dP(w) dt} .
T(¢g—1)/m

Summing for ¢ = 1,...,m we obtain

m
|‘|T[F,G,uo,u1]v - T[F,G,uo,ul]mn < Z [[|wg ]
qg=1

1 m Tq/m 1/p 1
. P _ .
<32 [ ) o ] = ol

1
rt (3) is a straightforward application of (6.1) and Lemma 6.1 (2).
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Finally, since for all F, G, ug, u1 the operator (g g u,,u,] iS @ strict contraction

with Lipschitz constant 4 < 1 on Ly ([0, T] x ; D((—A)?)) (with the norm ||| - [|]),
and since 7[r,,u,,u,v depends Lipschitz on F, G, ug,u; by Part (3), the standard
contraction arguments yield Part (4). O

We are now ready to finish the proofs of the main results:

Proof of Theorem 3.6. We may assume without loss of generality that dg, d; < 6.
(If any ¢; is greater that 6, it may be replaced by 6.) Obviously, the unique solution
of (1.1) in Ly ([0, T] x €; D((—A)?)) is exactly the unique fixed point of Tjr ¢, ug,u]
constructed in Lemma 6.2. O

Proof of Theorem 3.7. Let u be the solution of (1.1), thus, with f = Npu €
L,([0,T] x Q;D((—A)9)) and g = Ngu € Lp([0,T] x Q; L,(B;l3)) we have that
u solves (5.1). Let v be defined by (3.13). Now, (,n, do, 1, € satisfy the conditions
of Proposition 5.2, which yields immediately the required additional regularity
results. 0

Proof of Corollary 3.8. To prove Part (1), choose 1 such that
1 1
- ——-<n<l,
p q

and such that the conditions (3.9), (3.10), (3.11), and (3.12) from Theorem 3.7 are
satisfied. Then Dj'v € L, ([0, T); L,(Q; D((—A)¢))). Notice that ¢ < +2—, so that

1—pn>
we infer from [9, p. 421] that v € L, ([0, T]; L,(€2; D((—A)%))).

To prove Part (2), put /H_z_l) = 7. Consequently conditions (3.9), (3.10), (3.11),
and (3.12) from Theorem 3.7 hold. Then D}v € L,([0,T]; L,(Q; D((—A)¢))). Then
by [9, p. 421] we infer that v € hi% ([0, T]; Lp( D((—A)))). O
Proof of Theorem 3.11. For i = 1,2, let u[r, ¢, uo..u;.,) be the solution of (1.1)
with wug replaced by wg, etc. Let v, ¢, u0.,u.,) be defined by (3.13) with the
obvious modifications. From Lemma 6.2, Part (4) we have a Lipschitz estimate

HU[F1,G1,UO,1,U1,1] — U[F3,G2,u0,2,u1,2) ||Lp([07T}><Q;D((7A)9)) < Md with

d = [luos — uozllL, @i~ a0y + lur1 — w2l @ aym)

+ llparlls, o rxomr) + lraclic,qo,rxam)]-
Now let f; = Nruir,a, o u 2] a0d gi = NGU[F, G uo . ui.,]- By Lemma 6.1(1) we
have
11 = fallL, (o.r1x@ip((—aye)) < MpMd, g1 = gall L, (o,1)x 0L, (B,12)) < MaMd.
The difference v = v[r, G, up1,u11] = V[Fs,Garuo 2.u1 2] SOIVEs (5.1) with ug replaced
by uo,1 — 0,2, etc. Proposition 5.2 yields now
||U[F1,G1,uo,1,u1,1] = U[F5,G2,u0,2,u1,2] HLP([O,T]XQ;D((*A)C)) < Md

with a suitable constant M. g
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7. Maximal regularity considerations

In this section, we consider the case that B = R™ and A = A : W2P(R") —
L,(R™), the Laplacian in L,(R™). In this case, a maximum regularity result can
be proved. To keep the paper at a reasonable size we concentrate on the stochastic
part and confine ourselves to the equation

u(t,w,z) = A/ ao(t — s)u(s,w,x) ds
(7.1)
—1—2/ ag(t — s)G* (s, w, u(s,w,z)) dw”

and the linear equation
¢ 0o 4t
u(t,w,z) = A/ ao(t — s)u(s,w, x)ds + Z/ ag(t — s)g"(s,w, ) dwt. (7.2)
0 = Jo

Notice that various results on maximal regularity with respect to determin-
istic forcing functions (see, e.g., [39]) and to initial data (e.g., [9]) are available.
These could be combined with the results given here and adapted to the semilinear
case.

For (7.2) we obtain
Proposition 7.1 ([13], Theorem 4.14). For a positive integer n, let A : W2P(R") —
L,(R™) be the Laplacicm with 1 < p < oo. Suppose that the probability space Q0 and
the Wiener processes w® satisfy Hypothesis 3.2. Let T > 0, 3 > —, a€(0,2), and
g € L,([0,T] x ; L,(R™,12)).
(a) Then there exists a unique function u € L,([0,T] x §, Ly,(R™)) such that for
almost all t € (0,7,

/Ot ao(t — s)u(s) ds € WHP(R™)

and (7.2) holds.
(b) Moreover, if ¢ € [0,1] is such that

a¢ + % < B, (7.3)
then u € Ly([0,T] x 2, D((~A)S)), and

lullz,0.11x0.D(—a))) < MllgllL,(0.11%0.12) (7.4)
with a constant M dependent on n,T,p, a, 3,C.

(c) If strict inequality holds in (7.3), then M in (7.4) can be obtained arbitrarily
small by taking sufficiently small T.

Proof. Of course, if strict inequality holds in (7.3), then the assertions above are
just a special case of Proposition 5.2 with A = A, ug = u; = 0, and = 0. But for
such A and 7, the assertion of Lemma 5.8 holds also if equality holds in (7.3), with
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the only exception that ]\;IT,ItO cannot be made small by taking small T'. See [12,
Theorem 1.2]. (To prove this, the general estimates from Lemma 5.4 are replaced
by a more sophisticated analysis of the resolvent kernel for the Laplacian, using
the heat kernel and its self-similarity properties. This has been done for the heat
equation by Krylov in [20], and generalized to the case of integral equations in
[12].) Once Lemma 5.8 is established, the proof continues exactly as in Section 5.
More details can be found in [13]. O

Since M in (7.4) cannot be controlled simply by taking short time intervals,
we need a more sophisticated Lipschitz condition. (For the heat equation, compare
[21, Assumption 5.6].)

Hypothesis 7.2. There exists some 6 € (0,1) such that
G:0,T] x 2 x D((-=A)?) — L,(R™;1,)
[G(t,w,u)|(x) := (Gk(t,w,u)(x));il

satisfies the following assumptions:

(a) For fixed u € D((—A)?), the function G(-,-,u) is measurable from [0, 7] x
into L,(R™;12).

(b) For each € > 0, there exists a constant M¢(€) > 0, such that for all ¢ € [0, T,
and all u1,us € D((—A)?) the following Lipschitz estimate holds:

||G(taw7u1) - G(t5w7u2)||LP(Rn;l2) (75)

1/p

< [llur — u2||%((_A)9) + Mg(e)?||ur — uz||ip(Rn)] forwe Q ae..

(¢) For u =0 we have

T 1/p
l/ﬂ/@v HG(t7w’0)||ip(R";l2) dt dP = MG,O < 0. (7.6)

Theorem 7.3. Let the probability space (2, F,P) and the Wiener processes (wi?);il

be as in Hypothesis 3.2. Let p € [2,00), and A be the Laplacian on L,(R™). Let
a€(0,2), 8>3, and T > 0. Assume that G : [0, T] x @ x D((—A)?) — L,(R™; 1)
satisfies Hypothesis 7.2 with suitable 6 € (0,1), such that

1

Then there exists a unique function u € L,([0,T] x Q;D((—=A)?)) such that for
almost all t € [0,T

¢
/ ao(t — s)u(s,w,-)ds € D(A) for a.e. w € Q,
0

and (7.1) is satisfied for almost all w € .



Stochastic Integral Equations 161

Proof. We refine the contraction argument from Section 6. As in Lemma 6.1 we
define for v € L,([0,T] x Q; D((—=A)?))

Ne(v) : {[O,T] X QLR D)

tXw — G(t,w,v(t,w)).
For g € L,y([0,T] x Q; L,(R™,15)) we define Sg := u € L,([0,T] x Q; D((—A)?)),
where u is the solution of (7.2) according to Proposition 7.1 with forcing function
g. As in Section 6 the desired solution u is a fixed point of the operator 7 := SoNg
which maps L, ([0, 7] x ; D((—A)?)) into itself.
By (7.4) for ¢ = 0 and for ¢ = 6 we infer
1911z, (0. 71x 52, (Rm)) < Mo(T) gl 2, 10,1752, (R312))
1S9llz, 0, 71x (- a)0)) < MollgllL,((0,71x 0L, ®7:12)) 5

with fixed My, while My(T") can be made arbitrarily small by taking T" sufficiently
small. We fix € > 0 such that Mpe < % and choose the corresponding M¢(e) ac-

cording to Hypothesis 7.2. On L, ([0, T x Q; D((—A)?)) we introduce the following
equivalent norm

1I1%, 0.1 x 2D (= 2)9)) equiv

T
= [ I ay + MBI ] PG
With respect to this norm, the nonlinear operator
N+ Ly([0.T] x 5 D((=1)")) = Ly([0,T] x % Ly(R"; 1)
has Lipschitz constant 1 by Hypothesis 7.2. On the other hand

1S9l L, (j0,7)x 2D ((—A)9)) equiv
< (P MF + Ma(e)” Mo(T)P) |l 1, (10,77 x % Lo (B i12)-

We infer that 7 is Lipschitz on L,([0,T] x ©;D((—A)?)) with respect to the
equivalent norm || - [| (0,77 xQ:D((—A)#)),equiv, and if 7" is sufficiently small, so that
(P M} + Mg (e)?Mo(T)P)Y/P < %, then the Lipschitz constant of 7 is less than
%. We can now proceed as in Lemma 6.2 (2) to construct an equivalent norm on
L,([0,T] x ;D((—A)?)) which makes 7 a strict contraction also for large 7. O

8. Krylov’s approach versus B-space valued stochastic integration

At the center of the study of stochastic integral equations in Banach spaces is the
problem of defining and estimating stochastic integrals, in particular stochastic
convolutions, in Banach spaces. Krylov’s approach, which is used in this paper,
is elementary in the sense that stochastic integrals are taken pointwise, so they
are classical Ito-integrals of scalar-valued processes. The Burkholder-Davis-Gundy
inequality provides the step from Ls-estimates to L,. Of course, this can only
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be done for sufficiently “nice” integrands. The final step is to extend the results
obtained for smooth initial data and elementary forcing terms to more general
L,-data by a completion argument.

On the other hand, the recent progress on stochastic integration in Banach
spaces provides a convenient tool to handle stochastic convolutions directly in the
Banach space. In [4] stochastic convolution is developed to the point where semi-
linear stochastic differential equations can be treated in M-type 2 UMD spaces.
(This covers our case X = L,.) In fact, the key is a generalized version of the
Burkholder-Davis-Gundy inequality. Further developments of stochastic integra-
tion can be found in [26].

In [13] we compared our linear results with those obtained in [14], [37]. In the
context of the present paper it appears interesting to make a similar brief com-
parison concerning semilinear equations. Note that the aim of the present paper
is to treat fractional differential equations and not only the differential equation
case « = = v = 1. To our knowledge, no results are available for stochastic
fractional integral equations using abstract integration methods in spaces other
than Hilbert spaces. However, there are several papers dealing with differential
equations, in settings that are quite more general than ours. For instance, nonau-
tonomous problems ([38]) and local Lipschitz conditions ([4], [27]) can be treated.
And, as stated above, the abstract methods are not confined to the space L.

With @ = 8 = v = 1 our equation (1.1) reduces to the stochastic nonlinear
differential equation

du(t) = Au(t) dt + G(t,w, u(t)) dWy + F(t,w,u(t)) dt. (8.1)

It is this case, where we can compare our results to the results obtained by
the abstract integration theory. Note that in abstract notation, W, is a cylin-
drical Wiener process in a separable Hilbert space H and that, for fixed u, G €
L,([0,T] x ;v(H, L,(B))) where v(H, L,(B)) denotes the space of y-radonifying
operators H — L,(B). This is equivalent to writing the stochastic forcing in

Krylov’s notation
o0
G = Z GFwh.
k=1

with (for fixed u) {G*}32, € L,([0,T] x Q;L,(B,l2)) (use, e.g., [37, Proposi-
tion 3.2.3]).

Possibly the results which can be most easily compared with ours are those
of [4], which are formulated for any type 2 UMD space. Rewritten to our notation
(and reduced to the globally Lipschitzian case, and L, instead of general X), the
essential conditions in [4] read:

e There are constants € € (—1,0), v € (0,1], ¥ > 0, and

1
O§02<91<92+p1<min(e+1,§—?9), (8.2)

such that the following conditions hold:
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e G:[0,T] x Q x D((—A)") — L,(B;ls) satisfies a Lipschitz condition
”(_A)_ﬂG(tawvul) - (_A)_ﬂG(tvwvu2)||Lp(B;lz)
< Kfux — u2||%>((7,4)91)||“1 - U2||lpzé,,A)92)

for almost all w € Q, and all ¢ € [0, T, u1,us € D((—A4)").
o F:[0,T] x Q2 xD((—A)") — D((—A)°) satisfies a Lipschitz condition

1F(t,w,u1) = F(t,w, u2) [ p—ay) < Kllur — w2l ayon)llur = uallp (e

for almost all w € Q, and all ¢ € [0, T, u1,us € D((—A)%).

® Uy € LP(Q, Fo, D((—A)Gl).

e In addition, suitable conditions for measurability and linear growth of F' and
G in u are given.

With these conditions, (8.1) admits a unique mild solution
u € Ly([0, T] x Q; D((—A)")) N Lyp(2,C([0, T]; D((—A4)))).

This assertion is stronger than our Theorem 3.6 since it ensures that trajectories
are continuous a.s. in the some space D((—A)%), while our theorem only provides
a solution in L, ([0, T] x ; D((—A)%)). Accordingly, the conditions on @2 will not
have a counterpart in Theorem 3.6. The Lipschitz condition on G can be compared
to Hypothesis 3.5 if we identify 6; above with our 6 and put ¥ = 0, and (with
some abuse) forget about the role of #5. The Lipschitz condition on F' is more
general than Hypothesis 3.4, since it allows for negative e. We expect that it might
be a minor technical task to sharpen our arguments to match this situation. With
a = [ =+ =1, our conditions (3.5), (3.6) and (3.7) can be rewritten in the form

1 1
0 <l4e 6 <=, 06 <-+7d.
2 p
The conditions on #; and € are exactly what is left from (8.2) if we forget about 65.

Our Theorem 3.6 allows for ug € D((—A)%) where o > 6 — %. In [4] slightly more
regular ug € D((—A)1) is required, with the payoff that solutions are continuous
at least as functions with values in D((—A)%). The continuity assertion may be
(with some caution) compared to our Corollary 3.8 (2), if we identify 6y from [4]
with our . Then the conditions of our Corollary 3.8 require p € (0,1 — %) such
that

2

Such g can be found if (8.2) holds. Our corollary states that in this case u €
ht—o([0, T]; Ly (2 D((—A)"))).

1 1
—+u+92<min<1+e,—), w02 < .
p
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1. Introduction

In the last decade, a large activity has been devoted to the study of motions of
rigid or elastic bodies in a fluid. The motion of particles in a viscous liquid has
become an important goal of applied research. The presence of particles affects the
flow of the liquid, and the fluid, in turn, affects the motion of particles, so that
the problem of determining the flow characteristics is a strongly coupled one.

There exists now a lot of numerical studies and simulations concerning this
system and its theoretical aspects. We deal here with the problem of several rigid
bodies embedded into a viscous fluid.The fluid and rigid bodies are contained in
a fixed open bounded set of R3. We will suppose that this fluid is non-Newtonian
with a sufficiently high viscosity and also we consider selfgraviting forces. We are
interested in the existence of weak solutions and also in no existence of collisions
in finite time. We will apply two different techniques of penalization. The first one
was introduced by Conca, San Martin, Tucsnak and Starovoitov [34, 5] and the
second one by Bost, Cottet and Maitre [2]. We want to compare efficiency of both
methods.
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Historically, the weak formulation of the problem has been introduced and
studied by Judakov see [39] and after that by many authors: Desjardins and Este-
ban [6, 7], Hoffmann and Starovoitov [29, 30], San Martin, Starovoitov, Tucsnak
[34], Serre [35], Galdi [23], among others.

Concerning the problem of the existence of collisions, let us mention that in
the case of compressible fluids there is a result obtained by E. Feireisl.

In [16], E. Feireisl considered a rigid sphere surrounded by a compressible
viscous fluid inside a cavity. He constructed a solution to the subsequent system
in which the sphere sticks to the ceiling of the cavity without falling down. On the
other hand, in the incompressible case, Hesla [26] and Hillairet [27] proved a no-
collision result when there is only one body in a bounded two-dimensional cavity.
Later the result was extended to the three-dimensional situation by Hillairet and
Takahashi [28].

Starovoitov in [38] showed that collisions, if any, must occur with zero rela-
tive translational velocity if the boundaries of the rigid objects are smooth and the
gradient of the underlying velocity field is square integrable — a hypothesis satis-
fied by any Newtonian fluid flow of finite energy. The possibility or impossibility
of collisions in a viscous fluids is related to the properties of the velocity gradi-
ent. A simple argument reveals that the velocity gradient must become singular
(unbounded) at the contact point, since otherwise the streamlines would be well
defined, in particular, they could never meet each other.

Indeed Starovoitov [38] showed that collisions of two or more rigid objects
are impossible if:

e the physical domain Q C R? as well as the rigid objects in its interior have
boundaries of class C1!;
e the pth power of the velocity gradient is integrable, with p > 4.
Inspired by work of Starovoitov, Feireisl et al. [17] have considered the motion
of several rigid bodies in a non-Newtonian fluid of power-law type (see Chapter 1
in Mélek et al. [33] for details), where the viscous stress tensor S depends on the
symmetric part D[u],
Du] = V,u+ Viu

of the gradient of the velocity field u in the following way:

S=S[D[u] ], S: Rfyxr;f — ngxrr‘f is continuous, (1.1)
(S[M] - S[N]) : (M - N) > 0 for all M £ N, (1.2)

and
a|MP <SM] : M < co(1 + |M|P) for a certain p > 4 (1.3)

and they showed not only the existence of a weak solution but also that collisions
cannot occur in such viscous fluids.

The question how the smoothness of boundary has influence on the existence
of collisions was investigated in the work of Gerard-Varet and Hillairet [24].
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The present work is an extension of that of Feireisl et al. (see [17]) to the case
where selfgravitating forces are present and two different possibilities of penaliza-
tion technique are used.We have to use a slightly different approximation scheme
by means of artificial viscosity terms to handle the selfgravitating force. Moreover,
we have to assume the regularity of boundary C%*, v € (0,1) to get the strong
solution of the regularized continuity equation.

2. Formulation of the problem

2.1. Bodies and motions

A rigid body can be identified with a connected compact subset B of the Euclidean
space R3. The motion is represented as a mapping 1 : (0,7) x R* — R3, which
defines an isometry

n(t,") : R* — R (2.1)
for any time ¢ € (0, 7).

We adopt the Eulerian (spatial) description of motion, where the coordinate
system is attached to a fixed region of the physical space currently occupied by the
fluid. The position x and the time t € (0,T") play the role of independent variables.
The mappings 7(t, -) are isometries satisfying the following identity

n(t,x) = X (t) + Ot) (x = Xy (0)),
where X,; the position of the center of mass at a time ¢ and O(¢) is a matrix satis-

fying OT O = Z. Moreover, the translation and angular velocities can be expressed

respectively by
d

Exg =1, (2.2)
and
d T
(Eou))o (t) = Q(t). (2.3)
The solid velocity in the Eulerian coordinate system can be written as
on _
w(t,x) = Z¢ (b1 Ht,x)) = Uy (1) + Q(1) (x — Xy (1)).

The total force FBi acting on the body Bj is a sum of the gravitation force and

the contact force
FPi(t) :/ pPigPi da +/ Sn do,
Bi(t) OB ()

where S is the Cauchy stress, gf = GV [ B3 Zj £i % is the gravitation force
and B;(t) = n(t, Bi). Under the assumption of the continuity of stress, the balance
of linear momentum for body B; is expressed by Newton’s second law
d d
m—U,(t) = —/ pPiubi dx :/ pBighi dx—f—/ Sn do, (2.4)
dt dt JBi) Bi (1) OB (1)

where m is the total mass of the body.
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The matrix Q is skew-symmetric, therefore it can be represented by a vector
w such that

Qt)(x — X,) = w(t) x (x - X,).
Moreover the balance of angular momentum reads

d d B, B;
— =— ix—X id 2.
pn (Jw) p /i(t) pri(x g) xut do (2.5)

:/ pPi(x — X,) x Sn da+/ pPi(x — X,) x ¢ da,
8Bi(t) Bi(t)

where 7 is the inertia tensor
ja~b:/ pPi(ax (x—X,)) - (bx(x—X,)) dz.
Bi(t)

2.2. The fluid motion

The fluid is completely determined by the density p/, and the velocity uf. The
standard mass and momentum balance equations are the following:
orp’ + div(pfuf) =0,
divuf = 0, in Qf, (2.6)
. . £
d(pTal) + div(p’u/ @ ul) + VP =div S+ p/ GV [, 2y,

where Qp = Q '\ Ufil B;, P is the pressure and S is the viscous stress tensor.
We also consider a no-slip boundary condition for velocity

u/ =0 on 9. (2.7)
We will introduce the notation
Q:=1xQ,
Q' ={(t,x)|t € I,z € B(t)},

N
Ue.el =e\e,

Q=
i=1
and define the quantities
p!(t,x) on Q7
p(t,x) = ¢ pPi(t,x) on @7,
0on R?\ 9,
and
u’/(t,x) on Q,
u(t,x) = { uf(t,x) on Q7,

0 on R3\ Q.

We will restrict ourselves to the particular case where the density is noncon-
stant only on the solid part and constant on the fluid part to get local estimates
on the pressure.
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3. Weak formulation

We begin with a description of the initial position of a set of rigid bodies. We
assume that the initial position of the rigid bodies is determined through a family
of domains

B;C R i=1,...,n,

each of them being diffeomorphic to the unit ball in R3. In addition, in order to
facilitate the analysis, the boundaries of all the rigid bodies are assumed to be
regular, more specifically, there exists dg > 0 such that for any x € 0B;, there are
two closed balls B Bt of radius d, such that

xc Bint n Bext, Bint C Ei’ Bext C R3 \ B,. (31)

Similarly, the underlying physical space 2 C R3, occupied by the fluid containing
the rigid bodies, is supposed to be a domain such that for any x € 052, there are
two closed balls B™ B! of radius dy such that

x € B®NB™' B™ c, B> c R*\ Q. (3.2)
The motion 7, associated to the body B; is a mapping
ni = ni(t,x), t €[0,T), x € R®, n;(t,-) : R* —» R3,
together with the initial condition
ni(0,x) =x forallx € R3, i=1,...,n,

that is an isomorphism R® — R3.
Accordingly, the position of the body B; at a time ¢ is given by the formula

B;(t) =mi(t,B;), i=1,...,n.

We proceed with the definition of a weak solution for fluid structure interac-
tion, which was introduced by Judakov [39] based on the Eulerian reference system
and a class of test functions depending on the position of the specified rigid bod-
ies (see Desjardins and Esteban [6, 7], Galdi [22], [23], Hoffmann and Starovoitov
[29], San Martin et al. [34], Serre [35], among others) however we will use a slightly
different definition in the last paragraph.

The mass density ¢ = o(t,x) and the velocity field u = u(¢,x) at a time
t € (0,T) and the spatial position x € Q satisfy the integral identity

/OT/Q <93t¢ +pu- ngzﬁ)dm dt = —/ongb dz, ¢ € C*([0,T) x Q), (3.3)

/OT/Q(,Ou~0t<,0+pu®u:Vm[gp]_S:D[Lp]) de dt

T
z—/ /pGVx/ p dy-(pdmdt—/pouo-cpdxdt,
o Ja re |z =yl Q

p e CH([0,T) x Q), ¢(t,-) € R(1), (3.5)
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R(t) = {p € C*(Q) | div ® =0 in Q, ¢ = 0 on a neighborhood of IQ,  (3.6)
D[®] = 0 on a neighborhood of U_; By (t)},

T ) T
/ /vax(/ —dy)ga da dt:/ /vaxF de dt,
o Ja R3 |7 =yl 0o Ja
pi of
F= / I dy+/ dy ).
(; rs [T — Y r3 |7 — Yl )

Finally, we require the velocity field u to be compatible with the motion of the
bodies. As the mappings 7;(t,4) are isometries on R3, they can be written in the
form

where

with

i (t, x) = z;(t) + O;(t)x.
Accordingly, we require the velocity field u to be compatible with the family of
motions {n1,...,n,} if

u(t,x) = uli(t,x) = U;(t)+ Qi(t)(x—z;(t)) for a.a. z € By(t), i =1,...,n (3.7)
for a.a. t € [0,T), where

4 4

dt dt

‘We introduce now some notation:

x; = Uy, ( (91-> OF = Q; a.a. on (0,7). (3.8)

o Given a collection ]§i:1
Q, we denote by

d[UB,] ;= inf{ inf dist(B;,B;), inf dist(B;,dQ)}

4,7=1,....m i=1,....m

m of open relatively compact connected subsets in

.....

the minimal interdistance “solids-boundary”.
e The signed distance to the boundary is

dbg(z) = dist [x; R® \ S] — dist [x, S].
Given a subset S C R?, and o > 0, we denote
[S]a = dbg' (=00, —a)), ]S[a= dbg'((—00,a)). (3.9)

In the sense of J.A. San Martin, M. Tucsnak and V. Starovoitov, [S], is the a-
neighborhood of S and | S|, is the a-kernel of O.

V= {¢ € C(Q), such that div(¢) = 0}.
1. V, stands for the closure of V in Wé’p(Q) and V? for the closure of V in

W#2(Q). For simplicity V = V1 = V5.
2. Given B C , we write

K,(B) ={v eV, with D(v) =0 in B},
K*(B) ={v € V* with D(v) =0 in B}.
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3. Given a subset B of Q, P*{B} is the orthogonal projection of V* onto
K*([Blo)-

We will introduce the energy inequality (EI) of the problem as follows:
%{ fﬂtz plul?(t2) dx — fQiz Gp(tg,x)Fdx} + j;tf JoS : D[u] da dt

< %{ Jo, pluP(ty) dz — [, Gp(ti,x)F dx}.

Problem P. Let the initial distribution of the density and the velocity field be de-
termined through given functions py, ug, respectively. The initial position of the
rigid bodies is B C Q, i =1,...,m. We say that a family p, u, n*, i =1,...,m,
represent a variational solution of problem (P) on a time interval (0,T) if the
following conditions are satisfied:

e The density p is a non-negative bounded function, the velocity field u belongs
to the space L>(0,T; L2(€; R3)) N LP(0,T; W, P (; R?)), and they satisfy
energy inequality (EI) for ¢t =0 and a.a. t3 € (0,7T).

e The continuity equation holds on (0,7) x R? provided p and u are extended
to be zero outside €.

e The momentum equation (the integral identity) holds for any admissible test
function w € R(t).

e The mappings 1, i = 1,...,m are affine isometries of R compatible with
the velocity field u in the sense of compatibility conditions.

4. Main result I
Let us formulate one of our main existence results.

Theorem 4.1. Let the initial position of the rigid bodies be given through a family
of open sets

B; c Q C R3, B; diffeomorphic to the unit ball for i =1,...,n,

where both 0B;, i = 1,...,n, and 09 belong to the regqularity class specified in
(3.1), (3.2). In addition, suppose that

dist[B;, B;] > 0 for i # j, dist[B;, R*\ Q] >0 for anyi=1,...,n

and we assume that the boundaries of 0 and B; belong to C*", v € (0,1). Fur-
thermore, let the viscous stress tensor S satisfy hypotheses (1.1)—(1.3), with p > 4.
Finally, let the initial distribution of the density be given as

oy = const > 0 in Q\ U, B;,
o= oB, on S;, where gg, € L*°(Q), essinfg, o, >0, i=1,...,n,

while

up € L*( R?), divyug = 0 in D'(Q), D[ug] = 0 in D'(By; R¥3) fori=1,...,n.
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Then there exist a density function o,

0€ C([0,T]; L*(Q)), 0< essirglzf o(t,-) < esssupo(t,-) < oo for all t € [0,T],
Q

a family of isometries {n;(t,-)}*_1, n:(0,-) =1, and a velocity field u,
0 € Coeat[0,T]; L( B®)) 0 LP(0, T3 Wi (0 BY),

compatible with {n;}1'_, in the sense specified in (3.7), (3.8), such that o, u satisfy
the integral identity (3.3) for any test function ¢ € C1([0,T)x R?), and the integral
identity (3.4) for any ¢ satisfying (3.5), (3.6).

5. Approximate problem

We will construct weak solutions based on a three-level approximation scheme
which consists in solving the system of equations

Oro + diva(oluls) = dAp, (5.1)
O(ou) + div,(ou ® [u]s) + VP 4+ dVpVu = div ([ue]sS) + oV F — xeu, (5.2)
Outte + dive (pe[uls) =0, (5.3)
divyu = 0, (5.4)

where

[u]s = 05 * u (spatial convolution) for 0 < ¢ < do,
with

o5(x) = 5%0(@) (5.5)

1

oce€D(-1,1), o(z) >0for —1<2z2<1, o(z) =0(—2), / o(z) dz = 1.

As Q is bounded, we can assume that Q C [~L, L]? for a certain L > 0 and
consider system (5.1-5.4) on the spatial torus
T =L, D)l{-1.h),

meaning that all quantities are assumed to be spatially periodic with period 2L.
System (5.1)—(5.4) is supplemented with the initial conditions

0(0,-) = 00,5 = 05 + E 0B, .5 (5.6)
=1
where

o, € D(B;), 0B, s(x) =0 whenever dist[z,0B;] < d,i=1,...,n. (5.7)

Similarly, we prescribe

1 n
M(O, ) = ,LLO,&‘ = 1 + g Z/’[’B” (58)
i=1
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where
up; € D(B;), pp,(z) =0 whenever dist[z, 9B;] < 4,
i=1,...,n. (5.9)
B, (x) > 0 for z € B;, dist[z,0B;] > ¢
We take
1 _
stgx,XeD(T),X>Oon’T\Q,X:OinQ. (5.10)
Finally we add the homogeneous Neumann boundary condition
Vp-n=0 ondQuU| OB, (5.11)
i=1
and we assume that
po.s € C27(Q). (5.12)

The parameters €, d and § are small positive numbers. The e-dependent
initial distribution of the “viscosity” u can be easily identified as the penalization
introduced by Hoffmann and Starovoitov [29] and San Martin et al. [34], where
the rigid bodies are replaced by a fluid of high viscosity becoming singular for
e — 0. Here, the extra parameter 6 > 0 has been introduced to keep the density
constant in the approximate fluid region in order to construct the local pressure.
Moreover, we regularized the continuity equation by an artificial viscosity term to
get the estimation of the selfgravitating forces. We will also introduce in the last
section another possibility of penalization which was introduced by Bost et al. [2]
and gives the main idea of the proof. As for e > 0, § > 0 and d > 0 fixed, we report
the following existence result that can be proved in a standard way through the
solution of the continuity equation through LP-LY regularity (see for more details
[18], Lemma 3.1) and by means of a standard monotonicity argument (see Mdlek
et al. [33]) which was extended to nonhomogeneous fluids by Frehse et al. [20],
[21].

Proposition 5.1. Suppose that p > 4. Let the initial distribution of o, u be given
through (5.6)—(5.9), with fized ¢ >0, § > 0, d > 0. Moreover, assume that

u(0,") =ug €7, ug € L*(T; R?), divyuy =0 in D'(T; R?), (5.13)

and x. € C°(T), where x. is determined by (5.10) and let us assume 5.12.

Then problem (5.1)—(5.4), supplemented with the initial data (5.6)—(5.9),
(5.12) and additional boundary conditions (5.11), possesses a (weak) solution o,
w, u belonging to the class

e Ct2([0,T] x T),
0 € C([0,T];C*¥(T)), 0,0 € C([0,T); C*(T)),
u € Cyear ([0, T); L*(T; R?)) N LP(0, T; WP (T; R?)).



176 B. Ducomet and S. Necasova

In addition, the solution satisfies the energy inequality

/ —olul*(r daH—//uE ]sS:V udxdt+//x8\u|2dxdt </ —olul*(s) dz

(5.14)
for a.a. 0 < s <7 <T including s = 0.

Let us remark that, in the weak formulation, equation (5.2) is represented by
the integral identity

T
/ / ou- O+ p(u® [uls) : Vyp do dt —l—/ 0VpVu @ dx dt
o Jr T

_ [ | lelsS : Dlg] da it - ' [ 9G¥, p(t;y)dy o da dt
re [T — Y|

/ /Xsu <pdxdt—/905uo ©(0,-) dz
(5.15)

to be satisfied for any test function ¢ € D([0,T) x T; R3), such that div,e = 0.

Remark. From [18] [Chapter 3, Lemma 3.1] it follows that in the level of approx-
imation J, € the density satisfies the following bounds:

p € L*(0,T;W**T)n C(0,T; WH(T)),0:p € L*((0,T) x T) (5.16)

and also through a bootstrap argument we have

ol o, riwe-2/00(y) + 10l Lo 0. 0200 (1)) (5.17)
0ol Lo 0, myx1) < cllpollwz—2/p0 (1),

lolleo,me2 vy < 6 (5.18)

[10:pllc(o,m1:c00 (7)) < ¢ (5.19)

The term with selfgraviting force is estimated by the following way:

T
t
/ / pcvx{ / A y)dy}¢d$dtSC||/)|L3(T||P||L2T||U||L6(T)
0o JT rs [T =yl

for more details see [8, 9].

6. Artificial viscosity limit

Our first task is to identify the limit problem resulting from (5.1)—(5.9) for fixed
d > 0and € — 0. To this end, let us denote by { ., pc, uc }e>0 the associated family
of approximate solutions, the existence of which is guaranteed by Proposition 5.1.
As already pointed out, there are two major issues to be addressed, namely the
strong (pointwise) convergence of the velocity fields, and strong convergence of the
velocity gradients in order to pass to the limit in the non-linearity of the stress
tensor. The first goal is accomplished basically in the same way as in [34] and
repeated in [17], so we will give only the main ideas of the proof. Note that in the
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present setting, the analysis is considerably simplified thanks to the no-collision
result by Starovoitov [38].

Let us start with the following stability result for solutions to the transport
equation established in [16, Proposition 5.1]:
Proposition 6.1. Let v,, = v, (¢, ) be a family of vector fields such that

{vn}5%, is bounded in L*(0,T; W' (R?; R?)).

Let n,(t,-) : R® — R3 be the solution operator associated to the family of charac-
teristic curves generated by v, specifically,

%nn(tw) =vp(t,nn(t,x)), n(0,2) =z for all x € R3.

Then, at least for a suitable subsequence,
Vi — v weakly-(*) in L*(0,T; W (; R?)),
nn(t,-) — n(t,-) in Cioc(R*) uniformly for t € [0,T],

where 1 is the unique solution of

O nltsa) = v{tn(t,2)), n(0,7) =, @€ B
If, in addition,

then
Mn(t, Sn) = Su(t) 2 S(t) = n(t, S)
which means that

dbg, ) — dbgg) in Cioc(R?) uniformly with respect to t € [0,T).

The energy inequality (5.14), together with the coercivity hypothesis (1.3),
that {u.}e>o give us that {u.} is a bounded sequence in LP(0,T; W1P(T; R3)).
Consequently, passing to a suitable subsequence as the case may be, we can assume

u. — u weakly in LP(0,T; WP (T; R?))

where the limit velocity field satisfies div,u = 0 a.a. on (0,7) x 7. Accordingly,
the regularized sequence {[u.]s}c>0 satisfies

[u.]s — [u]s weakly-(*) in LP(0,T; Wh*°(T; R?)), div,[u]s = 0. (6.1)
Moreover, using hypothesis (5.10) combined with (5.14), we get
u =0 a.a. in the set (0,7) x (7 \ Q).
As Q is regular, this yields
ulpq = 0; whence u € LP(0,T;V*'P).

Seeing that {oc}->0 solves the modified transport equation (5.1), we can use
Proposition 6.1 and (6.1) to deduce that

0 — 0in C([0,T) x T), (6.2)
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where

inf < inf o.(t,x) < su t,r) < su ,
nf 005 < meT@g( ) < Iegga( ) < SUP 00,5

in particular,

inf gos < inf o(t,z) < sup o(t, z) < sup go,s- (6.3)
zeT zeT zeT z€T

Consequently, employing once more the energy inequality (5.14), we conclude
that

u. — uin L=(0,T; L*(T; R?)).
Clearly, the limit density o satisfies the equation of continuity
dr0 + div,(o[u)s) = dAp in (0,T) x R? (6.4)

provided that ¢ has been extended to be gy outside §2. Moreover, in accordance
with Proposition 6.1 and hypothesis (5.7),

0 = oy on the set ((OaT) X Q) \ Urefo,r) Uiz n(t, [Bils), (6.5)

where 7 solves
on(t,x) = [uls(t,n(t,z)), n(0,z) ==z (6.6)

and [B;]s denotes the d-kernel introduced in Section 3.

6.1. Identifying the position of the rigid bodies

In order to identify the position of the rigid bodies, we proceed through several
steps. We will give only the main points since we apply a technique similar to that
used in the work of Feireisl et al., see [17].

e Step 1: We have to prove that
D[u] = 0 a.a. on the set Uiepo, 1) Ui1]n(t, [Bil.)[s for any w > 6, (6.7)

where 7 is determined by (6.6), and the symbols | - [, [-] are specified in (3.9).
Note that the kernels [B;]., as well as their images n(t, [B;].,) are non-empty
connected open sets when 0 < § < w < dp/2, where §p has been introduced
in hypothesis (3.1).

e Step 2: In accordance with (6.7), the limit velocity u coincides with a rigid
velocity field u” on the §-neighborhood of each of the sets n(t, [B;].), w > 6,
i =1,...,n; in particular, we deduce that

u(t,z) = uPi(t,2) = [u)s(t,z) for t € [0, T],

zen(t [Bils), i=1,...,n. (6.8)

Note that rigid velocity fields coincide with their regularization, here
[uBi]s = u®.
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e Step 3: Letting ¢ — 0 in the momentum equation (5.15) we deduce that
T . T L
/ / ou-Op + p(u® [uls): Voo de dt + d/ / VpVu ¢ dz dt (6.9)
o Ja o Ja

T T
:/ /g:]D)[cp} dxdtf/ /QV_;Eprdxdtf/go,guowp(O,J dz
0o Ja o JT T

for any test function ¢ € C1([0,7T) x Q),
(t,-) € [RM](t),
where

[RM](t) = {¢ € C*(Q) | divea¢ =0 in ©, ¢ = 0 on a neighborhood of I,

D[¢] = 0 on a neighborhood of U_; B;(t)},
with
Bi(t) =ni(t,By), i=1,...,n.
Indeed, because the 7; are isometries, it implies that
mi(t, [Bils)[s=n:i(t,B;), i=1,...,n.

Consequently, [uc]s converges uniformly locally to 1 in the complement of
U, B;(t) for any t € [0,T]. It yields (6.9), in which the bar denotes weak limits:

u. @ [u.]s — u® [u]s weakly in L?(0,T; L*(Q; R?)),
Vp. — Vp strongly in L*(Q), (6.10)
VpVu, — pVu in D'((0,T) x Q)

and from a monotonicity argument together with results of Frehse et al. [20, 21]
it follows that

S. — S weakly in L ((0,T) x Q; R¥*3), =4+ = = 1. (6.11)

1
v

SRR

6.2. Convergence of the selfgravitating force

From the strong convergence of density in C(0, T, C?") and the Vp in L2((0,T) x
Q) there follows the weak * convergence in L2(0,T, L>(f2)) of the term

- e (] )
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6.3. Pointwise convergence of the velocities
Our aim is to identify the weak limit in (6.10); more specifically, we show that

u. — uin L*(0,T; L*(; RY)). (6.12)

Note that the main difficulty here is the possible existence of oscillations of the
velocity fields in time.

We know from the result of Starovoitov [38, Theorem 3.1], that collisions
between two rigid objects are eliminated, because the fluid is incompressible, and
that the velocity gradients are bounded in the Lebesgue space LP, with p > 4.
Although originally stated for only one body in a bounded domain, it is easy to
see that this result extends directly to the case of several bodies. Here we will use
the terminology introduced in Section 3,

d(UiL1B;(t)) = d(t) > 0 uniformly for ¢ € [0,T], (6.13)
and, in agreement with Proposition 8.1,
d(UL,Bi(t)) =d. — din C[0,T], (6.14)

where we have set B (t) = n.(¢, B;).
The absence of contacts facilitates considerably the proof of compactness of
the velocity fields that can be carried over by means of the same method as in [34].
To begin with, as

B:(t) LA B;(t) uniformly with respect to t € [0,T], i =1,...,n,
we have, for any fixed ¢ > 0,

B,(t) C|B;(t)[», B5(t) C|B;(¥)[s, for allt € [0,T], i =1,...,n,
and all € < g¢(0) small enough.

Lemma 6.1. Given a family of smooth open sets {B;}", CQ, 0 < k < 1/2, there
exists a function h : (0,00) — RY, with h(c) — 0 when o — 0, such that, for
arbitrary v € V1P

[ =P (OBl )V ey < POz By +H@Vl s i)
(6.15)

with an absolute constant ¢ < co. Moreover, h and ¢ are independent of the position
of B; inside Q as long as d[U]-,B;] > 20y.

Proof. See [17]. O

At this stage, we use a local-in-time Lions-Aubin argument in order to show
the following:

Lemma 6.2. For all o > 0 sufficiently small, and 0 < k < 1/2, we have

iy | T/Q gt P (UL B (o) et = | T/Q ou-P* (U By (1), ) fulde dt.
Proof. See [17]. O
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Combining Lemmas 6.1, 6.2 we deduce

T T
lim/ / o0-|uc|? de dt :/ / plul? dz dt (6.16)
e=0Jo Ja 0o Ja

yielding the desired conclusion (6.12).

6.4. Compactness of the velocity gradients

Our ultimate goal is to establish strong convergence of the velocity gradients in
the “fluid” part of the cylinder (0,7") x 2. To this end, we consider equation (5.15)
on the set I x A, where I C (0,7) is an interval and A C €2 is a ball. In accordance
with (6.5), we may assume that ¢ = gy in I x A. In particular, we have

T
/ / 0. - Opp + (ppue ® [uls — Su]) : Vo da dt
0o Jo

T
:—/ /pr/ Py pdxdt
o Ja r3 |7 —yl

for any test function

(6.17)

p € D(I x A; R?), divep = 0.
At this stage, the problem must be localized by separating the fluid part from
the rigid bodies. To this end, we introduce a “local” pressure

P = Preg + atpharnu (618)

where preg enjoys the same regularity properties as the sum of the convective and
viscous terms, while pparm is a harmonic function. The basic idea of the concept of
local pressure was developed by Wolf [44, Theorem 2.6]. A similar global result was
proved by H. Koch and V. Solonnikov [32]. Note, however, that our construction
gives a result different from that of Wolf [44]. In particular, the regular part is
given in the form of Riesz transforms suitable for application to problems with
non-standard growth conditions.

Lemma 6.3. Let I = (T1,T%) be a time interval and A C R® a domain with
reqular C*TH boundary. Assume that U € L>(I; L?(A; R?)), div,U = 0, and
T € LI(I x A, R3*3), 1 < q < 2, satisfy the integral identity

// (U-atga—l-T:ngo) da dt =0 (6.19)
I1JA

for all € D(I x A; R?), divep = 0.
Then there exist two functions

Dreg € LI(I x A),

Pharm € L (I; L)), Azpharm = 0 in D' (I x A), / Pharm (t,-) dz =0
B

satisfying

/I/A (U O+ T Vm(p) dz dt = /I/A (pregdivxw —|—pharm8tdivx<p) dx dt
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for any ¢ € D(I x A; R?). In addition,
[PregllLao,r)xa) < (DTl Lacrxasrs), (6.20)
Pharmll o oy < (@, T A) (1Tl orcasm) + 10l eo,rn2@imny ) (6:21)
Proof. See [17]. O

Accordingly, for any € > 0, there exist two scalar functions DPreg: Pharm Such
that

Preg € LP(I; LP' (A)), Pfaem € L®(I; L (A)), are uniformly bounded  (6.22)

and

T
/ / |:(qu5 + v1p1iarm) : 8t%0:| dz dx dt
0 Q

T
+/ / ofu. ® [uc]s — Slu] +pfeg]l) chp} dz dx dt (6.23)
Q

/ / /RS |x,y|) Vztp} dr dt =0

for any test function ¢ € D(I x A; R?).
Moreover,

APparm = 0, / Pharm(t, ) dz =0, Vtel.
A

Consequently, the standard elliptic theory implies that pf ., is uniformly bounded
in L°(I; W52 (A)). The standard Lions-Aubin argument yields

loc
OfUe + vaiarm — ofu + vxphaurm in LQ(I; LZ(AI; RS))) (624)

for arbitrary A’ CC A, where pparm iS @ harmonic function in x.
On the other hand, by virtue of (6.12), the velocity field {u.}.>0 is precom-
pact in L2(0,T; L*(Q; R?)); whence we are allowed to conclude that
Voaliarm — VaPharm in L2(I; WH2(A'; R?)). (6.25)

As the argument is valid for any A’, letting e — 0 in (6.23) we get

Sy Joy [(era+ Vapram) - dhp + (070 @ [uls —Sfa] + pregD) : Vagp] da dt = 0
(6.26)
for any test function ¢ € D(I x A; R3), where

S[u.] — S[u] weakly in LP'(07T; LPI(Q R¥3)),

sym
and

Dreg — Preg Weakly in LP (I x A).
Finally, taking

¢ = P()r(2)(esue + VaDham ), ¥ € D), r € D(A),
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and

¢ =Y(t)r(x)(eru+ Vapharm)
as a test function in (6.23), and (6.26), respectively, and letting e — 0 we deduce
the desired conclusion

Eli_r%/OT/Qwr S[u.] : Vi [ue] de dt = / /1/17"8 [u] do dt.

This yields, by means of the standard monotonicity argument,
S[uc] — S[u] a.e. in I x A. (6.27)

Indeed, we have

T T 1 2
/ / (,qus + Vrpiarm) - O do dt = / / 5’@]“1}5 + VaDharm
o Ja 0o Ja

T 1 2 T
- / / _’qu + vmpharm Taﬂ/J dz dt = / / (qu + V:Epharm) . at¢ dz dta
0o JQ 2 0 Q

while

T T
/ / Pregdivede do dt = / / VPreg Val * (070 + ViPhopm) dz dt
o Ja o Ja

rog) dx dit

T T
- / ¢pregvzr : (qu + va:pharm) dr dt = / / pregdivm¢ dz dt
0 Q 0 Q

d
/OT/pr/RS(|ny) t Ve dt_>/OT/pr/R3<|xpfy|> L Va6 dt

as ¢ — 0.

6.5. Conclusion

In accordance with the results obtained in the preceding two sections, relation
) reduces to

T
/ /,Qu Op+o(u®[u]s): Vyp da dt+/ /dV,OVu dz dt (6.28)

/ / S[u o] de dt — / / oV.F ¢ dx dt — / 00,6ug - ©(0,-) dx
T

for any test function ¢ € C1([0,T) x Q),
p(t,-) € [RM](t),
where
[RM](t) = {¢p € C*(Q) | diva¢ =0 in Q, ¢ = 0 on a neighborhood of 9,
D[¢] = 0 on a neighborhood of U, B;(t)},

with
Bi(t) =n:(t,B;), i=1,...,n.
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Moreover, the limit solution satisfies the energy inequality

/g|u| dx—i—//SD ) dz dt

(6.29)
< / —olul?(s) dz +/ / oV, F -udz dt
T2 s Ja
for any 7 and a.a. s € (0,T) including s = 0.
7. The passage to the limit for d — 0 and 6 — 0
Our final goal is to let d — 0, § — 0 in the system of equations
Oro + div,(o[u]s) = dAp in (0,T) x R?, (7.1)

(6.4), (6.22) as well as in the associated family of isometries {n;}7
First we are passing with d — 0. Let us denote by {04, ug, {n¢}7_; }aso0 the
corresponding solutions, the applying the results from [18] we get
dVpaVug — 0in L*((0,T) x Q),
dApg — 0 in L2(0,T; W~ 12(Q)).
Let us denote by {os,us, {79}, }s>0 the corresponding solutions constructed in
the previous section.

To begin with, the theory of transport equations developed by DiPerna and
P.-L. Lions [10] can be used in order to show that

05 — 0 in C([0, T]; L'()). (7.2)
In order to see this, observe first that the initial data gp, 5 in (5.6) can be taken
in such a way that
lloB, sllL~@) < ¢ 0f +0B;s — 0B, asd — 0in Ll(Q), i=1,...,n,

where {pp,}?, are the initial distributions of the mass of the rigid bodies in
Theorem 4.1.
In addition, by virtue of the energy inequality (6.29), we have

u; — u weakly in LP(0, T; WHP(Q; R?))

where both us as well as the limit velocity u are solenoidal. In particular, the
continuity equation (7.1) reduces to a transport equation

Oro+u-Vzyo=0,
for which the abstract theory developed by DiPerna and P.-L. Lions [10]
yields (7.2).

The rest of the convergence proof can be done repeating step by step the
arguments of the preceding section.
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8. An alternative proof

8.1. Definition of weak solution II

We give hereafter another formulation of a weak solution.

185

Given initial conditions H" = X pgi(0), p° = pp, H" + ps(1 — H*) and u =

u® € RM(0), find (x,t) — (p(z,t),u(z,t), H (z,t)) such that
u € L>®(0,T,L*(Q)) N LP(0, T, WHP(Q)),
H' pec C(0,T,L9Q)),for all 1 < ¢ < oo,

T
/ / (pu-8t¢+pu®usvx[<p]—S:D[cp])d;z:dt
0 Ja

T
:—/ /{pGVxZ/ P dy-ap} dxdt—/p0u0~cpdx
0o Ja 2 Rre [T =y Q

Y E Cl([ovT) X Q)v (p(t,~) € R(t)a

/OT/Q (Pat¢ +pu- V@.qzﬁ)dxdt = —/onqua:, 6 e CY[0,T) x ),

H'— + H'uV¢ | dxd HY$(0)dz = 0.
Iy G wamase) ac | ot

Here we have again used that p = pp: H' + ps(1 — HY).

(8.1)

Theorem 8.1. Let the initial position of the rigid bodies be given through a family

of open sets

B; C Q C R3, B; diffeomorphic to the unit ball for i =1,...,n,

where both [B;], i = 1,...,n, and O belong to the reqularity class specified in

(3.1), (3.2). In addition, suppose that

dist[B;,B;] > 0 for i # j, dist[B;, R*\ Q] >0 for anyi=1,...,n

and we assume that OQ and OB;, i = 1,...,n belong to C*". Furthermore, let the

viscous stress tensor S satisfy hypotheses (1.1)~(1.3), with p > 4.
Finally, let the initial distribution of the density be given as

{ of = const > 0 in Q\ UL, B;,
Q0 =

0B, on B;, where pg, € L>®(Q), essinfp, o5, >0, i=1,...,n,

while

up € L*( R?), divyug = 0 in D'(Q), D[ug] = 0 in D'(By; R¥*3) fori=1,...,n.

Then there exist a density function o,

o€ C([0,T]; L' (Q)), 0< essigf o(t,-) <esssupo(t,) < oo for all t € 0,71,
Q

a family of isometries {n;(t,-)}"_,, n:(0,-) =1, and a velocity field u,
u € Cueak ([0, T]; L2(9 R)) N LP(0, T3 Wy "(; RY)),



186 B. Ducomet and S. Necasova

compatible with {n;}1"_, in the sense specified in (3.7), (3.8), such that o, u satisfy
the integral identity (8.3) for any test function ¢ € C1([0,T)x R?), and the integral
identity (8.4) for any ¢ satisfying (8.5).
We introduce an € — § scheme; for the penalization part see [2] or [19].
Oroe + div, (o [u]s) = dApe, (8.6)
at(;Qeus) + div(ocue ® [u]6> + V2P +dVpNVue

. 1. ) 8.7
= le:C([MSE) + 0V e — xeue + EPEHE(U-E - u5)7 ( )
O H! + div,(a.H!) = 0, (8.8)
divyu. =0, (8.9)
1 , .
. = — [ peu.Hidr + <J€1/ pe(re x uE)Hgdx> xR (8.10)
M. Jo Q
where
[u]s = 05 * u (spatial convolution), 0 < § < do,
with ) 2]
T
o5(x) = 5_30<T>’ (8.11)

oc€D(-1,1), o(z) >0 for —1<z<1, o(z)=0(—2), / o(z) dz =1,

M, = / peHidr,  [Bi(t)] = [B:(0),

since @ is divergence free and H; vanishes on 0f).
The inertia tensor is defined by

J. = / peHI(r2T —re x r)dx
Q
WithT:x_xG:$_prEH;' FOI'GER3_{O}7

a’J.a :/ pelre x al?dx > min(pBi,pf)/ re x a|*dz.
Q Bl(t)

Moreover, we supplemented the system with the initial conditions
n
p(ov ) = po,s = ps+ Zp31157
i=1
where
pB, € D(B;),pp,.s =0 whenever dist[x,0B;] <d,i=1,...,n.
Finally, we add the homogeneous Neumann boundary condition
n
Vp-n=0on0QU Ui:l 0B,
and we assume the following regularity of data
pos € C*¥(Q).
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8.2. € limit

For fixed 0 we identify the limit problem for ¢ — 0. We will show, in this limit,
the strong convergence of u. in L? of u and the strong convergence of H! in
C(0,T; L1(R)) for all ¢ > 1. The other part (strong convergence of the gradient of
the velocity field) is the same as in the previous proof.

Proposition 8.1. Let & be a rigid velocity field, i.e., such that £(x) =V +w x r(x)
for some constant vectors V. € R® and w € R3.Then if (t.) is defined by (8.10)
the identity

[ ettt —ac) - gdr =0

Q

is satisfied.

Proof. See [2]. O

8.2.1. Estimates for transport equations and momentum equations. Using stan-
dard estimates for transport equations, we get

pe, H: € L*(0,T, L>=(9)).

Moreover
Pmin := min(ps, py) < pe(z,t) < max(ps, pyr),

H! €{0,1} ae. 2 € Q.

Multiplying the momentum equation by u. we get

[[ {5t(qus) + divy(oeu. ® [ua]a)}us e

= [{avawis+ (o9 [ Loa)fuar a2

1 .
+/ { — XelUe + Epst(us - us)}ugdx.
T

Since
/ peHL(ue — 0.) - ue do =0, VHi = H,
T

applying again the results from [18] Chapter 3, Lemma 3.1 we have that the density
satisfies the bounds

pe € L2(0,TsW>(T)) N C(0, T; WH(T)), rp= € L*((0,T) x T),
and also through a bootstrap argument we have

||p€HC‘([O,T];WQ*WP:P(T)) + ||Ps||LP(0,T;W2~P(T))
+0tpell Lo, myxT) < cllpeollwe-2/v0 (1),
”pE”C([O,T];ClV(T)) c

C.

IN A

[10tpe (o, 73000 (1)
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Then we will get from 8.12,

1d 2 i -
5@“@“5”%%7) + plD(ue) 70y + g”\/p_EUEHa(ua —@e)[f2) <0. (8.13)
This gives us the following bounds:
e u. is bounded in LP(0,T, W1?(T)),
e /peuc and (u). are bounded in L>(0,T, L*(T)),
o ﬁ\/p_gHg(uE — @) and H!(u. — @) are bounded in L?(0,T; L*(T)).
Then we can extract subsequences such that
e u. — u weakly in LP(0,7, W1P(Q)),
o [u.]s — [u]s weakly * in LP(0,T, W'>°(Q)), div[u]s = 0.
Since € is regular then u = 0 on 9.
Observing that { o }e>0 solves the transport equation (5.1), we can use Propo-
sition 8.1 and (6.1) to deduce that
0. — 0in C([0,T] x T), (8.14)
where

inf < inf p.(t,z) < su t,r) < su .
Inf oo < inf oc(t,2) < xeggs( ) < Sup 00,5

In particular,

inf gos < inf o(t,z) < sup o(t, z) < sup go,s- (8.15)
xzeT zeT z€T z€T

Consequently, employing once more the energy inequality (5.14), we conclude that
u. — uin L>=(0,T; L*(T; R?)).
Clearly, the limit density o satisfies the approximate equation of continuity
Oro + div,(o[u]s) = dAp in (0,T) x R, (8.16)
provided g has been extended to be gy outside Q.
Moreover,
e (/pHiu. — /p:Hin) — 0 in L?(0,T, L*()) strongly, and
e Hiu.— Hiti— 0in L?(0,T, L?(f2)) strongly.
8.2.2. Passing to the limit in the rigid velocity. The rigid velocity is defined as
. (x,t) = u.,q(t) + we(t) x re(x,t),
with
1
M.
Then it follows that
e u. (t) is bounded in L*(0,T),
e w.(t) is bounded in L*>(0,T).
It implies that

U, — U in the weak * sense in L>°(0,7, L*(Q)).

u. ¢(t) = /peugHgdx, we(t) = J_l/ pe(re X uE)Hgdx.
Q Q
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Taking gradients of the rigid velocity u. implies that
@, — @ in L2(0, T, W (Q)) weak *.
Applying the compactness results to the transport equation on H! gives us
H! — H" a.e. in C(0,T, LP(£)) strongly for p € [1,00],
satisfying the transport equation
Hi+a-VH' =0, HY0,z) = H(0).

This implies the strong convergence of r. in C(0,T, LP(f2)), for all p > 1 and
we can also pass to the limit in the expression . and we.

8.2.3. Strong convergence of u.. To prove the strong convergence of a subsequence
of u. in L?(Q) we write

T 1 T T
/ / lu, — ul?dzdt < (/ / lp(u? — u?)|dzdt + / / [2pu(u — u€|d:cdt>.
0 Ja Pmin N Jo JQ 0 Ja

(8.17)

Since the second term in (8 17) converges to 0, then

T T
/ lu. — u|?dzdt < / / |peu? — pu?|dedt + / / |(=pe + p)ugdxdt).
0 pmln 0 JQ

(8.18)
From (8.14) and boundedness of u. in L>(0, T, L?) we get that convergence of the
second term of (8.18) converges to 0, and

T
/ / lu. — ul?dxdt

= D (/ / [peuP* (Ui Bilt)lo ) fuc] — pu- PH (UL, JBi(0)lo ) [ue])ldadt
/ /|p5u5 uﬁf ( i=1]Bi (t)[g>[u5]))|dxdt
+/O /leu.(Pk U?Zl]Bi(t)[g)[u]—u)|d$dt+ls>

< Lot (UL Bl = g P (UL B s o

min

+ Cll(ue = PH (U Bi(0)ls ) ]l 22
el = P (VB0 ) Wl o) + e (819)

where [, — 0 when € — 0.
It implies the strong convergence of u. — u in L?(Q). Now from previous
estimates and Sobolev imbedding we get
e Hlu. — H'u weakly in LP(0,T, LS%(Q))7
e Hiu. — H'u weakly in LP(Q),
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o Hiii. — H'i. — H'u— H'ti weakly in L?(0, T, L35 (Q2)),
e Hiu. — H.u — 0 strongly in L?(Q).
Thus
Hu = Hu, div (uH) = div(aH),
and finally we obtain
H'u= H'q.

The proof of the inequality (8.19) goes exactly in the same way as in Section 6.3.
Finally it remains to show the strong convergence of the gradient of velocity and
to pass to the limit, see Section 6.4. Then we pass to the limit with d similarly as
in Feireisl and Novotny [18]. The last step is passing to the limit with ¢ which must

proceed as with the € limit together with using the transport theory developed by
DiPerna-Lions [10].
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Abstract. We consider the periodic uDP equation (a modified version of
the Degasperis-Procesi equation) as the geodesic flow of a right-invariant
affine connection V on the Fréchet Lie group Diff>*(S') of all smooth and
orientation-preserving diffeomorphisms of the circle S = R/Z. On the Lie
algebra C>(S*) of Diff>*(S'), this connection is canonically given by the sum
of the Lie bracket and a bilinear operator. For smooth initial data, we show
the short time existence of a smooth solution of uDP which depends smoothly
on time and on the initial data. Furthermore, we prove that the exponential
map defined by V is a smooth local diffeomorphism of a neighbourhood of
zero in C*°(S') onto a neighbourhood of the unit element in Diff**(S'). Our
results follow from a general approach on non-metric Euler equations on Lie
groups, a Banach space approximation of the Fréchet space C*°(S'), and a
sharp spatial regularity result for the geodesic flow.
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1. Introduction

In recent years, several nonlinear equations arising as approximations to the gov-
erning model equations for water waves attracted a considerable amount of atten-
tion in the fluid dynamics research community (cf. [22]). The Korteweg-de Vries
(KdV) equation is a well-known model for wave-motion on shallow water with
small amplitudes over a flat bottom. This equation is completely integrable, al-
lows for a Lax pair formulation and the corresponding Cauchy problem was the
subject of many studies. However, it was observed in [3] that solutions of the KdV
equation do not break as physical water waves do: the flow is globally well posed
for square integrable initial data (see also [23, 24] for further results).
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The Camassa-Holm (CH) equation
Ut + Uty = 2Uplyy + Ulgry + Utz

was introduced to model the shallow-water medium-amplitude regime (see [4]).
Closely related to the CH equation is the Degasperis-Procesi (DP) equation

Up + dutly = 3UzlUze + Ulgrr + Utez,

which was discovered in a search for integrable equations similar to the CH equa-
tion (see [12]). Both equations are higher-order approximations in a small ampli-
tude expansion of the incompressible Euler equations for the unidirectional motion
of waves at a free surface under the influence of gravity (cf. [10]). They have a bi-
Hamiltonian structure, are completely integrable and allow for wave breaking and
peaked solitons [6, 13, 16, 21]. The Cauchy problem for the periodic CH equation
in spaces of classical solutions has been studied extensively (see, e.g., [5, 33]); in
[7] and [11] the authors explain that this equation is also well posed in spaces
which include peakons, showing in this way that peakons are indeed meaningful
solutions of CH. Well-posedness for the periodic DP equation and various features
of solutions of the DP on the circle are discussed in [20]. Both, the CH equation
and the DP equation, are embedded into the family of b-equations

me = —(mgu 4+ bmug), M= U — Uy, (1.1)

where u(t, z) is a function of a spatial variable x € S! and a temporal variable t €
R. Note that the family (1.1) can be derived as the family of asymptotically equiv-
alent shallow water wave equations that emerges at quadratic-order accuracy for
any b # —1 by an appropriate Kodama transformation [14]. For b = 2, we recover
the CH equation and for b = 3, we get the DP equation. Note that the b-equation is
integrable only if b = 2 or b = 3. For further results and references we refer to [19].

Since the pioneering works [1, 15], geometric interpretations of evolution
equations led to several interesting results in the applied analysis literature. A
detailed discussion of the CH equation in this framework was given by [26]. The
geometrical aspects of some metric Euler equations are explained in [8, 9, 25,
32]. Studying the b-equations as a geodesic flow on the diffeomorphism group
Diff*°(S'), it was shown recently in [17] that for smooth initial data ug, there is
a unique short-time solution (¢, z) of (1.1), depending smoothly on (¢,ug). The
crucial idea is to define an affine (not necessarily Riemannian) connection V on
Diff*°(S'), given at the identity by the sum of the Lie bracket and a bilinear sym-
metric operator B, so that B(u,u) = —u;. Most importantly, this approach also
works for b-equations of non-metric type and it motivates the study of geometric
quantities like curvature or an exponential map for the family (1.1). In particu-
lar, the authors of [17] proved that the exponential map for V is a smooth local
diffeomorphism near zero in C*°(S!). Recently it has been shown in [18] that the b-
equation can be realized as a metric Euler equation only if b = 2. In all other cases
b # 2 there is no Riemannian metric on Diff**(S') such that the corresponding
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geodesic flow is re-expressed by the b-equation. Geometric aspects of some novel
nonlinear PDEs related to CH and DP are discussed in [31].
In this paper, we study the uDP equation

w(ug) — U + 3(U) Uy — 3UpUspy — UUgge = 0, (1.2)

where p denotes the projection p(u) = fol uwdz and wu(t, x) is a spatially periodic
real-valued function of a temporal variable t € R and a space variable x € S'. The
uDP equation belongs to the family of u-b-equations which follows from (1.1) by
replacing m = u(u) — uz,. The study of p-variants of (1.1) is motivated by the
following key observation: Letting m = —d2u, equation (1.1) for b = 2 becomes
the Hunter-Saxton (HS) equation

2Uglzy + Ulgrr + Utze = 07

which possesses various interesting geometric properties, see, e.g., [29, 30], whereas
the choice m = (1—02)u leads to the CH equation as explained above. In the search
for integrable equations that are given by a perturbation of —92, the u-b-equation
has been introduced and it could be shown that it behaves quite similarly to the
b-equation; see [31] where the authors discuss local and global well-posedness as
well as finite time blow-up and peakons. Our study of the uDP equation is inspired
by the results in [17]. In fact using the approach of [17] we shall conceptualise a
geometric picture of the uDP equation.

Our study is mostly performed in the C*-category. Elements of C*°(S!) are
sometimes also called smooth for brevity.

We will reformulate the uDP equation in terms of a geodesic flow on Diff**(S*)
to obtain the following main result: Given a smooth initial data ug(x), for which
|uols sty is small, there is a unique smooth solution u(t, z) of (1.2) which depends
smoothly on (¢, ug). More precisely, we have

Theorem 1.1. There exists an open interval J centered at zero and § > 0 such
that for each ug € C*(S) with HU0||C3(81) < 6, there ezists a unique solution
u € C®(J,C>®(SY)) of the uDP equation such that u(0) = wug. Moreover, the
solution u depends smoothly on (t,ug) € J x C(St).

It is known that the Riemannian exponential mapping on general Fréchet
manifolds fails to be a smooth local diffeomorphism from the tangent space back
to the manifold, cf. [8]. Therefore the following result is quite remarkable.

Theorem 1.2. The exponential map exp at the unity element for the uDP equation
on Diff>*(S!) is a smooth local diffeomorphism from a neighbourhood of zero in
C™(SY) onto a neighbourhood of id in Diff**(S!).

Our paper is organized as follows: In Section 2, we rewrite (1.2) in terms of
a local flow ¢ € Diff"(S!), n > 3, and explain the geometric setting. The resulting
equation is an ordinary differential equation and in Section 3, we apply the Theo-
rem of Picard-Lindeldf to obtain a solution of class C™(S!) with smooth dependence
on t and ug(z). In addition, we show that this solution in Diff"*(S') x C™(S!) does
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neither lose nor gain spatial regularity as ¢ varies through the associated interval of
existence. We then approximate the Fréchet Lie group Diff>(S!) by the topologi-
cal groups Diff"(S') and the Fréchet space C*°(S!) by the Banach spaces C™(S')
to obtain an analogous existence result for the geodesic equation on Diff*°(S?).
Finally, in Section 4, we make again use of a Banach space approximation to prove
that the exponential map for the uDP is a smooth local diffeomorphism nero zero
as a map C*(St) — Diff**(S!).

2. Geometric reformulation of the uDP equation

We write Diff>* (S!) for the smooth orientation-preserving diffeomorphisms of the
unit circle S' = R/Z and Vect™(S!) for the space of smooth vector fields on
S!. Clearly, Diff>*(S!) is a Lie group and it is easy to see that its Lie algebra
is Vect™(S!): If t — ¢(t) is a smooth path in Diff**(S!) with ¢(0) = id, then
0i(0,2) € T,S! for all x € S! and thus the Lie algebra element ;(0,-) is a
smooth vector field on S'. Furthermore, since TS' ~ S' x R is trivial, we can
identify the Lie algebra Vect™(S!) with C*°(S'). Note that [u,v] = u,v — vu is
the corresponding Lie bracket. In the following, we will also use that Diff>*(S)
has a smooth manifold structure modelled over the Fréchet space C*°(S!). In
particular, Diff**(S!) is a Fréchet Lie group and thus it is parallelizable, i.e.,
TDiff>** (S') ~ Diff**(S!) x C*°(S'). Let Diff"(S') denote the group of orientation-
preserving diffeomorphisms of S! which are of class C™(S!). Similarly, Diff"(S?)
has a smooth manifold structure modelled over the Banach space C"(S!). Note
that Diff”(S') is only a topological group but not a Banach Lie group, since the
composition and inversion maps are continuous but not smooth. Furthermore, the
trivialization TDiff" (S!) ~ Diff"(S*) x C"(S?) is only topological and not smooth.
In this section, we write (1.2) as an ordinary differential equation on the
tangent bundle Diff”(S') x C"(S!), where n > 3. In a first step, we rewrite (1.2)
using the operator A := p — 02. Here p denotes the linear map given by f +—
fol f(t, z) dz for any function f(¢, ) depending on time ¢ and space x € S'. Observe
that u(0%f) = 0 for k > 1 if f and its derivatives are continuous functions on S!.
Furthermore, u(f) is still depending on the time variable ¢. The following lemma
establishes the invertibility of A as an operator acting on C™(S') for n > 2.

Lemma 2.1. Given n > 2, the operator A = p — 02 maps C™(S') isomorphically
onto C"~%(SY). The inverse is given by

(A1) (@) = (%gf _ %x—i— %) /01 f(a)da+ (a: _ %) /01 /Oaf(b) dbda

/Ow/Oaf(b)dbda+/Ol/oa/obf(c)dcdbda.

Proof. Clearly, (A1 f) = () and (A~ f), = u(f) — f so that A(A~1f) = f.
To verify that A is surjective, we observe that 9F(A~1f)(0) = 9%(A~1f)(1) for
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all k € {0,...,n}. To see that A is injective, assume that Au = 0 for u € C™(S')
and n > 2. Then there are constants ¢, d € R such that u = Ju(u)z? + cz + d. By
periodicity we first conclude that ¢ = 0 and p(u) = 0. Hence d has to vanish as
well. g

Lemma 2.2. Assume that u € C((=T,T),C"(SY)) N C*((=T,T),C" *(SY)) is a
solution of (1.2) for some n > 3 with T > 0. Then the pDP equation can be
written as

up = — A" N (u(Au), + 3(Au)u,). (2.1)
Proof. Writing (1.2) in the form
(ue) = Uizz = UWlage — 3ug(p(u) — Ugs),
we see that it is equivalent to
Auy = —u(Au)y — 3(Au)ug.
Thus w is a solution of (1.2) if and only if (2.1) holds true. O

As explained in [27, 28], the vector field u(t,z) admits a unique local flow ¢
of class C™(S!), i.e.,

ot x) = ult,p(t,z)), ¢0,2)=2a

for all x € S' and all ¢ in some open interval J C R. We will use the short-hand
notation ¢; = wo @ for (¢, z) = u(t, p(t, z)); i.e., o denotes the composition with
respect to the spatial variable. Particularly, we have that u = ¢, o ¢~ 1. Moreover,
given (p, &) € C'(J, Diff"(S*) x C"(S')), then p~1(t) is a C"(S")-diffeomorphism
for all t € J and £ 0 =1 € C*(J,C"(SY)).

In this paper, we are mainly interested in smooth diffeomorphisms on S'.
For the reader’s convenience we briefly recall the basic geometric setting. Let us
consider the Fréchet manifold Diff**(S') and a continuous non-degenerate inner
product (-,-) on C*(S!), i.e., u — (u,u) is continuous (and hence smooth) and
(u,v) = 0 for all v € C®(S!) forces u = 0. To define a weak right-invariant
Riemannian metric on Diff™(S), we extend the inner product (-,-) to any tangent
space by right-translations, i.e., for all g € Diff*°*(S!) and all u,v € T, Diff**(S!),
we set

(u,v), = ((Rg-1)wu, (Rg-1)sv)

where e denotes the identity. Observe that any open set in the topology induced by
this inner product is open in the Fréchet space topology of C*(S!) but the converse

is not true. We therefore call (-,-) a weak Riemannian metric on Diff**(S), cf. [8].
We next define a bilinear operator B : Vect™ (S') x Vect™(S!) — Vect™ (S') by

B(u,v) = %((adu)*(v) + (ady)" (w)),

where (ad,,)* is the adjoint (with respect to (-,-)) of the natural action of the Lie
algebra on itself given by ad,, : v — [u, v]. Observe that B defines a right-invariant
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affine connection V on Diff*(S!) by

Ve.bo = l6w &l + Bléw &) (22)

where &, and &, are the right-invariant vector fields on Diff**(S!) with values u, v
at the identity. It can be shown that a smooth curve t — g(¢) in Diff**(S!) is a
geodesic if and only if u = (Ry-1).g solves the Euler equation

us = —B(u, u); (2.3)

here, u is the FEulerian wvelocity (cf. [2]). Hence the Euler equation (2.3) corre-
sponds to the geodesic flow of the affine connection V on the diffeomorphism
group Diff*(S!). Paradigmatic examples are the following: In [8], the authors
show that the Euler equation for the right-invariant L2-metric on Diff**(S!) is
given by the inviscid Burgers equation. Equipping on the other hand C*°(S!) with
the H'-metric, one obtains the Camassa-Holm equation. Similar correspondences
for the general H*-metrics are explained in [9].

Conversely, starting with an equation of type u; = —B(u,u) with a bilinear
operator B, one associates an affine connection V on Diff**(S) by formula (2.2).
It is however by no means clear that this connection corresponds to a Riemannian
structure on Diff*°(S). It is worthwhile to mention that the connection V cor-
responding to the family of b-equations is compatible with some metric only for
b = 2: In [18] the authors explain that for any b # 2, the b-equation (1.1) cannot be
realized as an Euler equation on Diff>*(S!) for any regular inertia operator. This
motivates the notion of non-metric Euler equations. An analogous result holds true
for the p-b-equations from which we conclude that the uDP equation belongs to
the class of non-metric Euler equations. Although we have no metric for the uDP
equation, we will obtain some geometric information by using the connection V,
defined in the following way.

Let X () = (p(t),£(t)) be a vector field along the curve p(t) € Diff™(S!).
Furthermore let

1
B(v,w) := §A*1(U(Aw)x + w(Av)z + 3(Av)w, + 3(Aw)vg).
Lemma 2.2 shows that
B(u,u) = Ail(u(Au)z + 3(Au)uy) = —uy,

if u is a solution to the uDP equation. Next, the covariant derivative of X (¢) in
the present case is given by

DX 1
B 0= (9106 + 3lute). €01+ Blult). €0))
where u = ¢; 0 o1, We see that u is a solution of the uDP if and only if its local
flow ¢ is a geodesic for the connection V defined by B via (2.2).

Although we are mainly interested in the smooth category, we will first discuss
flows o(t) on Diff*(S!) for technical purposes. Regarding Diff”(S!) as a smooth
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Banach manifold modelled over C™(S!), the following result has to be understood
locally, i.e., in any local chart of Diff"(S!).

Proposition 2.3. Given n > 3, the function u € C(J,C™(SY)) N C'(J,C"1(SY)) is
a solution of (1.2) if and only if (¢, &) € C*(J, Diff*(S') x C™(SY)) is a solution of

Yr = fa
) 24
where P, := Ry, 0 PoRy,-1 and P(f) :=3A7 (fofox + (Af) f2)-

Proof. The function u and the corresponding flow ¢ € Diff”(S!) satisfy the relation
¢y = uo p. Setting p; = £, the chain rule implies that

& = (ur + uug) o .

Applying Lemma 2.2, we see that u is a solution of the uDP equation (1.2) if and
only if

up + ung = —A7 H(u(Au), — Auug) + 3(Au)u,)
= AN (UWUprs + Upals + Ulgrs + 2Uplpe + 3(Au)uy)
= —3A M (uggy + (Au)uy)
= —P(u).
Recall that

1 1
wluuy) = /0 Uy, dx = % /0 0y (u?) dx = %(uQ(l) —u*(0)) =0,

since u is continuous on S'. With u = £ o ¢! the desired result follows. O

3. Short time existence of geodesics
We now define the vector field
F(p,8) == (& —Ps(9))
such that (¢, &) = F(p,&). We know that
F : Diff*(S') x C"(S') — C™(S') x C™(Sh),
since P is of order zero. We aim to prove smoothness of the map F'. It is worth
to mention that this will not follow from the smoothness of P since neither the

composition nor the inversion are smooth maps on Diff” (S'). The following lemma
will be crucial for our purposes.

Lemma 3.1. Assume that p is a polynomial differential operator of order r with
coefficients depending only on u, i.e.,

p(u) = Z aI(,u(u)) u®° (u/)o‘l R (u(r))ar
I=(ao,..., ar),
Oéi,eN(U{O},‘Ili
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Then the action of py, :== Ry 0opo Ry,-1 is

polu) =) as (/01 u(y)e=(y) dy) (s @a .., 0"),

where qr are polynomial differential operators of order r with coefficients being
rational functions of the derivatives of ¢ up to the order r. Moreover, the denom-
inator terms only depend on @,.

Proof. Tt is sufficient to consider a monomial
m(u) = a(p(w))u® (u)* - (u)er,
We have

me(u) = a(u(uo o™ )u*[(uo ™) 0 g* -+ [(wo ™) o g,
where o denotes again the composition with respect to the spatial variable. First,

we observe that
1

uogp )= u(p ™ (z))da = U
pluwoe™) = [ ute™ @) de = [ utuenl)dy,

0
where we have omitted the time dependence of u and . Recall that p(S!) = St,
0, > 0 and that p(u o ¢~1) is a constant with respect to the spatial variable
x € S'. Let us introduce the notation

ar=(uop NP oy k=12 ... r
Then, by the chain rule,

1

_ Uy O QO Ug
a1 = (Op(uop™N)op=-"2""T—0p=-"2
1= (Oz(uop™)) 0w oo 1T o
and
_ _ dza
a1 = (Oz(uop™)®)op = (Duaro ™)) op = @ "
so that our theorem follows by induction. 0

Recall that in the Banach algebras C™(S!), n > 1, addition and multiplication
as well as the mean value operation p and the derivative % are smooth maps. We
therefore conclude that if the coefficients a; are smooth functions for any multi-
index I and u and ¢ are at least r times continuously differentiable, then p,(u)
depends smoothly on (¢, u).

Proposition 3.2. The vector field
F : Diff*(S') x C™(S') — C™(S) x ¢™(Sh)
is smooth for any n > 3.

Proof. We write F' = (F1, Fz). Since Fi : (,&) — £ is smooth, it remains to check
that Fy : (¢,&) — —P,(§) is smooth. For this purpose, we consider the map

P : Diff"(S') x C™(S') — Diff*(S') x C™(S)
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defined by
P(¢,§) = (¢, (Ry 0 P o Ry-1)(E)).
Observe that we have the decomposition P = A~ o Q with

Ap, &) = (¢, (Ry 0 Ao Ry1)(€))
and 3
Q(#,€) = (¢, (Ryp 0 Q0 Ry-1)(€)),
where Q(f) := 3(fufoe + (Af)fz). We now apply Lemma 3.1 to deduce that
A, Q : Diff"(S?) x C™(S!) — Diff"(St) x C"~2(Sh)
are smooth. To show that A~! : Diff" (S') x C"2(S!) — Diff"(S') x C™(Sh) is
smooth, we compute the derivative DA at an arbitrf}ry point (p,&). We have the
following directional derivatives of the components A; and As:
DyAy =id, D¢A; =0, De¢As=R,0A0R,-

It remains to compute (Dy,Az(p,€)) (1) = %Ag((ﬁ —|—6¢,£)|€:O. In a first step, we
calculate

D20 (p+e) ) =08, K &

0z + s%) °lpt W)_l}

B g:r:r B Prz + Ewa::r ) o -1
B ((‘px +61/)x)2 Z(sz +€¢$)3 (¢+€¢)
from which we get
d . d bas o + EVaa
7 (O€e(prey) o (ptey) = & ((som TR R (R 5%)3>
gmc'l/}x _ €xw$$

(¢z +€1z)3 (o +evs)3

EaVa
+ 3m (Pez + EVex)
and finally
d 2 -1 _ g"cer grwrr (PM@M/%
7 G(Ee(pt+ev) o (p+ev)) TS P
Secondly, we observe that
d 1 _d
greeeran ™| = L [ e remma|
= /Sl E()a(y) dy,
since ¢ + et € Diff"(S') for small € > 0. Hence
(DLPA2(S07 / 5 'l/)a: )d +2 me 90% _SSD 9021:
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and

< id 0
Di9 = p itoe Rodsr . )
It is easy to check that DA(y, ) is an invertible bounded linear operator C™(S') x
C"(SY) — C™(S') x C"~2(S'). By the open mapping theorem, DA is a topological
isomorphism and, by the inverse mapping theorem, A~ is smooth. O

Since F' is smooth, we can apply the Banach space version of the Picard-
Lindel6f Theorem (also known as Cauchy-Lipschitz Theorem) as explained in [27],
Chapter XIV-3. This yields the following theorem about the existence and unique-
ness of integral curves for the vector field F'.

Theorem 3.3. Given n > 3, there is an open interval J, centered at zero and
an open ball B(0,6,) C C™(S') such that for any uy € B(0,0,) there exists a
unique solution (¢, &) € C°(J,, Diff"(S1) x C"™(SY)) of (2.4) with initial conditions
»(0) =id and £(0) = ug. Moreover, the flow (¢,§) depends smoothly on (t,uo).

From the above theorem, we get a unique short-time solution u = £ o ™!

in C™(S') of the uDP equation with continuous dependence on (¢,ug). We now
aim to obtain a similar result for smooth initial data ug. But since C*(S!) is a
Fréchet space, classical results like the Picard-Lindelof Theorem or the local inverse
theorem for Banach spaces are no longer valid in C*(S'). In the proof of our main
theorem, we will make use of a Banach space approximation of the Fréchet space
C*>(S!). First, we shall establish that any solution u of the uDP equation does
neither lose nor gain spatial regularity as ¢ increases or decreases from zero. For
this purpose, the following conservation law is quite useful. In its formulation we
use the notation mg(z) := (Au)(0,2) = p(ug) — (wo)zz-

Lemma 3.4. Let u be a C*(S')-solution of the uDP equation on (—T,T) and let o
be the corresponding flow. Then

(Au)(tv @(tv x))@i (t’ ‘T) = mo,
forallt e (=T.,T).

Proof. We compute

() 120 0 )47

(tt) = Uzt © ¢ — (Uzzz © P)pt] P3 + 3P3Pra (1(w) — Ugz © p)

pu(ue) = Uzt © @ — (Ugaz © @) (w0 )] @5 + 3¢5 (1 0 9)o (1) — Uza 0 )
(1) = gzt — Ugaatt) © ] @5 + 3¢5 (Ug © @) pa (1(1) = Uzs 0 )
(1(ue) = Ugat — Ugaatt) © @] 5 + 305 e (1(U) — Uzs)] 0

(Buatiar — 3p(w)tiz) © 0] @3 — 303 (Uptiaw — p(u)uz) 0 @

Since (0) = id and ¢, (0) = 1, the proof is completed. O
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Lemma 3.5. Let (p,&) € C*°(J3, Diff*(S') x C3(SY)) be a solution of (2.4) with
ingtial data (id,ug), according to Theorem 3.3. Then, for all t € J3,

por®) =20 ([ utpu(o)as o [ ()20 ) (3.1)
and
€1o(t) = €0 22 4 O (0) ~ moga ()72 (3.2

Proof. We have

i (@) _ @xmtcpz - Qozt@:z:m
dt \ ¢, 90:270

Since ¢ = u o @,

Pt = Ptz = Oz (U0 ) = (Uug 0 Q)P

and
Prat = Ptax
=93 (uoy)
= 0z[(ug © )]
= (uzz © )93 + (s © )P
Hence

d (Qez)
a < 0 ) = (Uzz © P)Pa-

According to the previous lemma, we know that

Ugy O QP = /J,(’U,) - m0@23‘

Integrating

d Prx | _92

" ( . > = p(u)ps —mop,
over [0,t] leads to equation (3.1) and taking the time derivative of (3.1) yields
(3.2). O

Remark 3.6. Since the uDP equation is equivalent to the quasi-linear evolution
equation

Up + Uty + 3u(u)8zA_1u =0,
we see that p(uy) = 0 and hence p(u) = p(ug) so that p(u) can in fact be written
in front of the first integral sign in equation (3.1).

Corollary 3.7. Let (p,&) be as in Lemma 3.5. If ug € C™(S!) then we have
(p(t),£(t)) € Diff"(St) x C™(SY) for all t € Js.

Proof. We proceed by induction on n. For n = 3 the result is immediate from our
assumption on (p(t),£(t)). Let us assume that (o(t),£(t)) € Diff"(St) x C™(St)
for some n > 3. Then Lemma 3.5 shows that, if ug € C"T1(S'), then (¢(t),£(t)) €
Diff" "1 (S') x C"T(SY), finishing the proof. O
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Corollary 3.8. Let (p,&) be as in Lemma 3.5. If there exists a nonzerot € Js such
that p(t) € Diff"(S') or £(t) € C™(S') then £(0) = ug € C"(Sh).

Proof. Again, we use a recursive argument. For n = 3, there is nothing to do. For
some n > 3, suppose that ug € C"(S!). By the previous corollary, (o(t),£(t)) €
Diff"(St) x C™(S!) for all t € J;. Assume that there is 0 # ¢y € J3 such that
o(to) € Diff" ™ (S!) or £(tg) € C"TH(SY). Since ¢, > 0, Lemma 3.5 immediately
implies that also ug € C"*1(S1). a

Now we discuss Banach space approximations of Fréchet spaces.

Definition 3.9. Let X be a Fréchet space. A Banach space approximation of X is
a sequence {(Xy, [-],); n € No} of Banach spaces such that

XoD>X1DX;D--DX, X=[)X,

n=0

and {|-|,, ; n» € Ngo} is a sequence of norms inducing the topology on X with

n
lzlo < l2ly < faly <---
for any = € X.

We have the following result. For a proof, we refer to [17].

Lemma 3.10. Let X and Y be Fréchet spaces with Banach space approximations
{(Xn, |-1,,); » € No} and {(Yn,|],,); n € No}. Let ®g : Uy — Vi be a smooth map
between the open subsets Uy C Xg and Vo C Yy. Let

U=UyNX and V.=VnY,
as well as
U, =UsnNX, and V,:=VyNY,,

for any n > 0. Furthermore, we assume that, for each n > 0, the following prop-
erties are satisfied:

(1) Qo(Un) - Vn,
(2) the restriction @, := <I>0|Un : U, — Vi, 1s a smooth map.

Then ®o(U) C V and the map ® := ®¢|,, : U — V is smooth.

Now we come to our main theorem which we first formulate in the geometric
picture.

Theorem 3.11. There exists an open interval J centered at zero and 6 > 0 such
that for all ug € C*(S') with [uo| a1y < 9, there exists a unique solution (p,€) €
C*(J, Diff**(St) x C>(SY)) of (2.4) such that p(0) = id and £(0) = ug. Moreover,
the flow (¢, &) depends smoothly on (t,ug) € J x C(S1).
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Proof. Theorem 3.3 for n = 3 shows that there is an open interval J centered at
zero and an open ball Us = B(0,8) C C*(S') so that for any ug € Us there exists a
unique solution (g, &) € C°°(J, Diff* (S') x C3(S!)) of (2.4) with initial data (id, uo)
and a smooth flow
®3:J x Uz — Diff*(S!) x C*(Sh).
Let
U,:=UsnNC™S") and U, :=UznNC>®(Sh).
By Corollary 3.7, we have
®3(J x U,) C Diff*(S') x C"(S")
for any n > 3 and the map
D, := P3|, :J x U, — Diff"(S") x C"(S")
is smooth. Lemma 3.10 implies that
®3(J x Us) C Diff*(S) x C(Sh),

completing the proof of the short-time existence for smooth initial data ug. More-
over, the mapping

Do := P3|,y 1 J X Use — DIff*(S') x C(S)

is smooth, proving the smooth dependence on time and on the initial condition.
O

Under the assumptions of Theorem 3.11, the map
Diff**(S1) x C*(8') — C¥(S"), (p,€) = Eop ! =u

is smooth. Thus we obtain the result stated in Theorem 1.1.

4. The exponential map

For a Banach manifold M equipped with a symmetric linear connection, the ex-
ponential map is defined as the time one of the geodesic flow, i.e., if t — ~(t) is
the (unique) geodesic in M starting at p = (0) with velocity v,(0) = u € T,M
then exp,(u) = ~7(1). Roughly speaking, the map exp,(-) is a projection from
T, M to the manifold M. Since the derivative of exp, at zero is the identity, the
exponential map is a smooth diffeomorphism from a neighbourhood of zero of
T,M to a neighbourhood of p € M. However, this fails for Fréchet manifolds
like Diff**(S') in general. We know that the Riemannian exponential map for the
L?metric on Diff**(S') is not a local C'-diffeomorphism near the origin, cf. [9].
For the Camassa-Holm equation and more general for the H*-metrics, k > 1, the
Riemannian exponential map in fact is a smooth local diffeomorphism. This result
was generalized to the family of b-equations, see [17], and in this section we obtain
a similar result for the uDP equation.

The basic idea of the proof of Theorem 1.2 is to consider a perturbed problem:
Let (¢°,£°) denote the local expression of an integral curve of (2.4) in TDiff" (S!)
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with initial data (id, u + ew), where u,w € C"(S!). Let

b(t) = af;(t) -

g
By the homogeneity of the geodesics,
¢°(t) = exp(t(u + ew)),

so that
¥(t) = D (exp(tu)) tw =: L, (t,u)w,
where L, (t,u) is a bounded linear operator on C"(S!).

Lemma 4.1. Suppose that u € C"1(SY). Then, fort #0,
Ln(t,u)(C"(SH\C™HH(S1)) C C(SH\C™H(SY).
Proof. First, we write down equation (3.1) for ¢°(t),
¢
Fal) = 20 [t e0) [ pio)as = |

and take the derivative with respect to ¢,

2ty = 520 [t eun [ it as =i [ it as]

t
() ds} 7

i) utw) [ o) asatut ) [ FE )0

€ amo ! S —2 € ‘ 0 S —2
i) |52 [z asm [ et as).

Notice that
omg
9 M
and that m§ — mo = Au as € — 0. Hence

o () = 1 (1) [Mu) / () ds —mg /

(W) — Wye = Aw

tsox(S)‘Q dS}

Fanlt) i) [ a5+ (o) [ v(5)a5]
—ul0)| ) — ) [ " e (@)2 ds — 2my / " a5 S tha(5) ds

— a(t)da(t) + b(t) / (56w (3) ds + d(t) + e(t)wsa

with a(t),b(t), c(t), d(t),e(t) € C"1(S') and e(t) # 0 for t # 0. Finally, if
w e C"(SH\CMH(SY),
then
»(t) = La(t,uyw € C(SH\C™HH(S).
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Let us now turn to the proof of Theorem 1.2. Since C*(S') is a Banach space
and Diff*(S') is a Banach manifold modelled over C*(S'), we know that the expo-
nential map is a smooth diffeomorphism near zero, i.e., there are neighbourhoods
Us of zero in C3(S') and V3 of id in Diff*(S!) such that

expy = exp|y, : Us — V3
is a smooth diffeomorphism. For n > 3, we now define
U, :=UsnC"(S') and V, = V3N Diff*(S).

Let exp,, := expsg |v, . Since exp,, is a restriction of exps, it is clearly injective. We
now use Corollary 3.7 and Corollary 3.8 to deduce that exp,, is also surjective,
more precisely, exp,, (U,) = V,. If the geodesic ¢ with ¢(1) = exp(u) starts at
id € Diff”(S') with velocity vector u belonging to C™(S!), then ((t) € Diff"(S!)
for any ¢ and hence exp,,(U,) C V,. Conversely, if v € V,, is given, then there
is u € Us with exps(u) = v. Corollary 3.8 immediately implies that u € C"(S!);
hence u € U, and exp, (u) = v. Note that exp,, is a bijection from U, to V.
Furthermore, exp,, is a smooth map and diffeomorphic U,, — V,,. We now show
that exp,, is a smooth diffeomorphism; precisely, we show that exp_ ! : V,, — U, is
smooth by virtue of the inverse mapping theorem. For each u € C™(S!), D exp,, (u)
is a bounded linear operator C"(S') — C™(S!). Notice that

Dexpn(u) = DeXpS(u)‘C"(Sl)a

from which we conclude that D exp,, (u) is injective. Let us prove the surjectiv-
ity of Dexp, (u), n > 3, by induction. For n = 3, this follows from the fact
that exps : Us — V3 is diffeomorphic and hence a submersion. Assume that
D exp, (u) is surjective for some n > 3 and that u € C"*(S!). We have to show
that this implies the surjectivity of D exp,,,(u). But this is a direct consequence
of Dexp, (u) = L,(1,u) and the previous lemma: Let f € C""!(S'). We have to
find g € C"*'(S!) with the property D exp,,;(u)g = f. By our assumption, there
is g € C"(S") such that Dexp, (u)g = f. Suppose that g ¢ C""(S'). But then
f=1Ln(1,u)g ¢ C"T(S") in contradiction to the choice of f. Thus g € C"(S!)
and Dexp,, . ,(u)g = f. Now we can apply the open mapping theorem to deduce
that for any n > 3 and any u € C"(S') the map

Dexp,, (u) : C"(S') — C™(S")

is a topological isomorphism. By the inverse function theorem, exp,, : Uy, — V,, is
a smooth diffeomorphism. If we define

Uso :=UzNC>(SY) and V := V3 N Diff>*(Sh),
Lemma 3.10 yields that
eXPy, = exps U,  Uso — Voo

as well as
expgo1 Voo — Us
are smooth maps. Thus exp., is a smooth diffeomorphism between Uy, and V.
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Global Leray-Hopf Weak Solutions
of the Navier-Stokes Equations with
Nonzero Time-dependent Boundary Values

R. Farwig, H. Kozono and H. Sohr

Abstract. In a bounded smooth domain @ C R* and a time interval [0, T),
0 < T < o0, consider the instationary Navier-Stokes equations with initial
value uo € L2(Q) and external force f = divF, F € L?(0,T; L*(Q)). As is
well known there exists at least one weak solution in the sense of J. Leray
and E. Hopf with vanishing boundary values satisfying the strong energy
inequality. In this paper, we extend the class of global in time Leray-Hopf
weak solutions to the case when Uy = 9 with non-zero time-dependent
boundary values g. Although there is no uniqueness result for these solutions,
they satisfy a strong energy inequality and an energy estimate. In particular,
the long-time behavior of energies will be analyzed.

Mathematics Subject Classification (2000). 35Q30; 35J65; 76D05.

Keywords. Instationary Navier-Stokes equations; weak solutions; energy in-
equality; non-zero boundary values; time-dependent data; long-time behavior.

1. Introduction and main results

Let Q C R3 be a bounded domain with boundary of class C*1, and let [0,7T),
0 < T < o0, be a time interval. In Q x [0,T") we consider the instationary Navier-
Stokes system in the form

u—Au+u-Vu+Vp=f, divu=0

g, u(0) = ug (1.1)

Yo =

with viscosity v = 1 and data f, g, uo.
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For the data we assume the following:
f=divFE, F e L*(0,T;L*(Q)), uo € L2(Q),

g € L'(0.T: W #1(00)) n L*(0,T: W™ 5(29)), (1.2)
2 3
;4_5:1, 2<s5< 00, 3<q< o0

the initial data ug has to satisfy further assumptions to be introduced later, see
Section 5.

First we recall the well-known definition of a weak solution u in the sense
of Leray-Hopf with u|_ = 0 and initial value uo € L2(Q) = C’&OJ(Q—)H-HZ’ and
describe their main properties.

Definition 1.1. Let f = divF, F € L*(0,T; L*(Q)), 0 < T < oo, and ug € L2(Q)
be given. Then the vector field u is called a Leray-Hopf weak solution of the system
(1.1) with data f,uo and g = 0 if the following conditions are satisfied:

(i) we L=(0,T; L2(Q)) N L2(0, T; Wy (),

(i) for each test function w € C§°([0,7); C§%())

—(u, we)ar + (Vu, Vwyo r — (uu, Vw)o,r = (ug, w(0))q — (F, Vw)a.r,
(iii) for0 <t < T

1 k 1 !
gl + [ 1vul3ar < Sl - [ (R Vuqn

As is well known [20] there exists at least one weak solution w of (1.1) in the
sense of Definition 1.1; moreover, u may be chosen to be weakly continuous from
[0,T) to L2(Q) and to satisfy beyond the energy inequality (iii) in Definition 1.1
the so-called strong energy inequality

1 ¢ 1 ¢
Slu@i3+ [ 19ulBar < S~ [ (B Vuadr @3
to

to

for almost all ¢y € [0,T") including to = 0 and for all ¢ € [tg,T). We note that the
strong energy inequality (1.3) yields the energy estimate

t t
lu(t)]3 + / IVul2dr < ulty)|2 + / \F|12 dr
to to

for a.a. tg € (0,T), for to = 0 and all ¢t € [to,T). An application of Holder’s
inequality implies that

, 2

IA

2
3 g s<o0, 2<q<6.

we L*(0,T; L1(Q)), =+-==

s q
In order to extend Definition 1.1 to the more general case of time-dependent
boundary data Ul = 9 W will reduce the system (1.1) to a perturbed Navier-

Stokes system with g = 0. For this purpose we have to find first of all a (so-called)
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very weak solution of the inhomogeneous Stokes system
Ey— AE+Vh=fy, divE=0

B =9 E0)=E,

see [2]-[5], in  x [0, T") with suitable data fy = div Fy and Ey; here Vi means the
associated pressure. At first sight, it seems to suffice to choose fo =0, Fy = 0, but
for later application it will be helpful to consider general data fy, Fy, see Corollary
1.5 and (1.15) below. Setting

v=u—FE, p=p—h, fi=Ff—fo, vo=1uo— Ep (1.5)
we write (1.1) in the form

vp—Av+ (v+E)-V+E)+Vp=f, divv=0,
0, v(0)=uw

(1.4)

1.
- (1.6)

o
which is a perturbed Navier-Stokes system with homogeneous data Vg = 0, but
with the new perturbation terms

(v+E)-V(v+E) =div (vo + (Ev + vE) + EE); (1.7)

here Ev = E @ v = (E;vj);,j=1,2,3 denotes the dyadic product of the vector fields
FE and v, and the divergence is taken columnwise.

To deal with Leray-Hopf type weak solutions v of (1.6), see Definition 1.2
below, we need that F in (1.4) has the following properties:

E € L*(0,T; L*(2)) N L*(0,T; LY(R))

§+2:1,2<5§oo,3§q<oo. (18)
Actually, the condition E € L*(0,T;L*(Q)) in (1.8) is needed for estimates of
the term EF in (1.7) in the space L?(0,T; L?(12)), whereas the second condition
E € L*(0,T; L)) will help to estimate the terms vE and Ev. Note that E €
LA(0,T; L*(Q)) is the classical condition on weak solutions of the Navier-Stokes
system to satisfy the energy identity, and it automatically holds true when 4 < s <
8,4 < g < 6. To guarantee (1.8) for the solution E of (1.4) the data fo, g, Ep have to
satisfy certain assumptions known from the theory of the very weak Stokes system.
However, looking at (1.6), it suffices to assume (1.8) and vy € L2(Q), f1 = div F1,
Fy € L?(0,T; L?(2)), in order to define Leray-Hopf type weak solutions of (1.6);
later concrete conditions on g, ug, Fy will be described to satisfy these assumptions,
see Section 5.

In this respect, this paper mainly deals with the perturbed Navier-Stokes

system (1.6) rather than with (1.1).

Definition 1.2. Let E satisfy (1.8) and assume vy € L2(), f; = divFy, Fy €
L2(0,T; L*(Q2)). Then a vector field v on Q x [0,7) is a Leray-Hopf type weak
solution of the perturbed Navier-Stokes system (1.6) if the following conditions
are satisfied:
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(1) v e Lis. ([0, 7); LZ(92)) N L, ([0,T); Wy (%),

(i) for each test function w € C§°([0,T); C5% (1))
(wy,we)ar — (Vo,Vw)ar — (v + E)(v + E),Vw)o,r
= (vo, w(0))a — (F1, Vw)a,r,
(iii) the energy inequality

(1.9)

1 ¢ 1 ¢
IO+ [ IVelgar < glwl - [ (- @+ B)EVoadr  (110)
holds for 0 <t < T.

Now our main theorem reads as follows:

Theorem 1.3. Let Q C R? be a bounded domain with 0Q € CY1, and let f1 =
div B, Fy € L*(0,T;L3(R)), vo € L2(Q). Assume that E satisfies (1.8) where in
the case s = 00, ¢ = 3 this condition is replaced by

E e CO([O,T),LS(Q)), ||E||CO([O7T);L3(Q)) < (111)

for a sufficiently small constant ag = () > 0. Then the perturbed Navier-Stokes
system

vi—Av+(w+E) - Vw+E)+Vp=fi, dive=0,

0. v(0) = w (1.12)

v, =
o0
has at least one Leray-Hopf type weak solution v in the sense of Definition 1.2. In
addition to the energy inequality (1.10) v satisfies the strong energy inequality

1 ¢ 1 ¢
Sl + [ I9olgar < Sl - [ (A~ 0+ E)EVodr (113
to

to

for a.a. tg € [0,T) including to = 0 and for all to < t < T. Moreover, for these
to,t the energy estimate

t
lo()|2 + / Vol dr
fo (1.14)

t t
<ot +4 [ (IF B+ 1) dr) exp e [ 1E];dr)
to

to

holds, where ¢ = ¢(€2,q) > 0 means a constant.

In view of (1.1), (1.4)—(1.6) and Definition 1.2 u = v + E is called a Leray-
Hopf type weak solution of (1.1) with boundary data Uy = 9= E|8Q and initial
value ©(0) = vo+ Ep. In the most general setting of very weak solutions, cf. [19, 18],
these terms are not well defined separately from each other and from f, but have
to be interpreted in the generalized sense that v = u — E satisfies Vg = 0 and
v(0) = vg. For a more concrete situation and precise assumptions on g, ug we refer
to Section 5.
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Remark 1.4. (i) The weak solution v in Theorem 1.3 may be modified on a null
set of (0,T) such that v : [0,T) — L2() is weakly continuous. Hence v(0) = vg is
well defined, Vo = 0 is well defined for a.a. t € [0,7T) in the sense of traces, and
there exists a distribution p on £ x (0,7 such that

vw—Av+(v+E)-Vv+ E)+ Vp = fi.
(ii) Assume T = co and

E € L*(0,00; L*(Q)) N L}, ([0,00); L9(2)), 2 < s < o0,

such that || E|[7 ., = fg | £][; d7 is increasing at least linearly as ¢ — oco. We note
that in this case the proof in Section 4 will easily show the existence of a weak
solution v in (0, 00). Then the energy estimate (1.14) (with to = 0) yields for the
kinetic energy %||v(¢)||3 only an exponentially increasing bound as ¢ — oco. This
worst case estimate reflects the fact that nonzero boundary values could imply a
permanent flux of energy through the boundary into the domain.

(iii) If s = oo and || E|[co(jo,0);L3(0)) is sufficiently small, cf. (1.11), then due
to energy dissipation the scenario of (ii) will not occur, and (1.14) is replaced by
the better estimate

t t
o+ [ IVol3dr < oo +4 [ (1731 + |EI) dr
to to

for a.a. tg € [0,00) including to = 0 and for all ¢t € (tp,00). The proof of this
estimate is based on the energy estimate (3.12) below and arguments in Sections
3-4.

The smallness assumptions in Remark 1.4 (iii), see also (1.11), is too re-
strictive for further applications. Next we consider an assumption on E known as
Leray’s inequality in the context of stationary Navier-Stokes equations in multiply
connected domains: Let F satisfy the conditions

EelL™ (O,OO;LS(Q)) and
1
]/ wiB() - Vs di| < 5[Vl | Vo]l (1.15)
Q

for all wy,wy € W, 2(Q) N L2(R2) and a.a. t € (0,00).
We recall that in a (multiply connected) bounded domain Q C R? with 99 =
Uf_oT; € Cb' (L € N) to any boundary data g € W1/22(9Q) satisfying the
restricted flux condition

/ g - Ndo =0 for each boundary component I'; C 992, j=1,...,L,
L

and any € > 0 there exists an extension E. € W2(Q) with following properties:

E. ¢ Wh2(Q), divE. =0, E5|aQ =g

L (1.16)
’/ wE. - Vwdz| <e|Vw|3 forallw e Wy (Q) NL2(Q).
Q
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In particular this result holds for a simply connected domain (having only one
boundary component I' = 9€2). In our case, it suffices to consider € = } in (1.15),
since the viscosity v = 1.

Corollary 1.5. Let Q C R? be a bounded domain with 9Q € C11, let vy € L2(Q)
and let

fi=divF, Fy € L™(0,00; L*(Q)). (1.17)
Furthermore, assume that E satisfies (1.15). Then the perturbed Navier-Stokes
system (1.12) has a global in time Leray-Hopf type weak solution v satisfying the
energy estimate

t t
()2 + / IVol2dr < fJuoll2 + ¢ / (IF 2 + B2 dr . (1.18)

where ¢ = ¢(Q) > 0 is a constant. To be more precise, there exists a bound K*
(depending on the norms ||F1]|2,00:00 and ||E||4,00:00, but not an ||voll2) and a time
To = To(|lvoll2) such that

[o(t)|12 < &* for all t > Ty,

Corollary 1.5, see also Corollary 5.6, strictly exploits the assumption (1.15)
on E and the dissipativity of the Navier-Stokes system (1.1), (1.12). It is closely
related to the work [14] of E. Hopf where a similar result is proved in the context
of moving bodies for given smooth solutions. The impact of the final result of
Corollary 1.5 is the fact that all solutions are bounded after a finite time by a
bound independent of the initial value.

There are many applications of the two-dimensional Navier-Stokes system
with nonhomogeneous boundary values in optimal control theory since the 2D-
system admits global smooth solutions and uniqueness. For the three-dimensional
case there are only few results on the existence of global or weak solutions. We
mention the existence of local in time strong solutions by A.V. Fursikov, M.D. Gun-
zburger and L.S. Hou [7], and results in a scale of Besov spaces by G. Grubb [12].
The existence of global in time weak solutions is proved by J.-P. Raymond [17]
for boundary data in a fractional Sobolev space on 92 x (0,T) with derivatives in
space and time of fractional order 3/4 for domains with boundary 9Q € C3.

2. Preliminaries

Let Q C R? be a bounded domain with 90 € C11, let 0 < T < o0 and 1 < gq,
s < oo with conjugate exponents 1 < ¢/, s < oco. We will use standard no-
tation for Lebesgue spaces (L9(),] - [[zago) = Il - llq) and for Bochner spaces
L0, T5 L), || - e o,7529(0)) = || - lg,si7)- Here v € L ([0,T); L(£2)) means
that v € L*(0,T"; L)) for each finite 0 < T’ < T'. The pairing of functions (or
vector fields) in ©Q and Q x (0,T) is denoted by (-,-)q and (-, -}q r, respectively.
Sobolev spaces are denoted by (W™4(Q), | - |[wm.a),m € N, the corresponding
trace space by (W™= 1/94(9Q), || - |lyyrm-1/4.4) when 1 < ¢ < co. The dual space to
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Wi=1/4-4(99) is denoted by W~1/94(90), the corresponding pairing is (-,-)aq.
Concerning smooth functions we need the spaces Cg°(Q2), C5,(2) = {v € C§°() :
dive = 0}, and in the context of very weak solutions

C&a(ﬁ) ={we CQ(Q) cw =0 on 9N, divw = 0},

see Section 5. Note that Wo9() = Cgo() """ and LI() == Cgo, (1) . By
w € C§°([0,T); C§,(£2)), the space of test functions in Definitions 1.1 and 1.2, we
mean that w € C§°([0,T) x Q) satisfies divy,w = 0 for all ¢t € [0,T) (taking the
divergence with respect to x € Q).

For 1 < ¢ < oo let P, : LY(2) — LI(§) be the Helmholtz projection and let

Ay = —P,A: D(Ag) = WHU(Q) N Wy Y(Q) N LL(Q) C LL(Q) — LL(Q)
denote the Stokes operator. For its fractional powers Ay : D(Ag) — LL(£2),—1 <
a < 1, we know that D(A,) C D(AY) C LL(Q2) and R(AF) = LL(Q) for 0 <a < 1;
finally, (Ag‘)*1 = A, for =1 < a < 1. In particular, for A = Ay, one has

|Azv|ly = ||Volls for v € D(Az). Moreover, we note the following embedding
estimates (with constants ¢ = ¢(g, ) > 0):

2
[A%v]l2 < [JAv]lS [l]l,™, 0 <a <1, veD(A) (2.2)

1 3 3
lv]lg < c|A%V]l2, 0<a< 2’ 2<g<oo, 2+ 5 =—,veDAY) (2.1)

_ 1 1
Iolly < cllolalioly . 2<q<6.8=3; - )we W@, @3)
Finally we note that —A, generates a bounded, exponentially decaying ana-
lytic semigroup {e~*44 : ¢t > 0} on LZ(() satisfying the estimate
HAf;e_tA"qu <ct™¥v|g, 0<a<1l,t>0,ve Li(Q) (2.4)

with a constant ¢ = ¢(¢,Q) >0 and c=1if ¢ = 2.
To find approximate solutions of the Navier-Stokes system in Section 3 we
need Yosida’s approximation operators

1 1
Jn=I+—=A2)"1 meN,
m
where I denotes the identity on L2(Q). The following properties are well known:
1 .
[moll2 < JJoll2, || A2 Jmoll2 < [[v]l2,

lim J,,v = v for all v € L2(Q), (2.5)

m—0Q0

IV Jmoll2 < [|Vol|s for all v € WE2(Q) N L2(Q) = D(A?);

for the proof of the last inequality we use that || AZv||; = || V|2 and the commu-
tativity of J,, with AZ2.

For these and further properties of the Stokes operator and Yosida’ s approx-
imation we refer, e.g., to [9], [10] and [20].
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3. The approximate system

There are several proofs of Theorem 1.3 in the special case when g = 0, see
[13], [15], [16], [20], [22]. The proofs rest on three steps: (1) an approximation
procedure yielding a sequence of solutions, (u,,), (2) an energy estimate for wu,,
with bounds independent of m € N to show that each u,, exists on the maximal
interval of existence, [0,T), and (3) weak and strong convergence properties of a
suitable subsequence of {u,,} to construct a weak solution of the Navier-Stokes
equation. One possibility in (1) is the use of the Yosida approximation yielding
the approximate system

ur — Au+ (Jpu) - Vu+Vp=f, divu =0
together with U = 0, u(0) = up on Q x [0,7T).

In our case (1.12) let v = v,,, m € N, be a weak solution of the approzimate
perturbed Navier-Stokes system

ve—Av+ (Jpv+ E)-V(o+ E)+Vp=fi, dive=0

0, v(0)=nuvy (3.1)

Ulon

where vg € L2(Q), fi = divFy, Fy € L*(0,T;L*()), and E results from (1.4)
as a (very) weak solution satisfying (1.8). However, as already explained, we will
only need that the vector field E satisfies (1.8) without referring to (1.4). Then

0= om € L5 (10,7 L2(9) 1 L (0,7 WE2(02) 3.2)
is called a (Leray-Hopf type) weak solution of (3.1) in £ x [0,T") if the relation
—(v,wpya,r + (Vu,Vwygr — (Jmv+ E)(v+ E), Vw)o 1
= (vg, w(0))o — (F1, Vw)a,r

is satisfied for every w € C§°([0,T; CF,(€2)) and the energy inequality

(3.3)

1 K 1 K
Sl + [ 19oldr < Sl = [ (i~ o+ BB Vo)adr, (34
0 0
0 <t<T,holds.

Lemma 3.1. Let vg € L2(Q), f1 = divFy, Fy € L?(0,T; L*(2)), and E satisfying
(1.8) be given. If s = oo, suppose the smallness assumption (1.11) on E as well.
Then there exists some T = T (vo, F1, E,m) € (0, min(1,T)] such that (3.1) has
a unique weak solution v = vy, on Q x (0,17), i.e., v satisfies (3.2)=(3.4) with T
replaced by T'.

Proof. Assume that v = vy, is a solution of (3.1) on 2 x (0,7”), 0 < T < 1. Hence
v is contained in the space

Xopo:= L®(0, T L2(Q)) N L*(0,T"; Wy ()
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with

ollxz, = 0ll2,002 + [|AZ0]l2,57 < o0,

Then we obtain for any 0 < 7" < min(1,T), using Hélder’s inequality, the proper-
ties (2.1)—(2.3) and (2.5), the following estimates for (J,,v + E)(v + E) with some
constant ¢ = ¢(2) > 0:

|(mo)ollzz < [ Tmvlloar [0lsar < ¢ |43 Tnvllzac [0]x,,
< em [[ollaar [0l xp < em ()4 ollk,, .

[(Jmv)Ell2,27 < [ Jmvlla,ar | Ellaar < el Jmv

l6,4;77 | Bl 4,47

< em (T ollx,, |12

4,47
IEvll2,20 < [ Ellg,sir 10l g —1y-1 (3 - 1)-1,70

< c||Ellgsr 0llx-

Since || EE||2,2;77 < | E|| 4.7+, We proved the estimate

(T + E)(v + B2z < em(T)/*||vllx,, (|1 Ellaasr + l0lx,.) 55)
HIEIT sz + el Ellg.sir 0] x,-

Obviously, (3.5) also holds in the limit case s = 0o, ¢ = 3.
With the definition

Fi(v) = F — (Jmv+ E)(v+ E)
we write the system (3.1) in the form
vy — Av + Vp = div Fy (v), dive =0
v=0o0n9dQ, v(0)=uw.
Since vy € L2(Q) and Fi(v) € L2(0,T'; L*(2)), we apply classical L2-results

[20, Ch. IV] on weak solutions of the instationary Stokes system to get that v €
C°([0,T7); L2(£2)) and satisfies the fixed point relation

v = .'FT/ (U) in XT/, (36)
where
t
(Fri(0))(t) = e vy — / A7 e~ =A A=3 pdiv Fy (v)(1) dr ;
0

see [20, I11.2.6] concerning the operator A~z Pydiv. Moreover, v satisfies even an
energy equality for ¢t € [0,7") instead of the energy inequality (3.4), and, by (3.5),
the energy estimate

1 () x,, < allvllk,, +bllvlx,, +d (3.7)
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where

a = cm(T/)1/4, b=c ||E||q,S;T’ + cm(T')1/4 ||E||4,4;T' )

) (3.8)
d = c(|lvollz + I ElZ i + 1P ll2,2:77)
with constants ¢ > 0 independent of v, m and T".
By analogy, we get for two elements vy, v2 € X7 the estimate
| Frr (v1) = Fre(v2) | x
< em(T) oy = valley (lnllg, + vl +1Bssr) oo

+cllvr — vl [[Ellg,sr
< flor = v2llx,, (@ (lorllx, + llvzllx,.) +0).

Up to now, to derive (3.7), (3.9), we considered a given solution v = v, € X7 of
(3.1).

In the next step, we treat (3.6) as a fixed point problem in X7/. Assuming
the smallness condition

dad+2b<1 (3.10)

we easily see that the quadratic equation y = ay? + by + d has a minimal positive
root y; which also satisfies 2ay; + b < 1. Hence, under the assumption (3.10),
Fr maps the closed ball By = {v € X7/ : [|v||x,, < 31} into itself. Moreover,
(3.9), (3.10) imply that Fr is a strict contradiction on Br,. Now Banach’s Fixed
Point Theorem yields the existence of a unique solution v = v,, € Bps of the
fixed point problem (3.6). This solution is a weak solution of the approximate
perturbed Navier-Stokes system (3.1). Moreover, v satisfies an energy identity and
ve CO([0,T"): L2(%)).

To satisfy the smallness assumption (3.10) (for fixed m € N), it suffices in
view of (3.8) to choose T” € (0, min(1, 7T")) sufficiently small in the case that s < cc.
However, if s = 0o, looking at the term || E||q 5,77 in (3.8) we have to assume that
| Ellco(jo,1y;3(02)) s sufficiently small.

Finally, we show that the solution just found, v = v,,, which is unique in By,
is even unique in X7v. Indeed, consider any solution ¢ € X of (3.1). Then there
exists 0 < T* < min(1,7") such that ||?] x,.. < y1, and the estimate (3.9) with 7"
replaced by T* € (0, min(1,T")) implies that ||[v—0| x . = ||Fr=(v)=Fr« (D) || x50 <
lv — 9] x,.. (2ay1 + b). Since 2ay; + b < 4ad + b < 1, we conclude that v = ¥ on
[0,7*]. When T* < T’, we repeat this step finitely many times to see that v = ¢
on [0,77]. O

To prove that the approximate solution v = v, does not only exist on an
interval [0,7”) where T” = T"(m), but on [0,T), and to pass to the limit m — oo,
we need a global (in time) and uniform (in m € N) energy estimate of v,.

Lemma 3.2. Let v = v,,, m € N, be a weak solution of the approximate perturbed
Navier-Stokes system (3.1) on some interval [0,T') C [0,T) where vy € L2(Q),
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fi=divF, Fy € L*(0,T; L*(2)), and let E satisfy (1.8). If2 < s < o0, 3< q <
00, then v satisfies the energy estimate

0113 00 + V0113 20
< (llvoll3 + 41 Fall3 2 + 411 Ell45¢) exp ([ ENl5 sie)

for allt € [0,T") where ¢ = ¢(2,q) > 0 is a constant. If s = 00, ¢ = 3, under the
smallness assumption (1.11), v satisfies the energy estimate

@3 + V0113 2 < llvoll3 + 4 1111 40 + 4 [ Fill22:0- (3.12)

(3.11)

Proof In view of the energy inequality (3.4) we have to estimate the crucial term
fo JImv + E)E, Vv)q dr. By Holder’s inequality, (2.1)—(2.3) and (2.5), we get

t t
| B Voadr| < [ 1ol 1Bl Vol dr

t
<e / 1 m0llg |V I3~ [ Ellg [ Vol2dr  (3.13)

t
<e [ i 1el, Vol dr
where o = 1 — % = %, cf. (2.3). Hence, if 2 < s < 0o, by Young’s inequality
! 1 2 -
| [ ) B ohade] < IVelae +e [ 0B 1B ar a9
with a constant ¢ = ¢(g, ) > 0. In the case s = 00, ¢ = 3, we have o = 0 and get

t
| (B Vo) dr| < Bl 701 0 (3.15)
0

Moreover,

t t
1
|00 < [ 1B IVeldr < G100+ 2Bl s (320

the term fot (F,Vv)q dr is treated similarly. Inserting these estimates into (3.4) we
are led to the estimate (2 < s < c0)

t
[o @113 + V0ll3 26 < w03 + 4 [ BG4 + 41 FL3 20 + € /O [vl3 1B dr.
(3.17)
Then Gronwall’s Lemma proves (3.11).

To get a similar result when s = oo we have to assume in view of (3.15) with
o = 0 that ¢[|E|[3,00¢ < §; then we immediately get (3.12). O
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Lemma 3.3. Under the assumptions of Lemma 3.1 for every m € N there ezists a
unique weak solution v = vy, of (3.1) on [0,T). This solution v € C°([0,T); L2(R))
satisfies in addition to the energy inequality (3.4) the strong energy identity

1 K 1 K
3 @I+ [ 19uldr =3 o)l = [ (R~ (o + E)E,Vo)adr (318)
to

to
for allto € [0,T) and to <t < T, and it holds

% (% ||v(t)||§> +IVo()13 = —(Fy — (Jmv + E)E, Vo) (1) (3.19)

in the sense of distributions on [0,T).

Proof. Let [0,7*) C [0,T) be the largest interval of existence of v = v,,, and
assume that 7% < T'. Since v € C°([0,T*); L2(£2)), we find 0 < Ty < T* arbitrarily
close to T* with v(Tp) € L2(£2) which will be taken as initial value at Ty in (3.1)
in order to extend v beyond Ty. Since the length § of the interval of existence
[To,To + &) of this unique extension depends only on ||v(Tp)|l2 and ||Fil 22T,
|E||l4,4;7, || Ellq,s;7 by Lemma 3.1, we see that v can be extended beyond T* in
contradiction with the assumption.

Since v = v, in Lemma 3.1 satisfies an energy identity instead of only an
energy inequality, v = vy, will satisfy the strong energy equality (3.18) on [0,T).
Since both integrands in (3.18) are L!-functions, the corresponding integrals are
absolutely continuous in ¢; hence we get the differential identity (3.19) in the sense
of distributions. O

4. Proof of Theorem 1.3

Let (vm,) denote the sequence of approximate solutions on [0,T") constructed in
Section 3 and let 0 < 77 < T be finite. By (3.11) we find a constant ¢ > 0 such
that

lvm 2,007 + | VUm||2,2;77 < ¢ for all m € N. (4.1)

Hence there exists a subsequence of (v,,) which for simplicity will again be denoted
by (vs,) with the following properties:
There exists a vector field v € L*(0,7"; L2(Q)) N L?(0,T'; H)(Q)):

U — v in L(0,T"; L2(R)) (weakly-x)

vm —ov in  L2(0,77; H}(2)) (weakly)

vm — v in L2(0,77; L3(Q) (strongly)
vm(t) = v(t) in  L3(Q) for a.a. t € [0,T) (strongly).

(4.2)

We note that the third property is based on compactness arguments just as
for the classical Navier-Stokes system and that the fourth property is a well-
known consequence of the strong convergence in L2(0,T"’; L?(£2)). Moreover, for
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all t € [0,7)
[Vvl|2,2;
o)l

By Hélder’s inequality, (4.1) and (4.2) we also conclude (after extracting a further
subsequence again denoted by (vy,)) that

Um — v in L°H(0,T"; L9 (2)), 3 + , 2< 81,1 <00
UmUm —vv  in L5%2(0,7T"; L%2(Q)), % + i = 3 1<s1,1 <0
Um - VU, = v-Vo in L%(0,7"; L% (Q)), - —|—

<
. (4.3)

lm inf ||vy, ()] 2.
m—00

=4, 1<s1,q1 < o0.

(4.4)
When passing to the limit in the weak formulation (3.3) only some terms in
(JmVm+E)(vm+E), Vw)q,1 need a special consideration. Concerning (J, v )V,
we first note that

TV = Jon (U — v) + Jpv — v in L2(0,T'; L*(Q));
hence, as m — oo, by (4.4), and Hélder’s inequality

(JmVm)Vm — v0 = (JmUm — Um)Vm + U » (U — 0) 4+ (U, — v)v = 0

4.5
in L54(0,7"; L%(R)), i+q%:4, 1< sy, q <2 (45)

Proceeding similarly with all other terms we prove that v is a weak solution of the
perturbed Navier-Stokes system satisfying Definition 1.2 (i),(ii).

It remains to show that v satisfies the energy inequality (1.13). To this aim
we consider the energy equality (3.18) for v, and those ty € [0,7) where the
strong convergence vy, (to) — v(to) in L?(£2) holds, see (4.2),. By (4.3) and (4.2),
the first three terms in (3.18) pose no problems for m — co. The same holds true
for the terms (F, Vo, )q and (EE, Vo, ). To treat the remaining term we have to
prove that

t t
/ (Jmvm)E, Vum)q dr —>/ (vE,Vv)q dr (4.6)
to to
as m — 0o.
Since E € L*(to,t; L1(2)) and C§°((to,t) x ©2) is dense in L*(to, ; L9(Q2)) for
1 <s,q < oo, it suffices to show (4.6) for any smooth E z}nd that the sequence
((Jmm) V) is bounded in L¥ (to, t; LY (2)). Indeed, for E € C5°((to,t) x Q)

/ <(vam)E7 V'Um>Q - <UE, V’U>Q)d7'

to

t
:_/ (JmVm )V —v0, VE)qdr — 0 as m — oo

to

due to (4.5). Moreover,
”(vam)vvm”q’,S; >

mUmll( 3 - 1)1, - 1)1t
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is uniformly bounded in m € N by (4.1) and since 2(% — 1) + 3(% -3 =

S

3 where 2 + % = 1,2 <5< 00,3 <gq < oo. In the case E € C°((0,T); L3(Q))
the same argument applies; note that only for this argument we needed E € C°

instead of F € L*. Summarizing the previous ideas we prove (4.6). O

Proof of Corollary 1.5. Since the proof is based on a differential inequality and
not on Gronwall’s Lemma applied to an integral inequality we have to consider
the sequence of approximate solutions (v,,) first of all. By the differential equation
(3.19) for v = vy, we get the estimate
1d
2dt
where the last term due to the assumption (1.15) can be estimated as follows:

lom O3 + IVom @13 < (1F 2 + IEIDIVomll2 + (Jmvm) B, Vom)a

1 1
|(Jmvm) E, Vop,)| < Z”vjmvm‘b”vvm”Z < Z”vvm”g

Then Young’s inequality and an absorption argument lead to the estimate

%Ilvm(t)H% +IVom®)]3 < 4Bl + Bl ) (4.7)

for a.a. t > 0. Let po > 0 denote the smallest eigenvalue of the Dirichlet Laplacian
on Q. Then ||V, (t)||3 > pollvm()|3 for a.a. t > 0, and we get that

d
T lom @3 + pollom )13 < 4UIFE + [ BI2)(@).

This estimate together with the assumption (1.17) immediately implies that

t
)13 < el + et [ emmag g + I ir (18)

< e loolE + 55 UHEL T~ 0,00:220)) T 1B T 0,00,24()):

Hence vy, is uniformly bounded on (0, 00) with a bound independent of m € N.
By the pointwise convergence property (4.2), v(t) satisfies the same bound, first
of all for a.a. t > 0, but due to its weak continuity property in L?(£2) even for all
t>0.

Moreover, (4.8) applied to v yields a time Ty = Ty (||vo]|2) such that ||v(t)||3
is bounded by x* for all ¢ > Ty where £* is chosen larger than the last two terms

in (4.8).
Finally, integrating (4.7) with respect to time and passing to the limit with
m — 00, we get the estimate (1.18). O

5. Construction of the vector field F

To apply Theorem 1.3 and Corollary 1.5 and to find solutions u of the Navier-
Stokes system (1.1) in the form u = v + E we have to construct a suitable vector
field F solving (1.4); the solution should satisfy the assumptions (1.8) to apply
Theorem 1.3 and (1.15) to apply Corollary 1.5, respectively. First we consider very
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weak solutions F of (1.8), see [2]—[5], for given suitable data g, Fy and fy. For their
definition we introduce the space of initial values, J2°(Q), by
o] 1
JI(Q) = {uo e D(Ay) : luol| 72+ = (/ ||Aqe_TA<I(A;1Pqu0)HZdT) < oo}
0

(5.1)
Here, D(Ay) is equipped with the graph norm or equivalently with the norm
|Ag - |lq, and the term A;'Puq for ug € D(Ay ) denotes the unique element

u* € LL(Q) such that (A Pyu, ) = (u*, ) = (u, Pq:A;,1<p> for all ¢ € L.

Proposition 5.1. Let Q C R3 be a bounded domain with 0 € C*1, let 0 < T < 0o
and let 1 < s,q,r < 0o satisfy %+ % > % Assume that fo = div Fp,

Fy € L*(0,T; L"(9)), g € L*(0, T; W~ +9(92)) (5.2)

such that (g(t), N)aq = 0 for a.a. t € (0,T) and let Ey € J25(QQ). Then the Stokes
system (1.4) has a unique very weak solution

E e L*(0,T; LYQ)) (5.3)
in the sense that for all test functions w € C§([0,T); C3 (%))
—(E,wi)or — (B, Aw)o,r = (Eo, w(0))o — (Fo, Vw)o,r — (9, N - Vw)oo,r

divE=0 in Qx(0,T),E-N=g-N on 9Qx (0,T).
(5.4)

This solution satisfies the a priori estimate

||E||q,S;T <c(|[Fo

rsT T Hg| + HUOHJQI’S) (55)

Lo(0,75W 1 (60))
with a constant ¢ = ¢(q,r,s,Q) > 0 independent of T and of the data.

For more details on very weak solutions we refer to [1]-[5]. See, e.g., [5, Chap-
ters 2.1, 2.3], for the well-definedness of all terms in (5.1) and (5.4); Proposition
5.1 is a special case of [5, Theorem 2.14] and a remark in [5, §1.3] on the extension
of results in [3], [4] where 9Q € C?! to the case 9Q € C!. Note that Serrin’s
condition % + 3 =1 is not needed in the linear theory. Moreover, s = oo is not

included in Proposition 5.1; hence the case s = co will not be dealt with in the
next result.

Corollary 5.2. Let Q C R? be a bounded domain with Q2 € C11, let 0 < T < oo
and let 1 < s,q,7 < 00 satisfy %+ % =1, % + % > % Assume that fo = div Fp,
Fy € L*(0,T; L"(Q)) N L*(0, T; L7 (Q)),
g € L0, T; W—a4(dQ)) N LA(0, T; W—5-4(89)), (5.6)
Eo € T (Q) N TH4(Q)
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such that (g(t), N)ao = 0 for a.a. t € (0,T). Then the inhomogeneous Stokes
system (1.4) has a unique very weak solution E satisfying (1.8), i.e.,

E € L*(0,T; LY(Q)) N L*(0,T; L*(Q)), (5.7)
and the a priori estimate
1Ellg,s:7 + | Ellaar < e ([ Fo

g7+ [ Foll 22 47

+||g||L5(O,T;W7%’q(6Q)) + ||g||L4(O,T;W7i’4(89)) (58)

Hlluoll g+ + lluoll 72.4)
holds with a constant ¢ = ¢(q,r,s,Q) > 0 independent of T.

Proof. We apply Proposition 5.1 with the exponents s, ¢, and 4,4, % Since the
very weak solution E of (1.4) in [3, 4, 5] is constructed in a finite number of steps
where each of them yields the same result for s, ¢, and for 4, 4, %, it is easily seen
that the unique solution E satisfies (5.7), (5.8). O

Remark 5.3. (i) In the case 4 < s < 8,4 < ¢ < 6 and T finite the L*(L%)-conditions
in (5.6) imply the L*(L*)-conditions; then (5.6)—(5.8) simplify considerably.

(ii) For the system (1.1) consider data f = divF, F € L*(0,T;L?*(Q)),
ug € L*(Q) and boundary data g as in (5.6), satisfying (g(t), N)aq = 0 for a.a.
t € (0,T). Then solve (1.4) with data fo =0, Ey = 0 and ¢ to get a (unique) very
weak solution E satisfying (5.7) and the a priori estimate

IEllg.s:0 + |1E]la.a0 < ¢ (]lg]

Ls(o,T;W*%’q(aQ)) + ||9HL4(07T;W*54(39))) '
Next, by Theorem 1.3, we find a weak solution v of the perturbed Navier-Stokes
system (1.12) with data f1 = f = divF, Fy = F, and vy = ug satisfying (1.13),
(1.14). Then u = v + E is a weak solution of (1.1) split into a weak and a very
weak part, v and E. It is an easy exercise to write down a corresponding energy
estimate for v in terms of ug, f and g only.

(iii) Assuming more regularity on the boundary data g better properties of
u = v+ E can be achieved; we refer to [3, 4] and to the forthcoming paper [6] for
such results.

In the second part of this Section we consider the assumption (1.15) and
Corollary 1.5. Assume that the bounded domain @ C R? with 92 = EJOFJ- e Ccll
has boundary components I'g,...,[';, with I'g being the “outer” boifndary of
and I';,1 < j < L, being the boundary of “holes” Q; Further, let the boundary
data g with g(t) € W=2(9Q) for a.a. t € (0,T) satisfy the restricted flux condition

/ g(t) - Ndo=0,0<j <L (5.9)
r

Then, due to a construction in [14], there exists a solenoidal extension FE = E. €
Wh2(Q) of g for a.a. t € (0,T) satisfying (1.16) (for arbitrary but fixed € > 0 and
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for a.a. t). However, we do need also an estimate of £ and F; in terms of g and
g¢, respectively.

Proposition 5.4. Let Q C R? be a bounded domain as above and let the boundary
function

g € L=(0,00; W22(09)), g: € L®(0,00; W~ 2:2(09)) (5.10)
satisfy the restricted flux condition (5.9). Then there exists an extension
E € L™=(0,00; WH2(Q)), E; € L*(0,00; W 12(Q)) (5.11)

of g satisfying inequality (1.15), and the a priori estimate

1B oo (0,005w 12 (02)) < € ||g||L°°(0,oo;W%’2(BQ))

(5.12)
||Et||L°C(O,OO;W_1'2(Q)) S c ||gt||L°°(O,OO;W7%’2(8Q))
with a constant ¢ = ¢(Q) > 0.

Proof. We follow the ideas of E. Hopf [14] as described in [8, 11] to find an extension
E of g written as the curl of a suitable vector potential and defined by a bounded
linear operator g — F.

Ignoring ¢ € (0,T) for a moment we consider g € W1/22(99) satisfying the
restricted flux condition as in (5.9). Then we use the theory of very weak solutions,
see [3]-[5], to find a solution u; € L?(Q;), 1 < j < L, of the stationary Stokes
system

—Auj +Vp; =0, divu; =0in ;, u =g on 0Q; (5.13)
for each hole €2, 1 < j < L. By definition

—(uj, Aw)g, + (g, N - Vw)aq, =0 for all w € C§ ()
divu; =0in Q;, u;-N =g-N on 08,
and [4, Theorem 3], yields the existence of a unique very weak solution u; satisfying
the a priori estimate
ujll2,0; < cllgllw-1/22000,);

here the necessary compatibility condition (g, N)aq, = 0 is fulfilled due to (5.9)
for each j. By analogy, we find a very weak solution uy € W12(Q) such that

—Aug+Vpy =0, divug=0in Q, u =g on 01,
again taking into account (5.9), and get that

uollz,0 < cllgllw-1/22(00)-

Finally, we consider A = Bg\(Q U U]L:l Q;) for a ball of radius R and center 0
such that Q0 C Bpg, and find a unique very weak solution ua € W2(A) of the
Stokes system

—Aug+Vpsa=0,divug =0 in A, u‘ro =g, u‘aBR =0

since (g, N)r, = 0 by (5.9). Moreover, [[uall2,4 < ¢llgllw-1/22(00)-
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Since g € W/22(9Q) ¢ W1/22(9Q), the very weak solutions u;, o, ua
constructed so far are also weak solutions, and, in particular, u; € W1’2(Qj) and
[ujllwrze) < cllgllwi/zzaq,); for this regularity argument see [4, Remarks 2(1)].

Next we define w on R®* by u=u; in Q;, 1 <j < L, u=wupin Q, u=1uy in
A and u = 0 in R3\ A. Obviously, u € WH2(R3), divu = 0 in R3, and u satisfies
the estimates

IVull2 < cllgllwi/zz(a0),
(5.14)

[ullz < ¢ llgllw—1r22(00)-

Using L2-Fourier analysis we find a vector potential ) € W?22(R3) such that

u = rot 1,/}, ||VQ/J, v21/1||2 <c ||u||W1,2(R3). (515)

Indeed, since divu = 0, the equation rot ¢ = u has a unique solenoidal solution
defined in Fourier space via |£|20) = i & x @ Obviously, ¢ satisfies (5.15). To prove
that v € L?(R3) we introduce the space Wl’q(]R"), 1 < g < oo, as the closure
of C5°(R™) with respect to the norm ||V(-)||y, and its dual space W~14(R") =
WL (R™)*. Evidently, v € L*(R") and |92 < c¢||ull;y 1 provided that u €
W‘1’2(R3). To see the latter assertion we exploit the fact that u has compact
support in Br and refer to the following Lemma 5.5 the proof of which will be
postponed to the end of the paper.

Lemma 5.5. Let D be a bounded domain in R™ and let 1 < g < oo. If u € LY(R™)
with supp u C D, then u € W~14(R™) and satisfies the estimate

HUHWA.,q(Rn) < cllullza(p), (5.16)
where ¢ = ¢(D,n,q) is a constant independent of u.

Summarizing (5.15), the estimate ||¢||2 < ¢||lu
we get that u = rot 1,

IVYll2 + [IV?%l2 < cllgllwirzzan)

1912 < ¢llgllw-1/22(00)

W-12 and (5.16) with ¢ = 2

(5.17)

with a constant ¢ = ¢(€2) > 0. Moreover, the map g — ¢ is linear.

In the next step we define the vector field E = E. by E = rot (6:-¢) where
6. € W1 is a cut-off function with support in an e-neighborhood of 9. Following
[11, pp. 288-290] or [22, Ch. II, §1, Lemma 1.9, Lemma 1.10] for pointwise estimates
of . and E we get for all wy,ws € Wolf (Q) the estimates

(w1 B, Vwz)a| < [[wiE|l2||Vws |2
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and with x. = Xsuppe. and d(z) = dist (z, 0Q)
